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Gpuwdubph nbunipniup nhujpbn dupbdwnhluyh hwjnuh b wpnph &nintphg dklu
E: Uyt uhqp t wnky 1736 p. L. Entph Ynnuhg ghnnupdus b jnsdus «Rjnuhqupbpgub
Juunipotiph» hwipwhwjn juunphg: Fpudubtph mbkunipjutt hknwqu qupgqugnidp gnyg
wnykg, np wy ukpnnpb juyydws L duptdwnhlugh dh owpp pwdhtitiph htin, npnughg
k' hudptiph wnbumpnitp, wynndwwnbbtph wnbunipniip, dwnphgubph wbunipniap,
yndphttwwninp  wbwihqp, hwjwbwlwimpmnitbiph wbumpmnitip,  wnwynnghwb,
pupnnipjul nbkunipiniup b wyjt: Unwu §nnuhg, puquuphy Gu bwb wju ghunipiniuubpp,
npnugnid qpudubph wmbunipniup juyunpkt b wpynibwdbn jhpunynd B $hqhlju,
phthw,  Jhuuwpwbnipni, ghubnplw, wbnbuwghunipmni,,  hngbhpwinipini,
lEqupwinipmnitt b wpt: Uju wdbkup Juplnp Bb qupdimd «Fpuwdubph nbunipmni»
nuuplpwgh niuntdtwuhpnipniun:

Nuunudbwdbpnpujut Akntwplp gpwéd E Bplwth whbunwlwt hwdwjuwpwih
Pupnpuuwnphluygh b Yhpwpwlui  dwptdwnhlugh  bwlnyubnumd’  «Qpudubph
nbkunipniiy puupipugh htnhtwlibph juppugus pquuununipniiikph hhdwb Jpu b
pungpynud E updwés nwuptpwgh ntundbwlwt dpugpny  twpiwnbudus  wnipp:
Qintwplp wupnitwlnud £ puquuphy wpnyniuptbp, npnup oqnuuljup Yhukt htysybu
puwjuyphwwnh nruwbnnubph, wbwybue bk dwghunpwbnubph b wuyhpwunubph
hwdwp: QEntwplh Wnipp Jupnn b nuuniduwuhpdt] twb ubdhttup yuwpuwwdniupubph
pupwugpmd: QbLntwplp pwnlugws E mp qnijuhg: U qnijuukpt pungpynud Eu
qpupttiph nbkunpjul quupipwugh Epypnpy Ynipunid jupnugdnn phdwbbpp’ gpudbtp,
gpudubph wpdwb bEnwbwlubp, qopénmmipmitubp qpudubph hbw, bLphynnuwih
gpudukp, dwntp, juyuljguwsnipnil, EjEput b hwdhjnnyyut gpudttp, wljnnpukp,
qniqujgnidutp, wuljwpn pwqunipniubp b dSwsynyputp, hwupp qpudubp b gpudputph
ubpynudubkp, npnup hhdp Et hwinhuwinud hbnwqunud guuwduingnn dh owpp
wnwpluitph hwdwnp:

Qnpnid oqgunuugnpédynn wpwtwlnidubnh hwdwjupgp hhdtwljwunid JEkpgdws £ D. B.
West, Introduction to Graph Theory, Prentice-Hall, New Jersey, 2001, J. A. Bondy, U. S. R.
Murty, Graph Theory, Springer, 2008 . ®. Xapapu, Teopus rpados, Ilep. ¢ aura.-M.: Mup, 1973
gpptinhg: pny wpyniupubph wwywgnygutp hpkughg ukpjuyugunid tu hnnpusubpnid
pEpJus wmywgnygubph Jkpudowlus nmwuppbhpuljubp:

zknhtuwubpp sunphwlwnipinitt Bu hwynnd (2.0, Snunjwmuht, 2.8. Zulynpjuthi,
BNz phulptinn dwpbtdwnhluih b wbuwlwub hudnpdunhlujh wdphnth wohwnw-
Yhgutppt, 22 QUU Pudnpdunhiuyh b wjunndwnwugdut wypnpikdubph htunhnninh
«Fpuwdubph mbunipjut Epunpbdw) puunhpubph» jupnpuwnnphwih wotwnmwlhgubpht'
dinttwpynud  thpuyugdws tnmph pnjuwinuinipyui b pwpunplwb tnwbwlh hbwn
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Juwyyws hwpgipmd ogunuljup wnwowplympnitubph b nhwunnnipnibtbiph hwdwp:
dtponud htinhuwlukpp stinphwljuynipinit i hwynunid wjt pnjnp ntuwbngukpht, npnup

hptug hwpgtpn] twwuwnbghtt swpunpuiph pwpbjudwip: ZEknhuwlubpp uwhpny
Jpunniukt pnpnp wnwewnplutpp b phnnnnipnibubpn:
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N - puwlwt pytph puqunipniu

Z, - wdpnn9 nsy puguuwlw pyYtph puqunipmniu

R - hpwlwb pytph puqunipiniy

la] - wdbkbwdbs wdpnne phyp, npp sh gipuquugnid a hpulw pyht

la] - wdblwdhnpp widpnng phyp, npp thnpp sk a hpujub pyhg

(Z) - nwnwupptphg k gnignpnmipniuubph pubuly

A € B - A-u B-h upwpuqunipnit k

AUB - Al B puwqunipjniutbph dhwynpnid

ANB - Al B puqunipjniiiiph hwnnd

A\B - Al B puqunipniuutph nwuppbpnipinii

A X B - Al B puqunipjniutbph nhjupunyut wpunwnpyuyg

|A|] - A pwqunipjub hgnpnipinil

V(G) - G qpudh ququputph puqunipinii

E(G) - Gqpudh Ynnkph puqunipmnil

uv - ulv ququpubkpp dhwginn Ynn

d¢(v) - v ququph wunhdwip G gpudnid

6(G) - G gpudh wJuqugnyyt wunhdwt

A(G) - G gpuwdh wnwykjugniyt wunhgw

N¢() - G qpudnud v ququph ppgwljuyp

Ng(S) - G gpudnid S-hu hwplhwt ququpttph puqunipnii

HC< G - H-pGqpudh tupugpud L

G[S] - G qpwudh ququpubph S puqunipyudp suwsd Eipuqpud

G—-v - Gqpudhgv ququph hinwgnilhg wnwowgus qpud

G—-S - GqpudhgS ququputnh puqunipjut hinwgnidhg wnwewugus qpud

G —e - Gqgpudhg e Ynnh hinwugnilhg wmnwowmugusd qpud

G+e - Gqgpudhu e nnh wykjmugnivhg wmnwemugus qpudp

de(u,v) - G qpudnid u b v ququphtph dvhol hnwynpnipini

r(6) - G gpwh punwyhn

d(G) - G gqpudh npudwghd

A(G) - G gpudh hwplhwbnipjut duwnphg

B(G) - G qpudh hgnpjul dunphg

a(G) - G gpudh wunwnubph npnhdw phy

c(6) - Gqpudh juwyuygjusnipju pununphsibph putwy

0(G) - G qpudh juywlgudmpjul wjt pununphsubph pwbwlp, npnbp
wupnitbwlnud kb fEun pyYny ququptbtp

cl(G) - G qpudh hudhjnniyut hulnid



cr(6) - G qpudh husnutkph phy

cyc(6) - G gpudh ghljndwnhly phy

a(G) - G gpudnid wnwykjugnyt wtwju puqunipjwi hgnpnipint

a'(G) - Gqgpudnid wnwybjugnyt qniquijgdws hgnpnipinit

B(G) - G gpudnid ijuqugnyt ququpuhtt Swslynyph hqnpnipnt

B'(G) - G gpudnid tJuqugny Ynnuyhtt Swdlynyph hqnpnipniu

¥(6) - G qpudhubn

#(G) - G qpudh juyulgusdnipnil

A(G) - G gpudh Ynnuyht juyuwlgyusnipini

7(G) - G qpudh Ynoninipinil

x(6) - G qpuh ppniwnhl phy

x'(6) - G gpwdh ppodwnhl huntipu

x"(6) - G qpubh vinnwy ppnuunnhy phy

w(G) - G gqpudh uwnnipniu

Cp - mququp (n = 3) mubgnn wupqg ghly

K, - nququp nutgnn jphy gpuid

Kinn - inhy tpiynnuwbh gpuid, nph dh hnqip yupnibwynuwd Em ququp,
hulj Ujntup® n ququp

Qn - m-ywthwth unputiupg

P, - nququp niukgnn wqupq Smbwwyunph

S, - 1,..,npdtph mbnunpmipmnitutph janwdp



Qniju 1

Qpudtbp: Zhdtwju vwhdwunidutp b

wupqugnijl hwwnljnipnibkp

§ 1.1. Gpwdh uwhdwiinidp, mhuwljutipp b npdwt tnwuwlutpp

Yhgnip V = {vy, ..., v, }-p guijugud ny nuunwuply Jepowynnp puqunipinit k, b nhgnip
V®-n V puqunipjut nuppkph pnpnp ns upquiynp qnijgiph puqunipinit b ‘Loktp, np
[v®| = (121) Gupwunpkip, np E € V®:

Uwhdwtnmd 1.1.1: (V, E) jupquynp qnuyght jubduubkup gpuwp, b wyh fuowbwlkup
G-ny:

G = (V,E) qqudh V puqunipjul muppbphtt jwbwubkup qpudh quigupisp, hul E
puqumipjub mwpppht' Jagky: Bpbk wihpudbon b okiowk), np V-u hwinhuwind £ G
gpudh ququputph puqunipnit (E-u hwugphuwiunid £ 6 qpudbh Ynntph puqunipnih),
wyw wyn nhypmd dkup Ygpkup V(G) (E(G)): Gpk e € E Ynnp u,v € V ququplkphg
punjugus qniyqh k, wyw wyn thwuwnp Ygpkup e = uv-ny:

Yhgnip G = (V,E) L ¢’ = (V' E") tipynt gpudubp ki

Uwhdwind 1.1.2: 6 1 ¢’ qpudubtpp Juiwibup Awywuwp b Ygpkup 6 = ¢ wyu b
Uhuwyt wyt npypnud, tppV=V' LWE = E":

Lokp, np gqpudttpp Jupkih E nphnnwupyt] npytu hwnnt] mhyh hwdwukn phttwp
hwpwpbpnipini,, nph htupwjhtt puquUnipmitp V-u k Zhokup, np a SV XV phuwp
hwpwpbpnipiniup Ynsynid k

o nhkPiLpup, Lipk guujugws v € V hwdwp vav,

o whwmhnkpibpuhy, tpt gmuljugws v € V hwdwp vaw,

o upudbkwnphl, bphk gwulwugws u,v €V hwdwp pwjwpupynd L hbnbjug
wujdwip. bpk vav, wmyw vau:

Ljwuwnbtup, np G = (V,E) qpudp YJupnny Eup nhunwplyl] npybu acVxV

wbwnhnbdbpuhy, uhudbnphly phttwp hwpwpbpnipinil, npuntn guutjugws u, v € V hwdwp
9



pujupupynd £ hbnbju wuydwip. wav wyt dhwyt wyh nhypnid, kpp uv € E:

Uwinplt Ynphunwpltip gpudutph vipdwt dh pwh Enwuwlubp: Lwju upkup, np
qpudp Jupbih £y, bpknd bpw ququplbph b Ynntph puqunipymbbpp: Opphtwly,
nhunwplytip G = (V,E) qpudp, npnbn V= {vy, 03,035,045 V73 U
E = {v1V,, VU3, V3V, V1 V4, V3 V4, UsVg, VgV, VU7 }:

Uty wy Enwuwl L qpudubtph npdwt tpjpuswhwlwut tnwbwlyp, nph tnippniup
Juywiunid L htnlyunud.  qpudh  ququpubpht  huwdwyuwunwupiwbbkgunid — Gup
hwppnipjut Jhnbp (muppkp ququptbphtt hwdwywnwupmutnud Bu tmwpptp Yhnkp), b
tpynt Yhwnkp Jhwgynud Bt wbpinhwwn Ynpny, npp sh wiginmd JEly wy) ququpht
hwdwywunwupwtng  Yhwnny® wy b dhugybh  wjt  phypnd, b&pp  upwbg
huwdwywunwupiwing ququpubpp §nn G juqunud qpudnid: Ophtwy, YEpp uodus
qpudp Jupbih Eyunlbipt) htnbyuy hipy.

Vy
Ul 1.1.1
Uwhdwimd 1.1.3: ¢ qpudp Yubwibbp ioyws Gud hudwpuluggus), bph wy
qpudh ququpltphl JEpugpjws tu qnijq we qniyg nwppbp thobp:
Fpudubp nhinwpytihu vtq hwdwp Jupbnp & pk np ququplbpt &u dhug]ws
Yynnny, b npntip ny: Zwanty boktp, np Yhnbpp dhwglng Ynph dtp Yuplop sk: Ophtwy
Jbpp phpyud gpuadp Jupbh £ ywnlbpby bwb htnbyug jipy.

10



ul. 1.1.2

Qpudubtph npdwt hwenpny Enwuwlubpp tjupwugplint hwdwp wnwbp dh pwh
uwhdwbtnud:

Yhgnip 6 = (V,E)-uqrud b, u,veVlee €E:

Uwhdwunid 1.1.4: u b v ququpubpp jutuduuttp bwpbwi, tpt uv € E:

Uwhdwtmd 1.1.5: u ququpht b e Ynnht juwuduukup fAg, tpt u € e:

Uwhdwind 1.1.6: e b e’ wuppbp Ynnbpp Yuduibip dwplwd, bph qgnnipnit niuh
v € V wyuybu, np v-u Yhg k e-htt b e’-hi:

Gpt 6= (V,E) gqpudnid V ={vy,..,v,} b E={eyq,..,e,}, wmyu wyy qpudhl
huwdwwywunwupiwtkgutup n X n jupgh 4(G) = (a,-]-)nxn dwwnphgp hbnbywy YEpy.

1, &pk v; b v; hwphwh ki,
ay, = { J
Y10, hwlwprwl pkupnid

A(G) dwunphgp Jubduubktp ¢ qpudh hwplwbnipjui Juwnphg Ujunbup, np
guujugws i-h hwdwp (1<i<n) a; =0, b guujugws i,j-h hwdwup (1 <i,j<n)

a;; = a;;: LY. 1.1.1-nud pipJws 6 qpudh hwplhwbnipjut dwwnphgp Yihh

0101 0 0O
10110 00
0101 0 0O
AG)=]1 1 1 0 0 0 O
0 0 00 011

\0 0 0 010 1/
0 000 110
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‘Uoklp, np qpnubkphg b dkjEphg juqudws n X n jupgh jnipupwisinip A dwwnphg,
npp puwjuwpupmd £ hbnlyuy Epyne wuydwbtbpht. guuljugws i-h hwdwp (1 <i <n)

a; =0, b guwiugws ij-h hwdup (A <ij<sn) aq;=a hwiunhuwtinmd E

ji>

huwdwpwlujws ququpttpny nplk gpubh hwplhwbnipjut duwnphg:
Gpt 6= (V,E) qrudnid V ={vy,..,v,} b E={eq, .., e,}, myu wyy qpudht

hudwwywnwupwtkghtup n X m Yupgh B(G) = (bij)nxm dwwnphgp hbnbyw) YEpy.

b = {1, bpk v; b e; jhg kL,
Y700, hwlwnwl pkuypnif

B(G) dwwnphgp Yuiduibup ¢ qpudh fgnipjui dunphg: Ljunbkup, np Ygnipjuh
dwwnphgh umnittpp qnyq wn qnuyq wnwppbp o b jnipuwpwbynip ynit yuwpnibwynud k
&how Eplyne 1: VY. 1.1.1-nud pipJwd G qpudp Ygnipjub dwnphgp Yihuh

10010000
11001000
01100000

BG=/0011100 0]
00000101

\00000110/
0000O0GO0T171

nputn tupunpyusd £, np eq = v10,, 65 = V3,83 = V3V, €4 = V1V, €5 = VU4, 86 = V5V,
€; = Vg7, eg = UsV7:

‘Uokp, np qpnutphg b dklbphg Yuqujwé n X m jupgh jpipupwtynip B dwwnphg,
nph yniubpp qnyq we qnyg muppkp Bu b jmupupwiynip ynit wwupnibwynud £ ghown
tpynt 1, hwiughuwind bt hwdwpwluwws ququpttpng b Ynnkpny npbk qpudh
Ygnipjut Twnphg:

Spwdtubph bu dh bkpiuyugnudp, npp dkp Ynhnwplup, nu qpubh ququplbph
huplhwinipyul  gmigulalph dhongny ubpluyugnudu b Gpk 6 qpudnud V(G) =
{1, ..., vy}, wmyu nhunwplup 7 tpupnipjudp qutqus, nph i-py pununphst hpkthg
ubpuyugind t v; ququphtt huphwt ququpubph gniguljp qpdus hts-np dh Jupgny:
Ophtul, uy. 1.1.1-nud ywuwnlpgws gqpudbh ququputph hwpbwinipjut gniguljukpny
ubpluywugnudp Yihth.

12



v, V2 V3 v, Vs Ve Vq
\ \ | | |
vV, 12 vV, vV, Ve Vs Vs
\ | | |
\% 1% \ L %
V4 3 V4 2 V7 V7 V6
v, Vv,

ul. 1.1.3

Upklip, np  qpuplbphg pugh, dbup UYnpwwphkup gpupubph  dh  pwlh
punhwipugnmdubp: dputighg wowehtt bu dnyyumpgpuipialpp: Uniyjnhqpudbh nhuypnid
(V,E) Yupquynp qnuygh uky E-u V® puqumipjub dnijnhkipwpuqinmpmt t jud
gnigul: Uw towbwynid k, np V@ puqunmipyub qnygbpp E-nid Juipnn kb hwinhy by kY
wbquuhg wybih: Bphpwswthnpb, uUniynhgpudutpp wuunlbpynd b gqpudubpht
hwdwiudwt tpwbwlny, dhuwjiu pt ququputpht hwdwywwnwupwing hwuppenipjut
Jtwnbkpp  dhwugynmd  Bu  wjpwt  gdkpny, nppwt wbqud E-mud  Yplhuynmd L
hwdwywunwupiwt qnygp: Ophuwy, tpk nhwnwpytup 6 = (V, E) dniyynnhqpudp, npunkn
V={v,13,30V;} U E=(01V3, V1V, V V4,V V4; V3V, V3Vy; VV3;V3V,), wyu wjlt
Epypuwswthnpbt juyywnlbptup hbknbyu) YEpy.

G

Vs

Ul 1.1.4
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Qpuwdubtph hwonpn punhwipugnidt tu wulpngpupiabpp: NMulinngpudh nbhupnid
(V,E) Jupquinp qnuygh dke E-u V'@ puqunipjul dnipinhbipuwpuqinipmit b jud
gniguil], npuntn V'@ =vV® U {vv:v € V}: Uoklp, np vv nhwh qnyqbphtt pinnifus
wiquil) (V, E) wulinpngpudbh onuljubkp: Gphpuwswhnpb, wulinpngpudtutipp gunltpynud
Eu dnyunhqpudutphtt hwdwidwt tnutwlny, dhuyt pl onuljutphtt hwywwnmwupiwung
wupunhwwn gstph uljhqplt nt ytpep hwduljund tu: Ophuwy, ket nhwnwpytup 6 = (V, E)
wulinngpuipp, npintin
V ={v,1;,v3,04} U E = (0101, V1Vq; V1V, V1V3; VaV3; V3Vy; V1V, V1Vs; VaVy, VaVy; V3V3)
www wjb Eplpuswthnptt juyuwwnlkpkup hbnlyuy YEpy.

G

Ul 1.1.5

Ujunithtwnlb Ynhwwnpytup gnpdinpnojws gpnupiakpp, npnup hudwywnwupiwind
tu wyuwywhuh (V,4) YJuwpquynp qouyqkphty, bpp A4-u V' puqunipjut  wwppkph
Unplunipnitutpny pnjnp jupquynp qnuygbtph Udnynphbupwpwqunipnit £ jud gnigul:
Uw tpwbwynid k, np A-nud jupnn G hwunhwb] vv mhwh qnugbp: a-hg b b-hg juqudws
Jupquynp qnyqp Yupwbwltup (a,b) updynny, b wyt tpjpuwswthnpkt wwwnlkptihu,
Juupktp wbpunhwwn Ynp, npp uljunud £ a-hg b yipowuinid b-nud, pun npnid npukuqh
npungstup, np b-u Ykpel L, gdh Yykpenid Ynukup ujwp: Ophtwy, ket nhunwpytup D = (V,4)
Ynnutnpnpws gpudp, npinkin
V={v,v5,v3} b A=(1,v2), (V1,V2); (V2,V1); (V2,V3); (W1, V3); (V2,V2)), wyu wyh

Eppuwsuwthnpkt juyuwwnbpkup htnbyug fhpy.
14



Vi

Ul 1.1.6

Gy Jtpowytu, Ynhnwnpytup rhwlpgnupilp, npnup hwdwyuwnwupwunid ku wjt
(V,E) Jupquynp qnuyqbphl, npnugnid E-u V-h ny gquuwpl Gupwpuqunipiniibpnhg
punugus puqunipjub LipwpuqUnipnit b Zhwybkpgpudh ophtwly L H = (V,E)
Yupquunp qnuqp, npubn V = {v4, 02,03, V4, v5} W E = {{v1, v2}, {v1, V2, v3}, {v2, v3,v4}, {v3},

(4, v5}} (. 1.1.7):
H

—

<.4
Ul 1.1.7

§ 1.2. Uuwnphduukp, thipuqpupubp b Smbwwuphutp

TYhunwpltup 6 = (V,E) qpudp: 6 gpudp juduukup (n, m)-gpuwp, tpk [V =n U

|E| = m: Gpk S € V(6), wyu junwupkup htnlyuw) tpwbwlynudubpp.
15



N¢(S) = {u € V\S: goynipynrl nilihv € Snp, uv € E},
0;(S) ={uveE:uesSveV\Sk

G qpudnud v € V ququph ppowluyp wubim] jhwuljubwip Ng({v}) puqumpimbp:
Ujt ypdwn jugwimlbttp Ng(v)-mf: Udbjht, v ququpht Yhg Ynnbph puqumpiniup’
96 ({v})-u fupwbmlkup d¢(v)-ny:

Uwhdwinud 1.2.1: ¢ gqpudnid v ququph wuwmpdwi, npp Yupwtwlkup dg(v)-nd jud
d(v)-n, juin]wikup wyn ququpht Yhg Ynnkph pubwlp: Mwupq B np de(v) = [96(@)]:

Onphtwy, uy. 1.1.1-nid yuwnltpyws 6 gpudnid v, ququph wunhwp hwjwuwp k
tptiph:

G gpudnid v ququpp Jubduuttp J&iniuwgyus, tpt dg(v) = 0 b Juudukup
quwpnjud, tpk dg(v) = 1: 6 gpudh hwdwup uwhdwktp §(6) U A(6) ptpp htnbyuy fipy.

6(6) = min,cydg(v), A(G) = max,cyde(v):

8(6)-u Ywiwibp 6 qpudh &jwqugnyl wuwpdwl, hay A(G)-4 wruyljugnyyl
wuwnhdulr

Ljuwnklp, np  gwijugus 6  gpudmd  whknph  mbbkt hbolyug
wihwjwuwpnipniabbpp.

0 < 8(6) <AG) < |[V(6)| - 1:
Etnpkd 1.2.1 (L. Epbp): Gwdwyulw 6 = (V, E) qpudnid nitinh nih

> de(w) = 21E@)
veV(G)

hwjwuwpnipniup:

Uujugnyyg: Ppnp, pwih np gutijugws Ynn Yhg E Eplint ququiph, wugw Yyey () de6(v)
qnudwpnid wyn Ynnp hwoyynid £ kplymt whquid, hEnbwpap

Yveve) de(V) = 2|E(G)]: =

Zbnmbwip 1.2.1: Yudwjuluit 6 = (V,E) qpudnd Jhun wunhfwb niukgnn
ququplbph pwlwyp qnyg E:

Uwwgnig: bpnp, hwdwdwyu pinpbd 1.2.1-h

2|E(G)| = Lvev(e) d6(V) = Lag)-t qaygr A6(V) + Lagw)-u yitunr de(V):

Ljwwnbup, np hwjwuupmpjut dwp dwup, husybu twb we dwumd quidng
wnwohti gnidwpkihtt qnuyq pyYtp L, hbmbwpwp qnuyq £ twlb Gpypnpy gnidwpbih,
npunknhg htnnbind E, np qnyq k bl jEun wunhdw niikgnn ququptbph putwlp: =
16



Thuinnmpjnit 1.2.1: ‘Uoklp, np phnpbd 1.2.1-p b hEknbwtp 1.2.1-p duanwd Eu ghown twlh
Uniynhgpudutph b wulnngpudbubph nhwypnud, dhuwyt pEk wuydwbwynpynd tup, np
onulutpp  wulnpngpudh ququph wunhdwbt  wdbjugund  Eu Gplniuny:
Uwutwynpuybu, vw wpwbwlnud t, np ul. 1.1.5-nd wuwnlkpdws qpudpnid vy ququph
wuwnhdwup hwjuwuwnp k niph:

Uwhdwtmd 1.2.2: ¢ qpudp ywuJuubbp swvwuln Yud rkgniyjup, tpk 8(6) = A(G)
Juwd np tnyub L, np Gpk tpwunid pnjnp ququpttph wunhdwutbpp dhttinyu phyu b G
gpudp ywwubtup r-Awdwmubn Ywud r-pkgnijjup, tpk 8(6) = A(G) =r (r € Z,):

(tnpbd 1.2.1-hg mtdhowuytu hknlnud , np

ZEkwnbwbp 1.2.2: Gpt G-u r-hwdwubn (n, m)-qpud L, wyw

m= %

Uwhdwunid 1.2.3: 3-hwdwubn qpudttpht ywudwubtup unpwiupn gpudiakp:

Zkwnlwtp 1.2.1-hg plunid

Zhwnbwup 1.2.3: vnpwtwpny gpudnid ququptbph pwbwlp qnuyq phy k:

Uwnnpl wuwnljipgwsé i bplnt junpwbwnpn gpudtbp.

Ul 1.2.1

Ljuph we dwunmd wwnjipjws unpubwpy gpudp hwynth b 2ewbpukih qpud
wlniuny:

Uwhdwiimd 1.2.4: ¢ gpudp Ynsynid | jppy, bpl tpuinud guijugws tpint ququp

17



hwplwt G

n ququp niubkgnn phy qpudp Juowtwlhtup K,-ny: K3-p Yubuuubkup brwilnii
Lwwnkup, np 4. 1.2.1-h dwju dwunid wuwnlipdws £ K,-p:

“Ydyup sk mbuub), np K,-p (n — 1)-hwdwubn gpud £

E(K,)| = (F) =22
Uwhdwiunid 1.25: 6 = (V,E) gpudp Ywwubup r-fngdwiah (r €N), tpk V
puqumpniup htwpuwynp L wpnhl] r Gupwpuqumipmnibtubph wjuybu, np Jhlttunygt
tupwpwqunipjutt ququptbpp qniq we qnuyq hwplwhb sku: Gph r = 2, wywu r-Ynnuwuh
qrudp Ywuuukup &pflhnpuwih: Vjunbkup, np tpt 6 = (V,E) qpudp tpyynndwih L,
wwyw V puqumipmniup httwpwydnp L wnpnht) Gplnt Bupwpwqunipmniuubph V4 0 V,-h

wjtyby, np 6 qpudh gujugws Ynn Yhg (huh vk ququph V4-hg b UkY ququph V,-hg:

(1,0,0) (1,0,1)

(0,0,0) (0,0,1)

(1,0,0,1)

(0,0,1,0)

Ul 1.2.2
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Eplyynnuwh gpuph ophiwly & nywipwih funpulnupgp: n-yahwth junpubiwpnp
towtwljtup Q,-ny: Zhokup, np wjtt vwhdwuynid Ep npytiu gpud, npnkn
V@, ={a:a=(ay,..,a,),a;€{0,1},1 <i<n}l

E(Qn) = {’o‘zﬁ: &F eV b ) la—Bil = 1}:
i=1

n-swhwih junpuwbwpynid npybu V4 Jhpguktp wjt hwjwpwsdniubph puqunipiniup,
npnip wwpnibwlnud ki §en pyny dkkp, huly npubu ¥V, wji hwdupwsniikpp, npnip
wupnitbwlnud B qnuyq pyny dkltp: ‘Lokup twl, np n-swihwth ppnputtupgp n-hwdwutn
gqpud k: L. 1.2.2-mud yunlEpgus G Q3 b Q4 qpudpubpp:

Uwhdwimd 1.2.6: Gpk 6= (V,E) tphynnuuh qpudnid V; pwuqunipjuip
wuwwuljwunny jpipupwbynip  ququp dhwgyws bV, pwqUnipjuip wwwlwunn
Jmpupwlynip ququph, wyw ¢ gpudp Yudwbip jppyf Ephynplwih gpup: Gpt wn
ntypnud [V4]| = m b |[V;,| = n, wmyw Yqpkup G = K,

Lunblp, np [V(Kmpp)| = m+n 'l [E(Kpy)| = m-n: Upktp twl, np Ky, qputitpp

Unsynid b wuwglp: Unnpl wunipjws &b K, 3, K3 3 gpudlbpp b Ky 5 wunnp.

Ul. 1.2.3

tnpkd 1.2.2: Uju gqpudubph pwbwlp, npnug ququputph pwuqunipmiup V =
V1, ., -0 L, huuuwp E 2(2);

Uwwgnyg: bpnp, pwtth np pnjnp gpubttipnid ququptbph puqunipniup tnyut k
wyw pudulut L hwodby plk pwth hpwphg vmwppip htwpwynpmipnit uw Ynntph E
puqunipjutt hwdwp: Ljwwnbup, np V puqunipjutt tnwppbiphg punjugws qnuyqtph
puwtiwaljp (’;)-k, b jnipwputiynip wynuhuh qniyyg jud dwutwlgnid E, jud sh dwutwlgnid
E-h Uk, b htmbwpwp Ynntph puqunipjutt hwdwp htwpwynp nmuppkpuljutkph pwtwlyp

2(121)—1:: ]
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tnpkd 1.2.3: Uju qpudubph pwbwlp, npnug ququputph pwuqunipmiup V =
{vy, ..., v }-u E b npnugnid pninp ququptbph wunpdwbubpp qnyq pytp G, hwjwuwp k

2("2Y),

Uwuwgnyg: Zwdwduyu ptopbd 1.2.2-h, pujuljub E wwwgnigk, np Jupkh k
hwunwwnt] thnjpdhwpdtp wpnwwywnlbpnd pnnp wyt gqpudutph  vhol, npnig
ququpubph pwqunipmitp {vy,..,v,1}-E U wyb gpudubph, npnug ququpltph
puqunipiniup {vy, ..., v,}-u kb npnugnud pnjnp ququpttph wunh&wubpp qnyq pytp L
dtpgukp guujuguws G qpud, nph ququputph pwqunippiup  {vq, .., v,-1}-k
Thwwplkup 6" qpudp, npp wnwugnud E 6 gpudhg htnlyuy Yhpw. 6 gpudhl
wybkjugukup v, ququpn, b wju dhwugubup Ynntpny & qpudh i wunhdwb niukgnn
ququpubph htwn: Zwudwdwyt htnbwip 1.2.1-h, ¢ qpudnd ponp  ququptbph
wunhdwbubpp qnuyq pdbp Gu: Udbiht, nddup sk wbubbk, np  tupugpdus
huwdwwywwnwupiwbinipniup hnjuodhwpdtp b: =

“thgnip G-u b H-p qpuubp Eu:

Uwhdwiimid 1.2.7: H qpudp Ynsymd k¢ qpudp Eépugpup b Ygpkup H € G, Lpk
V(H) € V(G) W E(H) € E(G): Zuljunwl nptwypnid, Yqptup H € G:

Uwhdwtmd 1.2.8: H qpudp Ynsynid £ 6 qpudbh Juwpupughl Eapugpup, tpk H € G

L V(H) = V(6):
G HCG FcaG
v
v, Vs v, V3 Vv, 3
Vs Vs
V) V) Vs
Vs V4 Vs
KZG
Vl V3
v, v,
Ul 1.2.4

Ljwunkup, np Ept ghnwpltup uly. 1.2.4-nid yuuntpdws ¢ gpudp, wmyw F qpudp

20



hwbinhuwinud k, hul K qpudp sh hwighuwinud tpu Eipugpud: Uintu §nquhg htiow k
wbubb], np wyy Wuwpmd yunlbpdws H gpudp hwbnhuwbnud £ huly F gpudp sh
hwinhuwnud ipw dwjupuht Bupwgpuip:

TYhgnip 6 = (V,E)-uqpudp L1 S € V(G):

Uwhdwimd 1.2.9: ¢ qpudh G[S] Eupuqpudp Ynsynwd Lt S puqgunipudp Sijuds
Lapuwgnuwp) Wwd Shjws Lipugpup, tph V(G[S]) =S L E(G[S])) ={uv:u,veES huv e
E(G)}:

Thunwpykup htunlyw) ophtwlp. tpk 6 gpudp uly. 1.2.5-nud yunkpduws gpudt L,
wyw wyy twpnd phpdws B gpudp  hwinhuwtnd £ G qpudh {v, v3,v,,v5}
puqUmpjulp Stjws bupugpud: Ujnwu Ynnuhg htiow b wbubl), np tnygh Gwpod
wunlpjws F b K gpudubpp 6 gpudh stfws upugpuiptbp sku:

G H
v, Vs V3
. oA>: 5
V) V)
Vy V4
F K
v, V3 V3
I\:S
V2 Vy Vy
Uy 1.2.5

Ythgnip G = (V, E)-u qpud Lk

Uwhdwimd 1.2.10: 6 qpudh ug, uy, ..., up_1, 4, ququputphg b ey, ..., e, Ynnknphg
Juquyws uy, eq, uy, ..., Ug_q, €, U hwonpnujutinipniup Yuwbduubkbp k &pluwpnipruder
Uo-pg W ppowiignud Yud Kk kplupnippadp (o, uy)-gpowbgnid, tpk e; = u;_qu;, Lpp
1<i<k: Uwhdwbdws (ug, uy)-oppwugnidp Ypdwwn Juowbwlkbp tpw ququptbph
Ug, Uq, ..., Up_q, U, hwonpuljuinipjudp, Lupwunpliny, np jpipupwisnip hwenpny ququp
hwpbwh E bwpanpnht:
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Lokp, np ppgwiigdwitt Ukg ququiptikpp b Ynntpp upnn & ypluly, huly (ue, uk)-
opowugdw Epljupnipiniup gnyg E wnwjhu wyp opowtgdwt dk wnljw Ynnbph pwtwlp,
Enp jnipupwiginip Ynn hwodynid E wyipu mqud, nppwitt wiyt hwinhwnid £ opowigduit
Uky:

Thunwpytup tll. 1.25-md wuulbpyws 6 qpudh ququptbph hbnlyuy Gplnt
hwonppuljwmtnipniuubpp. vy, v3, V2, V4, V3, V2, V4, V3, V5 U V3,04, V4, V3, V3, V5 Ljuunklp,
np tpuiighg wnwightip 6 gpuh ppgwignid & huly kpypnpyp’ ny:

Lwwnbkup, np ull. 1.25-h G qpudbh vq,V3,V2,V4,V3, V3,04, V3,05 opouigduie
tpyupnipiniup hwjwuwp £ mph:

Uwhdwbtnmd 1.2.11: (ugy, ug)-opowignidp yudwukup pwl, tph uy = uy:

Uwhdwtnmd 1.2.12: ¢ qpudh (ug, ug)-opowugnidp Jutjuukup uy-pg uy dwbuiwuph
Gwd (g, uy) -dwlwmuph, tpt wguq-p,..., Up_1UE-0 G qpudh qnyq wn qnyq wnwppkp
Ynntp Eu: Bpk P-u 6 qpudh dwwywuph b, wyw [P|-nd Yuowtwlkup wyn dwbwyyuphh
Epupnipjnitp, wyuhiptt’ wyn dwbwwwphh dky wnw Ynntph puwbwyp:

Lwwnklp, np uly. 1.2.5-h G qpudh v4, v3, V3, V4, V3, V5 opowignidp Smbwyunh k, huly
Vq,V3, V3, V4, V3, V3, Vg, V3, Vs DY

Uwhdwimd 1.2.13: 6 qpudh (up, up)-dwbwwyuphp Ywudwubktp wuwpg (ue, uy)-
dwhmyuph, bph tpw Uke dntnn pnjnp ququptbpp qnuyq we qniyq mwppkp Gu:

Uwhdwunid 1.2.14: ¢ qpudh (ug, ug)-dwtwwyuphp Yyuudwubup hwl dwbwuuph
Yl ghly, ph wyh thuly opewligmud b, wyjuhliph' kph ug = uy:

Lwwnkup, np ulf. 1.2.5-h G qpudh vq, v3, V3, V4, V3, V5 Swtwmyuphp wupq (v4, vs)-
Swuwwuwnph sk, huly vq, v3, v4, v5-p uny gpudbh wupq (v4, vs)-dwtwygunph k:

Uwhdwimd 1.2.15: 6 qpudh ghljp juiubup wwpg, tpt tpuiund Yphudnd tu
Uhujt wmnwght b yEpohtt ququphbpp:

Ljwunklp, np uly. 1.2.5-h G qpudbh v3, v3, v4, V3, Vs, V4, v3 Swwyuphp wupg ghy sk,
huly vy, v3, v4, V2, v1-p tnyb gpudbh wuipg ghly

n ququp niubkgnn wwpg ghlip Yupwtwlkup C,-ny, n = 3: n ququp niukgnn wuwpg
dwbwwuphp fupwmwlkup P,,-ny:

Uwhdwtimd 1.2.16: ¢ gqpudmid u b v ququputph Jdhol Akrui/npnipiniin
Juwhdwukip npytu Jupdwgnyu (u, v)-dwbwwywphh Gpupmipmit, Ept 6 gpudnid

gnynipjnil nitth wnujwqu UkY (u, v)-dwbwwywnph, b +00’ hwljupwl nwypnid: 6 gpudnid
22



u L v ququpubph dhol hinwynpnipniup Jupwbwlkup dg(u, v)-nyd fud d(u, v)-ny:

Ljwnkup, np

1. G qpudh guujugws u b v ququpitph hwdwp dg(u, v) = 0, b dg(u, v) = 0 wy
b vhwytt wy nlwypnud, kpp u = v;
2. G qpudh gujugusd u b v ququpttph hwdwp dg(u, v) = dg(v, w);
3. ¢ qpudh guujugws u, v b w ququpitph huwdwup dg(u,v) < dg(u,w) +
de(w,v):
Ujunntinhg httnbinwd t, np gumujugws ¢ = (V, E) gpudh hwdwp, npnid judwyuljub Eplyne
ququplbph dholi jw dhwguny dwbtwwwph, (V,dg) qnuyqu hpkuhg ubpiujugunid L
dbnphlulju nupwénipniu:

Liddwm 1.2.1: Bupwygpkup, np 6 qpudnd u-u b »-u hpwphg wwppkp Lplne
ququptbp t: Uyn nhypmd gutugws (u, v)-oppwgnidhg Jupkih E wnwbdbuwgut)
wupq (u, v)-dutwwyuph:

Uwwgnyg: Uyugnygp Jlunupbiup dwljusdub tnwbwlng pun (u, v)-opowugdui
k tpiupnipjut:

Glupwnntup k = 1: Uy nhypnud (u, v)-opowtignidp punugus b Uty Ynnhg, npt b
Jywquh npnubjh wqupq (w, v)-dwtwwywphp: Gupwnpkip, np wunnudp ghown L pnjnp wy
(u, v)-oppwignidubiph hwdwp, npnug Gpupnipniup thopp E k-hg, U ghwnwpytup k
Epupnipinit niikgnn ug, uy, ..., uy opewignidp, npnkn uy = u b u, = v:

Bpt ug, uy, ..., u opowugdutt Uty pninp ququplbpp qnuyq wn qnuyq wwppkp b,
wyw wjl hpkuhg tipuyugunid £ wupq (w, v)-dwtwwywunph, b, hknbwpwp, wyungnidu
wyugnigqus b Zhknmbwpwp, Jupnn btup Bupwunpb;, np gnynipnit nubb i <j pdbp
wjuwbu, np u; = w;: Thunwpybup ug, Uy, ..., Uy, Wjiq, -, Ui (W, V)-2powigniup: Ljwwnkup, np
wju opowigdwt Epjupnipjnitp thnpp £ k-hg, b, htnbwpwp, hwdwdwyt dujusdwi
Eupwnnpnipjul, tpuithg jupbjh £ wpwiudtwgt] wupq (w, v)-dwbtwwquph: =

Liddw 1.2.2: 6 gpudh guujugws Yt tpljupnipinit niubkgnn thwl opowtignivhg
Juwphkjh E wnwudtwgub) jEun Epjupnipinit niikgnn wwupg ghly:

Uwuwgnyg: Uwwgnygp JYwunwpbip dwlwédwb bEpwbwlny pun  JEun
Epupnipinit niitgnn thwly opowgdwt k Epljupnipjut:

Bupwnpkup k = 3: Uy nhwypnud Jhun Gpllupmipnit niubgnn thwly opowignidu

hptuhg tbpjuyugunid b Epwulnit, npt B Juqunid b npnubjh JEun Eplupnipmnit
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niukgnn wwpq ghlp: Gupwnpkup, np wungnudp &hpwn £ pnnp wytt JEuwn Epljupnipniu
niukgnn thwl opowugnidubiph hwdwp, npng Epjupnipiniup thopp £ k-hg, b phnwplkup
k tpupnipinit niikgnn uy, uy, ..., ug Jhuw, hwl) opowgnidp, npunkn uy = uy:

Bpt ug, uy, ..., u, opowgdwt Uky pninp ququptbpp qnuyq wn qnuyq wwppbkp b,
pugh uy = uE-hg, wmyw wjt hpkuhg thpjujugunud E jEtwn Gplupnipinit niukgnn wqupq
ghl, b, hbnmbwpwp, wipgnmdt wywugnigyus b Zknbwpwp, Jupnn Eup Gupwnpk), np
qnmipinit mukb i <j pykp wjiwbu, np w; = w;: Thnuwplbup we, uy, -, W, Ujyq, -, U
U;, Uy q, -, W hul] ppouignidibipp: Ljwwnklp, np tpwtg pjupnipnibukpp thnpp Gu k-
hg, wybkiht, pwth np wugy, uy, ..., u, opowgdmtt Lplupnipnitp Y E wyu uodus
opowugnidbnhg dkyh Epupnipniup bu jhun b Zudwduwyt dujusdwt Eipunpnipjut

upwuhg Juptih E wpwtiduwugub) fEun tpjupnipinit niitignn wupg ghy: =

§ 1.3. Gnpénnnipjniuubp qpudpubph htn

Uju wwpwgpudnid dkup Ynhunwplbip nwppbp gnpénnmipinitubp gqpububtph hbtwn:

Ujn qopénnnipjnitibpp  htwpwynpmipmit Bb vwjhu wppbtt gnmpnit niubkgnn

gpudutph hhdwt Jpuw Junnigh] unp qpudputp b bwb oqunid b ubkpyuyuguty; qpudbh

Junnigquspp wykih thnpp b wuipq junnigdwsp niukgnn gpudbutiph vhongny:

1. Ququph hinwgmud: Thgnip nuipdws Eu 6 qpudp (JV(6G)| = 2) b v € V(G): G qpudhg v
ququph hknugnidp' G —v qpudp vwhdwikup hnbyu) YEpw. V(6 —v) = V(G)\{v} L
E(G—-v)=E(G)\{e:e—ulhgLtv—hu}:

Ul 1.3.1-nid wuwnltpjws E ¢ qpudp b wyn qpudhg vy ququph htnwgnidhg
wnwowgud & — v qpudn:
G G—vq

Ul 1.3.1
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2. Ququiph wtjugnud: Thgnip npjws ko 6 gpudp b v € V(G): G qpudht v ququiph
unfljugnidpy’ G +v  qpudp uwhdwbbip htnljuy Yhpw. V(G +v) =V(6G) U v} U
E(G +v) = E(G):

LY. 1.3.2-nud wwnlbpjws £ 6 gpudp b wyy gpuphtt v ququph wfbjugnidhg
wnwowgwsd G + v qpudn:
G G+v

Vi V3 Vi V3
UY. 1.3.2
3. Unnh htpwgnid: Thgnip mpdws tu 6 qpudp b e € E(G): G qpudbhg e fnph hkrwugnidp
G — e qpudp uwhdwibup hbnlywy Ytpy. V(6 —e) =V(G) L E(G —e) = E(G)\{e}:
Ul 1.3.3-nud wuubkpqws Lt 6 qpudp b wyn qpudhg v3ve Ynnh htnwgnidhg
wnwowgud G — V3V quuidn:

G

G — V3Vg

Ul 1.3.3
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4. Ynnh wykjugnid: thgnip mpuws ki 6 qpudp b e = uv € E(G) (u,v € V(G)): G gqpudhlue
e [nph wijbjpugnidp' G + e qpudp uwhdwbbip hbnbyw) Yhpy. V(G +e) = V(6)
E(G+e)=E(G) U{e}:

LY. 1.34-nmud wuwnlbpjws £ 6 gpudp b wyn gpudpt v4vs Ynnh wfbjugnudhg
wnwgwgud G + v4vs qpuidp:
G

G+ v,4v5

Ul 1.3.4

5. Ynnh wpnhmud: Yhgnip wpjuws b 6 qpudp b e=uv € E(G): G qprwdh e fnpp
wpnhnidp’ G, qpudp vwhdwkip htnlyw) Yepy. V(G ) = V(@) U{w}, w & V(G) L
E(G.) = (E(G)\{e}) U {uw,vw}:

Ul 1.35-nud wuuibtpqws £ ¢ gpudp b wyn gpudh vav; Ynnph wpnhnmdhg
wnwougwus Gy,,, qpubp:
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Gv4—v7

vV, Vy
Ul 1.3.5
6. Guipugpudh ysymd: Fhgnip npws b 6 gpudp b bpw H Bupugpupp: ¢ gpudh H
kbpugpuiph jshnidp’ G/H gpudp umhdwbip htnbyuy Yipy.
V(G/H) = V(G\VH) uU{w}, we V(G)u
E(G/H)=(E(G)\{fe=uw:ueVH)julve V(H)) U{e=uw:ue Ng(V(H)\V(H)}:
Ul 1.3.6-nudl wqunljipjws 6 qpudp, H tupuqpudp b 6 gpudp H Lupugpudh

dynidhg mnwowgwsd G/H qpudbh ophtiwlp:
G H G/H
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7. Qnudh jpugmu: 6 qpudbh jpuwgnid Ynsymd G qpudp, nph hwdwp V(6) = V(G) b
EG)={uv:u,veV(G)huv ¢ E(G)}:
LY. 1.3.7-md yunpguws £ 6 gpudp b ipw 6 jpugnid gpubh ophtiwyp:
G G

vz \ vz ‘><'V3
Vi 12 .< >. Vy
Ve Vs

Ve Vs

Ul 1.3.7

Uunklip, np kpb G-t (n, m)-gpua b, wyu G-p Yghth (n, (5 ) — m)-gpug:

8. Gpwdutinh dhwdnpnid: Ythgnip wipdws tu 6 b H qpwdutipp, npnug hwdwp V(G) N
V(H) =0: G U H qqudubiph spwy/npnid Ynsymd E 6 U H qpudp, nph hwdwp V(G U
H)=V(6)UV(H)u E(GUH) = E(G) UE(H):

Ul 1.3.8-nud wuwwlbpjws tu 6 b H gpudutpp b bpubg dhwdnpnud 6 U H qpudh

ophtwlp:

G H
/\ é ®
Vi Vs u, U,
GUH
/\o .é °
Vi Vy U Uy
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Ljwunklp, np kpk G-u (ng, my)-qpud £t b H-p (ny, my)-qpud L, wmyw G U H-n Y hup

(ng + ny, my + my)-qpud:

9. @pudutinh gnidwn: thgnip mpjws ki ¢ b H gpudutipp, npng hwdwp V(6) N V(H) =
@: G W H qpudutph gnivwp Yngnud £ 6 + H gqpudp, npp hwdwp V(6 + H) =V(G) U
VIH)uW E(GUH)=E(G)VEH)U{uv:ueV(G)wLveV(H)}:

L. 1.3.9-nud wuwnlbpqws tu 6 U H gqpudubpp b tpwug gnidwup 6 + H qpudp

ophtwyp:
G H

G+H

Ul 1.3.9

Ljwunklp, np kplk G-u (ny, my)-qpud £t b H-p (ny, my)-qpwd b, wmyw ¢ + H-n Y hup
(nq + ny, my + my + nq - ny)-quud: Lokp twl, np qpudubph gnidwp gnpénynipiniup
ynuUniinwunhy £ b wunghwwnhy:

Zbow | wbkutly, np Ky, 1nhy Epynnuwith qpudn Jupkh b gpudutph jpugdwi b
gnilwph Uhgngny wpunwhwynk). K, = Kn + Kp: Uybiht, qpudtbph jpugnudp b
gnidwpp httwpwynpmipinitt ko nmuhu vwhdwib) Ky 4.0, 1pAY T-fnpuduwih gpupp
htnlyuy Yepw. Ky pyoom, = I_{n1 + K, ++ I_(nr:
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10. Qpudubph nhljupunyut wpwnwnpuy: thgnip mpjws Eu 6 U H qpudubpp, npntg
hwdwp V(G) NV(H) = @: G & H qpudutph phiwpuyuwi wpunwgpuy Ynsymd t GOH
qpudp, npph hwdwp

V(GOH) = V(G) X V(H) u
E(GOH) = {(uy,v1)(up, v5) : (ug = u, Wvyv, € E(H)) Yud (v4 = v, hugu, € E(G))}:
LY. 1.3.10-nid yuwnlbkpyws tu ¢ b H qpudutipp b tputg pijupnyut wpunwnpjuyg

GOH qpudh ophtiwmyp:

Q
=

(ul,v2 (uy,vy)  (uy,v,)
(”2 Vz) (”2 Va) <”2 V4)
(”3"’1 (“ ”3"’3 ”31
U 1.3.10

Ljwunklp, np bptk G-u (ny, my)-qpud t b H-p (np, my)-qpud L, wyw GOH-p Y1huh
(ny -ny,ng -my+my -ny)-quud: Lokip twl, np qpudpubtph phjupunyuwt wpunwunpuyg
gnpénnnipiniip §ndniinwnhy £ b wmunghwwnhy:

Zbow L wbkully, np Q, n-swihwuh junpwbwpnp Jupkh £ qpudutph phjupuyui
wnpunwnpjuih vhongny wpunnwhwjnt). Q, = K,0K,0--- 0OK,: Lwl, gpudutph nhjupunjui

n

wpunwunpuip htwpwynpmipmitt £ wwhu vwhdwib)y Hpy my.om, <EUUpGgh gpudp

htwnlywy Yepw. Hp,omy,m, = K OKom, O - 0Ky, |
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11. Qpudtbph phuqnpuljubl wpunwnpyuy: Thgnip npdws &u 6 b H gpuplkpp, npnig
hudwp V(6) NV(H) = @: G & H qpulibph phignpulmi wpinunpyuy Ynsynd & G x H
qpudp, nph hwdwp

V(G xH) =V(G) xV(H)
E(G X H) = {(uy,v1)(up,v2) : wqu, € E(G) hvyv, € E(H)}:
Ul 1.3.11-mu punnbpgws b 6 b H gpudtibpp b ipubg phiqnpuiljul wpnwnpyurg

G X H qpudh ophtimyp:

U 1.3.11

Uluwnklip, np bpk G- (3, my)-gpuid £ b H-p (ny, my)-gnuid b, wgw 6 x H-p Yphtth

(g -1z, 2my - my)-gpud:  Lpkp wl, np  gpudubph  phugnpuljub  wpnwnpuy

gnpénnnipniup §nuntinwnhy kb wunghwnhi:

12. Qpuubkph nudkn wpunwunpuy: thgnip npjus tu ¢ U H gpudubpp, npnug hwdwp
V(6) NV(H) = ¢: G W H qpububph mdly wpunmnpuy Ynydmu & 6XH qpudp, nph
hwdwp V(6XIH) =V(6) xV(H) W E(GXH) = E(GOH) UE(G x H):

Ul. 1.3.12-nud qquunlpyws tu ¢ b H gqpudubpp b tpubg nidbin wpunwunpu; 6XIH

qpudh oppiwlyp:
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LN

Ul 1.3.12
Ujmnklip, np bipk 6-U (g, my)-gpud & b H-p (ng, mz)-gpud b, wgw GRH-p rhth

(ny Ny, ny - my+my - n; + 2my - my)-qpud: Lokup twl, np gpudutiph nidtn wpunwnpyuy

gnpénnnipniip Yndntinwnhy £ b wmunghwwnhy:
G H
u u u vy v Vs v
® ® ® @ ® @ L

Ul 1.3.13



13. Gpudubtph Yndynghghw: Thgnip npws ki 6 b H qpudutipp, npnug hwdwp V(G) N
V(H) = @: 6 1 H qpupuibiph fndyngpghu Ynsinud E G[H] gpuadp, npp hudwp
V(G[H]) = V(G) x V(H) L
E(G[H]) = {(uy,v1)(uz, v3) : ugu, € E(G) Yud (uy = u, b vyv, € E(H))}:
U 1.3.13-md wwwlbplus i 6 U H gqpudlbpp b bpwbg G[H] U H[G]
Yndwnghghwubph ophtiwlutpp:
Lunnklp, np kpk G-t (g, mq)-gpud £ b H-p (nz,mz)-gpud £ wyw G[H]-p Yihuh
(ny - ny, Ny - my+my - (n3)?)-qpud: UY. 1.3.13-nud wuunkpdws G[H] b H[G] qpudukpp
gnyg ku mmwhu, np gqpudubph §ndynghghw gnpénnnipniup Yndninmwnhy sk: Lokup twl,
np gpuptikph Yndwynghghw gnpdnnmpiniip wunghwin] k:
Spudubph wwppkp wpnwnpyutphtt wdkjh dwipudweb jupbh b Swinpubug
Zunfwily, Puppfu b 9pwquiph gppnud [17]:

§ 1.4. Gpwdubtph hgnunpbhqu, hndnunpdphqd, wdwnndnpdphqd b gpudh
wyunnunpbhquubiph juntdpp

Uwhdwubkup qpudputinh hgqnunpdhquh qunuthwpp:
Uwhdwtimd 14.1: ¢ b H qpudubpp Ynsynud bu pgnunpp, Lpk gqnnipnit nith

f:V(G) » V(H) thhnpudhwupdtp hwdwywunwupuwinipmnil, np uv € E(G) wjt b dhwy wyl
ntwypnud, tpp f(w)f(v) € E(H): Bph 6 W H gqpudutpp hgnunpd L Yqpkup 6 = H:
Thunwpykup . 1.4.1-nd wunlipqus gpudubpp: Zwdnqykup, np wyny ujupnid
wunlbpjws gpudutphg 6,H b K qpudubtpp qnuyq wne qnyq hgnunpd kb, hulj F-p’
hqnunpd sk wyn gpudputiphle: Ppnp, bt nhuwpltup f1:V(6) —» V(H), f2:V(H) - V(K) b
f3:V(K) = V(6) wpnuyunltpmultbpp, npntn f1(ug) = vq, f1(uz) = vs, f1(uz) =
vs, f1(w1) = vy, f1(w) = vy, f1(wsz) = ve, [2(0) =y A1 <i<6) 1 f3(y1) = uy,

[f3(y2) = wy, f3(¥3) = Uy, f3(ya) = Wy, f3(¥s) = us, f3(¥e) = w3, myyu wuipq L,
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Vs &
U, U, Usy
Vy V4
F K
Y1 V2 V3
o
o
Xy X6 Y Vs Ve

Ul. 1.4.1

np wjy wpunuywwnlpnidubpp hwunhuwtnid kU thnjudhwpdtp
hudwywunwupwmimpnitutp 6, H b K qpudubtph ququputph dholi, npnup htswybu b
wwhwboynid k hqnunpdhquh vwhdwnudp, wwhwywinid u «ynn (hukjny hwnlnipiniup:
Ljwwntup, np F gqpudp wupmbwlnmd t K3-p npytu tupugqpud, dhsptn 6,H b K
qpudubpp K3 Euipuqpud sniuku: Zknbwpwp, F-p hqnunpd sk wyn qpudutiphg b ny dklht:
Ljwunbup, np tpk 6= H, wyw wyy qpudubph ququpubpp jupbh B wyihybu
YEpwhwdwpwlw b, np tputg hwphwinipjut dwnphgubpp hwdptljuku: Lokup twl, np
guujugws ¢ qpudbh hwdwp ¢ =6, b, tph 6 = H, myw H = 6, hyyhu, tpk G = H L
H=F, wyw 6 = F: Ujuntnhg htwnbnwd b, np qpudubph hgqnunpdbhqup gqpudutph
puqunipjutt ypw npnoyws hwdwpdbpnipjutt hwpwpbpnipinit b Zknwquynd, npytu
Juiint, hgnunpp gpuptitpp Uhdjwighg skup nwpptph:

Qpuwdubtph hgnunpdhquh htwn E juydwsd gpudputph mbunipjutt hwynth b pupy
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hhwnptqutphg Ukyp, npp dAbwlkpuyty Eu Ghpht b Qyudp:

Zhwnptq 1.4.1: Thgnip niukup G U H qpudutpp, npnty V(G) = {uy, ..., u,}, V(H) =
{vy, ..., v} b n = 3: Bph guwijugws i-h (1 <i<n) hwdwp nbnh ntth 6 —u; = H —v;
wuydwbp, wyw ¢ = H:

‘Loklip, np 1 = 3 wuydwbp kuwb £ wyju hhynphqnid, pwth np K; b K, gpudltpp
hqnunpd skb: Zwpnbh £ np Gkyhh b Mywdh hhynptqp dhoin & ghly swwpmbwlng b
Upwy ghly) wwpnibwlny juyuygfws gpuptbph hwdwp [21,36]: Zwpwphh Ynnuhg
wowgwplyby £ wju hhynptqh §nnuyht nwppkpulp.

Zhwynptq 1.4.2: Thgnip niukup G b H qpudubpp, npuntn E(G) = {eq, ...,e,}, E(H) =
{fv . fm} U m =4 Gph guujugws i-h (1 <i <m) hwdwp mbnh muh 6 —e; = H - f;
wuydwbp, wmyw 6 = H:

Lokip, np m = 4 yuydwip wjunbny unyuybu twlwb b, pwth np K3 +v b Ky
gpudlbtpp hqnuinpd skt Uju hhuynphqh wwywgnygh npnmpjudp L. Tojwup b S
Ujnitpp hwuk) o npny hwonnnipyniutph [24,29]: Uwutwynpuybu, Lnjuup gnyg k
), np kpk n ququp niikgnn 6 gpudmd [E(G)| > %(;)-hg, wujw Zwpwphh hhwynptqp
&hown L

Uwhdwinwd 1.4.2: G qpudbh Andnunpphqd H qpudh Jpu Ynsynd | £:V(G) - V(H)
wpunuwywnlpnudp, nph ghwypnud Epk uv € E(G), wyu f(u) f(v) € E(H): Gph gnnipjnil
nilih £ G gpudh hndnunpphqd H gpuiph Ypw, wyyw Ygpttp f: 6 - H jud 6 - H:

Thunwpybup . 1.4.2-nid wuulbpjws qpudubpp: Zwdnqbup, np ul. 1.4.2-mud
wunlpud gpudtbph hwdwp ¢ > H b F - K: Ppop, tpk nhnwplup f4:V(6) - V(H)
U f2: V() - V(K) wpnugunnlybpnudubpp, npubn f1(v,) = g, f1(v2) = uy, f1(v3) =
uy, f1(va) = us, f1(vs) = wy, f1(ve) = Uz, f1(v7) = uy, f1(vg) = uz b f2(xy) =
Yo f2(x2) = y2, f2(x3) = y1, f2(xa) = y2, wygw wupq E np fi-p G gpudh
hnununpdhqu £ H gpudh ypus, hul fo-p° F gpuiph hnununpphqu £ K gpurbh ypu:

Ljwunkup, np tpk f:V(6) - V(H)-n thnjudhwupdtp hwdwywunwujpwinipni L,
fiG->HUuf 1 H- G, wyu G = H: Lyklp twl, np gubjuguws 6 gqpudh hwdwp 6 - G, &
tpt G > H U H - F, wyu G - F: pudutph hndndnpbhquh dwuhtt wdbih dwbpudwut
Junbh E dwinpwiwg ZEjjh b Ukotwnphih gppnd [197]:
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U,
u, Usy
F K
X X X3 24 Y1 )
e O

Ul. 1.4.2

Ujdd vwhdwtbkip gpudttiph wjnndnpbhquh qunuithwpp:

Uwhdwinud 1.4.3: ¢ qpudh wymnidnpppqd Ynyynud £ 6 gpudh hqninpphqup pp
Ypu:

Mwupq £ np 6 gpuwdh winndnpdphqus wyn  gpuph  ququpbbph  wytyhuh
nbknunpnipnit k, nph nhypnid wwhywiynd £ ququpbph hwplwinipniup: 6 gpudbh
pnnp wyundnpbhquutph  puqunipmniip  wywbwlbup Aut(6)-ny: ‘Ljwunbkup, np
guijugus 6 qpubh hwdwp Aut(G) # @, pwuh np 6-u niuh unytwwb wjnndnpdhqd
f:V(6) - V(G), nph gypnud f(v) = v G qpudh gujugus v ququph hunlwp: Mwpqg L,
np kpk f-p 6-h wdnninpdhqd £, wygw £71-p bu 6-h wnnunpdhqu k, b, bpk f-p b g-u 6-h
ququplbph hwplwbnipniip wuhywing mknunpnipnibttp u (wdnndnpdhqdubp ),
wyw  frg wbquppmpniup bu ququpubkph hwplwinippiap ywhwywing
nbnunpnipnit £ (wdununpdhqd t): Ujunknhg htnbnd E, np guujugus ¢ qpudh
hwdwp Aut(6)-u junulp £ mbnuppmipniuubph puquuyunjdut tjundwdp: Zhown k
wbkutl), np Aut(K;,) = S,: Mupqynid k, np mbnh niuh wykh puighwinip hwun.
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tnpkd 1.4.1 ((x. dpnijup): Swujugws Yippwynnp F udph hwdwp gnjnipjnit niuh G
qpud, nph Aut(G)-u hqnunpd k F-hi:

Uwhdwtmd 1.4.4: G qpudh u b v ququpttpp Ynsynmid ko Z/wé, bpk qnynipjnit nith
G qpudh wiiyghuh £ wjinnunpdhqul, nph nhwypoud f(u) = v:

Uwhdwimd 1.4.5: 6 qqubh e=uv b e =xy Unnkpp Ynsynud bu &dwd, bphk
qnjmipinil nith 6 qpubh wytghuh f wnndnpdhqul, nph nbwpnud f(w)f(v) = xy:

Uwhdwimd 1.4.6: ¢ qpudp Unpynud Lt ququypuyhli updbinphl qpup, tpk tpw
gutjugws Eplnt ququptbp tdwb Eu:

Uwhdwimid 1.4.7: ¢ qpudp Ungymwd b fnpuyhl uhdbinphl gpup, Gphk tpu
gujugus kplnt Ynntp tdwb Gu:

Thunwplkup uy. 1.4.3-nud yuunlipjus gpudubpn:

G H
Vs
Vv, Ve w,
U
Vv, W,
U,
Vi Vv, W,
U, 1.4.3

Zhpw L wbkutk), np ul. 1.4.3-nud wwwlbpws qpudutphg G-t ququpuyght
uhdtnphl qpud L, puyg Ynnuyht uhdbnphl gpud sk, huly H-p* Ynnuyht uhdbwnphl L
puyg ququpuht uhdtwnphy sk:

Uwhdwinid 1.4.8: Gpt G-u nmuph dhuwjt unybwlwt wdunudnpbhqd, wmyw G-u

Unsynd & wupdbinphly gpund:
Thunwupytup uly. 1.4.4-nid yuunipdws ¢ qpudn:
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Ul. 1.4.4
Zbown  mnbkuliky, np Y. 1.4.4-nuid yuwnlbpgws 6 gpudnp wuhdbnphly qpud k:

Cqpuihwltny] wwpuwgpudp, phpkup tpynt hwpnbh  ququpught b Ynnuhb
updtwnphy gpuipttph yunljtpubpp:
NbEwnkpukih gpud. Zhyningh gpud.

Ul 1.4.5

§ 1.5. Epunpbduy, Ygnipjul b hwwnnidutph qpudutp

Uju wupugpudmd dbup Ynhwwplbup bpunpbdw), Ygnipjut b hwwnnidubph
gpudutp: Epunpbdw) qpudubtph wnbumpmniind hhdtwlwinud niundtwuhpynid Eu
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wdbtwdbts Jud wdbbwihnpp (Epuuplduy) qpudpubpp, npnup odndud L npnowljh
hwwnlnipjudp:

YQuuklp, np ¢ qpudp sh wqupnitbwynd F gpud, tpt F gqpudp 6 qpudh Bupugpud
sk: Gph F = €3 Jwd F = K3, wmyw wunwd ki, np 6 gpudp sh wupnibwlnid tnwulynit:

Epunpbdwy qpudpubph wnbumpyut wnweohti phnpbdt £ hwdwpynid Uwbpkih
ynnuhg mywugnigqus phnpbup tpwtljnit swyyupnitwlng gpudubph dwuhte

Etnpbd 1.5.1: Bph 6 (n, m)-qpudnp sh yupnitbwlnud Lowlnil, myu m < [%ZJ:

Uwuwgnyg 1: Yhgnip V(G) = {vy, .., v,}: Pwtth, np ¢ qpudp sh wwupnibwlnid
towulnil, ntunh guiugwsd uv € E(G)-h hwdwp wbknh nith htunbjup. Ng(w) N
N¢(v) = @: Ujunntinhg htnlnd k, np gutjugws uv € E(G)-h hwdwp dg(u) + dg(v) < n:

Gnidwpbiny wju wthwjwuwpnipiniup pun pnjnp uv Ynnbph, junwbwp.

(dew) + de()) = Z (de@)? <n-m:
uveE(G) vev(G)

Ujdd nhwnwpltip d = (dg(vy), ..., dg(v,)) & 1= (1,..,1) ykjunnplkpp R™-hg: Cunn

ptnpbd 1.2.1-h b Ynoni-FPoirjulnduljnt wthwjwuwpnipiui, junnubwp.

2

@mp=( > 4@ | =@’ <@ - AD=n- ) (d®)"
veV(G) veV(G)

Ujunntnhg, hwpygh wnubkinyg ZveV(G)(dG (v))2 < n-m wthwjwuwpnipiniip, vnwbnd up
hEwnljuyp.

2m)?2 <n Z (dG(v))2 <n?-m,
veV(G)
n2

nunhms<--m

Uwwgnyyg 2: Uwwgnygp Juuwpbip dwlwédwb nwbwlnd punn n-h: Ukup
Juwyuwgnighup phnpbup qnuyq n-h hwdwp, jEun n-h hwdwp wywuwgnygp junwpynud
hwdwudwb duny: Hhgnip n = 2k: Zkown k wbkullk), np ptnptidp &hpn £ n < 4-h nhypnid:
Bupwnpkup, np phnptdp dhon £ guujugws 6" qpubh hwdwp, npp sh yupnibwlnud
tnwuljnit b nph ququpubph pwihwlp n = 2k-hg ks sk: TYhwnwpltup 6 (n, m)-qpudp,
npp sh wupnibwlnud Epwulnit b n = 2k + 2: Uktp upnn Gup Gupwunpk), np gnynipini
niuh e = uv Ynn ¢ gpudnid, pwth np hwjunwly phwypnid ptnpbdt wthwyn E: FThgnip
G'=G—u—v: Mupq &, np 6 qpudp sh wupnibwlnd towlynit b [V(G")| = 2k: Cun
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dwjuwsdwt Lupwunpnipjul, junwiwup [E(G")| < [4Tk2J = k%: Ujniu Ynnuhg, pwth np G
gpudp sh wupnibwlnid Epwulnit, v b v ququpbtph hwdwp nmtnh nith hknbyup.
Ng(uw) N Ng(v) = 0: Ujunbinhg htwnmlinwd E, np u b v ququptbph hwdwp dg(u) + dg(v) <
2k + 2: Ujdd quuhwintup G qpudh Ynnbph putiwlyp.

2
m = |E(6)| < |[E(G)] + de(w) + de(v) — 1 < K + 2k +1 = [(Zki s |

nunhm < [nTZJ: |
2
ZEknbwup 1.5.1: Yudwyuljub G (n, [nTJ + 1)—qpm§]> (n = 3) yupniuwynid E towblpnii:

8nyg mwup, np phnpkd 1.5.1-h ykphtt quuhwwnwlwip hwuwubh E: Ppnp, Epb dkup

=nl

nhunwpykup phy Epyynndwh K 22 gpudp, wmuyw hkown £ mbuuky, np |V (K E”g])

e (g = b 1= L)

Ujdd wuyugnigtp (rhjdwth Ynnuhg vnwugwsd pudupup wuydwip qpudnid snpu

Epupnipjudp ghlih gnnipjutt hwdwnp:

@npkd 1.5.2: Gpk ¢ qpudp pujupupnid £ Yoepq) (da 2(17)) > (121) yuydwtht, wyw

G-t wupnibwynid £ snpu Epupnipjudp ghly:

Uwuwgnyg: Lowbwlhkup p,(v)-ny bLpynt  Gpupnipmit  mubkgnn  wgb
Swhwwwphubph pwbuwlp 6 gpudnid, npnug Junpntwlwbh ququpn v-u k: Mwpq L, np
gutjuguws v ququph hwdwp p;(v)-ut hwjuwuwp k (daz(v))—h: Lwth np bplm
Epjupnipjnit niukgnn nipupwbynip Kwbtwwwuph 6 gpudnid niih dhwly Eunpniulju

ququp, ntunh ¢ qpudh pnnp Lpynt Epupnipinit nitkgnn Swbwwywphtbph pubwlyp

d
1 hup. ZvEV(G) p.(v) = ZvEV(G)( Gz(v))i
Upniu Ynnuhg, wdbkt dh wynuhuh dwbwwwph niuh ghown Gpint suypuljbn,
htnbwpwp, pnnp tpynt Epupnipinit niibkgnng fwtwwwuphutpp Jupkh £ wpnhtg (121)

n
nuubph, pun wyn fwbwuyuphbph Swjpultnbph: Lwtth np Yyep g (dgz(v)) > (2) niunh

wyn nuubkphg dkp wupnibwynid £ wptiduqt Eplnt hwwn Gplnt Epljupnipinit niubkgnn
wnwuppbp dwbwwwphtp dhbiunyt dwjpwlbtnbpnyd, hull pu wbwlnd E np G-t
wupnitbwlnud E snpu Epjupnipjudp ghly): =
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[thpdwih Ynnuhg twb wyugnigyty E phnpbd €4 syyupmiulnng qpudtbph dwupb:

Ptnpkd 1.5.3: bpk 6 (n, m)-qpuidp sh wwpniiwlnud €, wyw m < 2 (1 + Van = 3):

Uwugnyg: hgmp V(6) = {uy, ..., u,}: Lpwbwlikup F-n G qpudh ponp
Jupquynpus htunlyjuwy  Gojulubph  pwqunippmitp. F = {(u,v,w): uv € E(G), uw €
E(G) b v # w}: Zwpykup |F|-p: Mupg k np jmpupubgnip  ququiph ukpnpoudp |[F|l-h Uk
Yihuh. dg(u)(de(w) — 1), muwnh

Fl= D de@(ds(w) - 1;
uev(a)

Umnwe Ynnuhg, wdbktt dh Jupquinpjws (v,w)  qnuyq Jupnn L dwubwygl)
wdtbwpownp dph (w,v,w) Jupquynpjws btojulh dbky, hwljwpwl phypmd’ G-u
Jywpnitwlh C4: Ujuintnhg htinbinud &, np |F| < n(n — 1): Zknbhwpwp,

n-D2IFl= ) d@de-D= Y (de@) = ) dg(uwy;

uev(G) uev(G) uev(G)

Cuwn pnpbd 1.2.1-h, junnwubwip

nm-1D2 ) (dew)’ - 2m:
uev(e)

Yhnwpytup d = (dg(uy), ..., dg(uy)) b 1=(1,..,1) ykyunpukpp R"-hg: Bhnpkd

1.2.1-hg b Ynoni-FPoiryjulnyuljnt wthwjwuwpnipinihg, junnwbwbp.

2

@mp={ > | =@D <@d) - AD=n ) (d)"
uev(G) uev(6)

Ujunbnhg, hwoyh wnubind nn-1) = Zuev(a)(da(u))z —2m wthwjwuwpnipniip,

utnnwtinid kup htwnbyup.

—2m

2 2
nn-1)> Z (dG(u))2 —2m > (zm)
uev(e) n
dtpohtt  wbhwjwuwpnipinithg  quihu  ip  4m? - 2mn-n*(n-1) <0
punwlniuwhtt wthwjwuwpdwip punn m-h, npp skihu vnwund Eip m <
%(1 + V4n — 3) withwjwuwpnipniip:
Zuynuh E np ptopbd 1.5.3-h Jtpht quwhwunwlwip hwuwtbih L Jipewynp
wpnyklunhy Eplpuswdhnieyut Ygniput gpudlibph puw:

Ujdd uwhdwubup Snipwih ex(n, F) phyp hbnlyuy Yepy.
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ex(n,F) = max {|E(G)|: |V(G)| =nUuF & G}:
Uy Ytpy wuws, ex(n, F)-p uwyt Ynnbph wdbbwdbd puwtwlu E, npp jupnn L ncbbbwg n
ququp niukgnn b F gpud syyupnibwlnng qpudp:
Uwhdwubtp Snipwiap T, gqpupp: Smputh T, qpudp hpkuhg tbhpluyuginid £ n
ququp niukgnn phy r-Ynndwh qpud, nphn—r EJ Ynnutpp ywupnibwlnid G [2] hwwn
ququpubp, hull pnjnp dbwgwsd Ynnubpp yupnibwynid Gu EJ hwwn ququpubkp: LY. 1.5.1-

nd wuwnljipdws k Snipwih T, 3 qpuadp: Ljwnkip, np |E (Tn,r)| < (1 — %) n?Z:

Ul. 1.5.1

Ujdd dtwlbpybup bpunpbdw) qpudubph nbumpjub npuuwlwt wpyniupubphg
Ukhp. Snipwth phnpbdp K, syupnibwlnn gpububph dwuht:

npbd 1.5.4: n ququp niukgnn b K,y syupnitwlnn qpubttphg Smipwuh T,
qpudp nibh wlkiwown Ynnkp. ex(n, K,y1) = |E(Ty,)|:

Uwwgnyg: Lwiju ujuwnkup, np Snipwuh T, qpudp sh wupnibwynud K44 qpudp:
8nyg wmwlp, np n ququp niukgnn ponp r-Ynnuwih qpubutphg, Snipwuh T, , qpudp
wdbkuwpowwn Ynnkpt niuh: Vjwwnbup, np n ququp nibutgnn r-Ynnuwuith gqpudubphg
wdbbwowwn Ynnkpt nith n ququp niukgnn phy r-Ynndwih qpudp, puth np Lpb r-
Ynnuwth gpudp ;phy sk wygu dkup Jupng Eup wytybu wbjuguty Ynntp wyn gpudhl,
np unwugywé qpudp bu hth r-Ynndwth: Ujuinknhg htnnbinud E, np puduljut k gnyg iy,
nnp n ququp niubkgnn phy r-Ynndwih qpudubphg wdkwpwwn Ynnkp niuth Smipwuh T,, ;-
qpudp:

thgnip Ky my,n, 0 00 7-Ynnuiwbh gpud kb ¥y n; = n: 8nyg wwbp, np |n; -

njl <1 guwuwgws i,j € {1, ...,r}-h hwdwp: Cupwunpbiup hwjunwlp' gnnipnit niuku
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io,jo € {1,...,7}-h, np ny, = nyo + 2: Hhwnwplkbp K, 1, +1,m, gR0dp: Mupg & np
Koy mig—1,mjy +1,-m, 900D Lu | r-Ynnuwih gpud £ b Xign; = n, puyg wyn gpudh
ynntph pwbwlp huduuwp ihuh.

|E (Ko 1,y 15y )| = BBy )| = g + i = 1> |E(Koy iy, )|

npp hwjuwunipntt k:

Ujdd gnyg mmwtp, np Epk n ququp nitutgnn ¢ qpudp sh wqupnibwlmd K., wmuyw
gnnipinit nith H phy r-Ynndwih qpud, npmd V(H) =V(G) L |E(H)| = |E(G)|:
Uwugnygp junwpbip dwjuwsdwt tnutwlnd pun r-h: Gph r =1, wyu [E(G)| =0k
Jtpgutingy H = G-h, junubwtp wuhpwdton H qpudh gnnipjniup: Gupungpbup r > 2 1
wunnuip ghon £ gutjugws qpudbh hwdwp, npp sh wupnibwynid K,: thgnip G-u n
ququp niubkgnny qpud E npp sh wwpnitwlnud K.y b x € V(G), dg(x) = A(G):
Thunwpltlup 6 gpudh sijws 6" = G[Ng(x)] Eupugpudp: Lwlh np 6 gpudh x ququpp
hwplbwt t G'-h pnjnp ququptbph, ntunh 6'-p sh gupnibwnud K,: Cun dwujusdwut
Lupwnpnipjul, Junwtwip, np goynipnit nith H 1phy (r — 1)-Yondwih gpud, npnud
V(H') = V(G') = Ng(x) L |E(H")| = |E(G")]:

YQunnigkup H |phy r-Ynndwih qpud, npnd V(H) = V(6) 1 |[E(H)| = |E(G)|: Thgnip
S =V(G)\Ng(x): Uwhdwukup H qpudp hbunlyw; Ybkpw. V(H) =SUV(H'), E(H) =
EH)U{uv:u €S, veNg(x)} (uy. 1.52): Lwuh np S-h ququplbpp qnyq wn qnug
hwpbwb skt H gpudnid, ntunp H-p 1phy r-Ynndwh qpud t: Uyugnigkup, np |[E(H)| =
|E(G)]:

UL. 1.5.2
H qpudh uwhdwtinidhg hbnlinwd E, np
|[E(H)| = |[E(H")| + |S| - INg(x)| = [E(H")| + A(G)(n — A(G)):
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Ujniu Ynnuhg, htiown £ mbuliky, np
|E(G)] < |[E(G")]| + Xyes dg(v) < |[E(G")| +1S| - A(G) = |E(G")] + A(G)(n — A(G)):
Ujunntnhg, hwoyh wnubnd [E(H')| = [E(G')| wthwjwuwpnipiniip, unwbnid Gup
htwnlbjup.
|E(H)| = [E(H)| + A(6)(n — A(G)) = |[E(G)]| + A(G)(n - A(G)) = |[E(G)|: m
Zkwhwlp 1.5.2: Swijugws 6 (n, |E(T,,)| +1)-qpud (n =7+ 1) qupnibwlnid
K1
Uoklp, np Smipwbh phopbup punhwbpuginmd E Uwupkih pbopbdp, pwth np
ex(n,K3) = ex(n, C3) = ["sz Obpiwth  phopbuhg  unwinwd  bup, np  ex(m, Cy) <

2(1+V4n—=3): Zwpnth b twl, np ex(n, Cyryq) = 0(n?), hul ex(n,Cy) =0 (n”%):
Epunpbdw) gqpudubph nkunipjuit wytih dwipudwut jupkih E swinpuwtw) Popnpush
qppnud [7]:

Uyl whghbp Ygmpub qpudubphi: Yhgnp wpdus E S = {sy, 55, ..., Su}
puqunipimip b wyy puqumpul thpwupuqunipmtbph § = {Fq, Fy, ..., Fp} plunwithpp:
Uwhuwibip (S, §) qnujgh hudwp htnbyuy fgnipyui G(S,§) gpupp.

V(G(S,§)=SU{Fy,Fy, .., Fpll
E(GIS,®)={siF;: s;€SFjeFus;eF,1<i<n1<j<m}

Zkgw Einbuliky, np G(S, §) Ygnipjub gpudp Ephlynnumbh gpud

Yhgmp S ={1,2,3,4,5} b § ={{1,2,3},{1,3,4},{2,3,5}, {4, 5}}: Unnpl qunlkpgwsd
L G(S, §) Ygnipjul gpudp:

(1,2,3} {1,3,4} (23,5} [4,5]

1 2 3 4 5

Ul 15.3
Ljwwnbup, np jnipuwpwiymip H = (V,E) hhybpgpudpht bu YJupkh &
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hulwyunwuprutbkguty 6(V,E) Ygmpjut gpud: Ugmpjub gpudubph htnwppphp
ophimljutip kb hwinhuwbnud Jepgunjnp whhtimljub b wpnklnhy Epipusuhmpjub
Ygnipjult  gpuplibpp: LY. 154-nd wwnlbpjws o Jbpgudnp tplypnpn jupgh
whhtwlub b ypnyklinpy Epypuywihnipyub jgnipju gpupttpp:

Jhpenud  winpunuebmbip twl hwnmdibph gpudtbph: Thgmp npjus t S
puqumipniip b wyy puqunipjut Bipupuqumpmbibph § = (Fy, Fy, ..., Fp) piinmbhpp:
Uwhdwkup (S, §) qnygh hwdwp hwnnidubph htnbyu 2(S, §) qpudp.

V(2 §)=8={F,Fs...Fn}tl
E(2(S,§) ={FFj:F,F;eFuF,nF; #0,1<i=#*j<m}
1 2 3 4

(1,2} (1,3} (1,4} (2,3} (2,4} (3,4}

(12,41 {23,5] (34,6] {457 (56,1) [(6,72] (7,13}
Ul 1.5.4.
Uwhdwimd 1.5.1: 6 qpudp Ynsynud b humnilbkph gpund, tpk qnmpnth muh
S={s1,52..,S,} puqUmpmb U wyy puqUmpul  Lipwpuqunipmibikph
§ = {Fy, F5, ..., Fp} plnuitthp, np G = Q(S, §):

Yhgmp S ={1,2,3,4,5} b § ={{1,2,3},{1,3,4},{2,3,5}, {4, 5}}: Unnpl yunlkpgwsd
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E2(S, §) hwnnudubph gpudn:

[1,2,3}

(1,3.,4] (2,3,5}

(4.5
Ul. 1.5.5.

Zuwunnidubph qpudtbpnhtt Ykpwpkpynny wnwehtt wpynitpp unnwgyty £ Uwpshulnt
ynnuhg:

Bnpkd 1.5.5: Yudwjulwb gpud hwtinhuwiunid E hwnnidubph qpud:

Uwuwgniyg: Yhgnip 6 = (V,E) gpud L, npnbn V(6) = {vy,v,, ..., v,}: Ljuwnklp, np
ptnpldp wmywugnighint hwdwp pudujut £ junnigl) § puqunipiniup b wyn puqunipju
tupwpwqunipniutiph wjuyhuh § punwthp, np pudupupdh 6 = 2(S, §) yuydwip:
Uwhdwbkip § pwqunipniip b wyn puqunipjut tipwpwuqunipniiubph § puwnwthpp
htwnlyu YEpy.

F= {FI,FZ, ...,Fp},npmhrl Fi={wluo;v) 1<i<pl
S =V(G) VE(G):

Utudhpwwunpkt unnigynud £, np 6 = 2(S, §): =

Zuunnidubph qpudutph htwwppphp ophtimfjutp tu hwinhuwind Ynnuyhtt b
Uhowljuyputinh qpudutipp: 6 = (V, E) qpudph hwdwp ghunwupytup 2(V, E) hwwnnidubph
gpudp. wyt wJuwund tu 6 qpudbh fnpuyhl gpup b wpwtwlnd tu L(G)-ny: zZkown L
wntutl), np L(G) gpudnid ququpubpht hwdwywunwupwinid ta ¢ qpudbh Ynnkpp b
L(G) gpudh tplnt ququphtpp hwplhwt kb, Epk tputg hwdwyuwnwupwing Ynntpp 6
gpudnid hwplhwb Gu: LY. 1.5.6-nud wuwwnlipdws £ ¢ qpudp b tpw Ynnuyghte L(G) qpudp

ophtwlp:
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G L(G)

Ul 1.5.6

Thgnip wipduwd L R hpwlwi pdbph pwqunipmitp b § ={I1, I3, ..., I} thul
hwwnjwsubph punwihpp: Uy ghypnid hwnnudubph (R, §) qpudp wduwind  Eu

Upgwlmyplpp  gpnup: LY. 1.5.7-nd wunltpjws t o dhgwlwiptph  gpuph  ophliwy
¥ =1{[1,5],11,3],[2,4],[2,6],[3,5], [4, 6]} hmnnJwdutiph ptrnwithph nkuypnid:

>
G

Ul 1.5.7

2(R, §)
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Qniju 2

Qpudubph nuutp

§ 2.1. Yuwuywlgdwoénipju pununphsubtp b juyuwlgws qpudutp

TYhgnip G = (V, E)-t qpud k:

Uwhdwimu 2.1.1: ¢ gpudp yuduubup juwywigyus, tpt upu guujugws tplnt u
b v ququptph hwdwp ¢ gpudnid gnjnipnit niuh (u, v)-dwtwwquph:

ULgtktp, np Yuwwlgjws gpudh opptwljubp &b hwinhuwbnd ppyd b ppy
tplyynnuwh gpuptitpp: Swyulgfws tu twb vinnpl yuinytpgws kptp gpudtbpp:

Vi V) Vs,
u, Us o o o
Vs
U, s o o .v
V7 Vg 9

Ul 2.1.1

Ept G = (V,E)-u guwulugws qpud L, wwyw nhunwupykup V puqunipjuit Jpw
uwhdwbjwsé @ phttuup hwpwpbkpnipiniup, npunbkn gutjugus w, v € V hwdwp
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uav wyu b vhuwyt wyt nhwypnud, bpp 6 gpudpnid gnynipjnit nith (w, v)-dwtwywph:
Ljwwnbtlup, np a phuup hwpwpbpmpmnitp pajupupnid £ hbknlywy  Epbp
wuydwtukpht.
o pkpilpupynipinili, myuhupt guujugws v € V hudwp vav,
o updbkwnphlnipnil, wyuhtipt gmuljugws w, v € V hwdwp, tpk uav, myw vau,
o wpuwbghwnpynipnil, wyuhtipt guijugus w, v,w € V hudwp, tpk uav b vaw,
wyw uaw:

Zbnlwpwp, @ phttwp hwpwpbpnipjniit hpkuhg tkpjuyugunid £ hwdwpdbpnipjut
hwpwpkpnipinit, npnbknhg hknbnd &, np V puqumipinitip Yupkh £ wipnhly Vy, ..., V,
Eupwpwuqunipjniiubpnh wjtybu, np

e V=V U..UuV,V;nV;=0kpp 1<i#j<p,
e gullwugws u, v € V hwdwp uav uwyu b dhuwyt wyt npiwypnud, tpp gnynipjnit niuh
k,1<k<p wuybtu, np u,v eV

Tthinwplkup ¢ qpudh G; = G[V;] tupwgpudbpp, 1 <j <p: ¢ qqudh G4,..,G,
tupwgpudubpnt pugnitws t wiul) 6 qpudbh juwwlgyusniprui Ywud juguwlgyus
punuapfsblp: Luunbp, np gpuph juywlgjusmpjut pununphsubpp juguygdus
gpudutp Gu: Udbkiht, ujwuunbup, np § 1.3-nmud uwhdwiqws gpudutph dhwynpnid
gnpénnnipniup pny) kE nwjhu vnwbuwy 6 gpudh hbnbyu) ukpluyugnidp

G=G;VU..UGy:

Thunnmpinit 2.1.1: 6 qpudp juyulgws E wyt b dhuybt wyt nhwypnid, Epp wy
niuh juyulguénipjut Uk pununphs:

Ul. 2.1.2-nud yuwnlbkpdws qpudp juyulgus sk b wytt nith juyulgudnipjuu

snpu pununphy:

v
Vv, V) ‘@ Vs
° QA

12 Vs Ve %

8 V1o

Vo

ul. 2.1.2
Thunmmpnit 2.1.2: Gudwjulut 6 qpudmd gnmipmitt miuh wdbkbwbplup
Swuwywph:
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Eptk G = (V,E)-u JuywlgJws (n,m)-qqud kE wyuw cyc(6) =m-n+1 phyp
Yuiwubip G qpudh ghlndunpl phyf: Unnpl juywugnigkip juyulgjus gpudubph
ghlindwwnhl pyhtt wntsynn Uk phnpbd:

tnpkd 2.1.1: Yuywlgqws 6 = (V, E) gpubh hwdwp cyc(G) = 0: Uk hl,

1. cyc(G) = 0 uyu b vhuyt wy npwypnid, tpp 6 gpudnid ghlyy shw,
2. cyc(G) = 1 uyu b vhuyl wyb gphypnud, tpp 6 gpudnid Ju ghown Uk ghly:

Uwwgnyg: Yhunwplbup 6 juyulgyws qpudp, b gphunwpykip wjt junnighnt
htwnlbjuy Enubwlyp.

Ly 1. Cnplp nplk e = uw §nn b tpwt hg u b v ququpibpp: 6 gpudph vnugus
G, tupwugpudp ywupnibwlnwd E kY Ynn b Eplint ququp, b, hknmbwpwp, tpw hwdwp
cyc(Gy) = 0:

Luy; 2. 6 qpudh unwugduws bLupwgpudphtt hbppuluinpbt wibjugubktp E
puqunmipjutt Ynnkp b upwbg Yhg ququpubp wuwbu, np pipupwbynip puynid
wybjugynn Ynnu nibbktw gnubk JdEl punhwinip ququpe 6 qpudh wpnkt jupnigws
Eupwgpudh htinn: Ljunkup, np nu htwpwynp k, putth np pun Gupwungpnipjut 6 gqpudbp
Juwulgdws t: Ugk ht, wdkt wbiqud ¢ gpudh unwugynn Eupugpudutipp juyulgus tu:

Uluhuwywnn E, np puyp 2-0 wdkt wiqud juwnwnptihu, dkup wykjugunid Gup bl tnp
nn b wdkbwpwwnp kY tnp ququp: Ujuntnhg hbnbnwd E, np Ynnbkph b ququputph
pwbwlubph mwppbpnipniup dund E ny puguuwljuite: Lwth np 6 gpudh ujqpumljut 64
Eupwgpudh hwdwp cye(G,) = 0, b G4-hg htwpwynp k vnnwbiw) G-, wmyw wupq k, np
cyc(G) = 0: Udkht, uuwwnbkup, np cyc(6) =0 uwyu b dhuybt uyb nhwypnud, bLpp
mipwpwignip whqud dkly Ynn wybjugubjhu wdbugynd E dhon dkly ququp, L,
htnlwpwp, wynuhuh gpupp ghlyy sh jupnn ywpniwyky:

Ljuwwnkup, np cyc(6) =1 wy b dhuyt wyb nhwypnud, Epp JEpp tjupugpdus
Enwuwlny ¢ qpudp Junnighihu &hown Uk wuqud E hwunhwynid h = xy Ynn, npp Yhg k
wpnkt junnigws tupugqpubh x b y ququptbtphti: Unwig punhwipnipniip pwpontn,
dklup Jupnn Gup Eupwunpty, np kA nnt wdbjugynud k Jtpohtt puynid: Lwth np twjunpn
puy ipnud wybjugyusd ququpubpt nt Ynnkpp ghly skt wpwowgunid, wwyw ndqup sk
wntulk), np h §nnt wdbjugutjhu wnwewunid £ ghown Ukl ghly: =
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§ 2.2. Gphlynnuwih gpupubkp

Zhotp, np § 1.2-mud G = (V,E) qpudtu wbjubghtp btplyynnuwth, bpk V
puqunipiniup htwpwynp k nipnht) Epyne Ebpwpuqunipniiubph V4 U V,-h wyuygbu, np G
qpudh guuljugws Ynn Yhg £ kY ququph Vi-hg b Ukl ququph Vp-hg: Lpkup, np bl
2.1.1-nud wwnlkpjws Eptp qpudpubpt  tphynnuwih Gu: Ppnp, nphunwplykup tpwughg
wnwohtth ququptutph pwqunipjutt htwnljuw); wpnhnwdp. Uy = {uq,uz,us} b U, =
{uy, uy, ug}, L Ujunkp, np wyy gpudbh guujugws Ynn vhwginud k dbjujut ququp Uq-
hg U Uz-hg: Bplpnpn gpudh Ephynnuiwtthnmpyut dkp hwingbint hwdwp nhinwupytup
upw ququpubph hbwnlbju) wpnhnwdp, Vi = {94, 03, 05,07, 09} U Vo = {v,, 04,06, 08}, 1
ujuwntup, np wyn qpudh guujugwsd Ynn vhwgund t dbjujut ququp Vi-hg b V,-hg:
By, ykpowytu, tppnpny qpudh Eplnndwithnipjut ke huwdnqybint hwdwp ghunwpltup
upw ququpttph hbnbju) nipnhnudp. Wy = {wy, ws, we, wo, wg} L W, = {w,, w3, wy, we}, L
tjuwnkup, np wyn gqpubh guwujugws §nn dhugunid k dkjuljut ququpe Wy-hg b W,-hg:

Uwnnpl juwywgnmgkup $£nuhgh phopkdp, npp tjupugpmd £ Epylynndwith
qpudbpp:

Btnpkd 221 (7. 8nuhqg): Npubuqh 6 = (V,E) qpudp (hth bEplhinnuwih,
wihpwdbown kb pudupup, np wjt syyupnitwlh YEun Epjupnipinit nitkgnn wupg ghy:

Uwwgnyyg: Lwju tluwwnbklp, np Jhun Gplupmpmit mubkgnn wwpq ghlp
Epyynnuwih sk, hbmbwpwp, gmujugws qpud, npp yupnibwlnud £ Eun Gplupnipnit
niikgnn wwpq ghyy sh Yupny hik) Epyynniwih: Uw bpwbwlnd E np Gpl gpudp
Epyynnuwih k, wmyw tpw pnjnp wquipg ghitpt niukt qnyq tplupnipinii:

Zhdw Gupwnpklp, np 6 gpudp sniuh Y Epjupnipnit niikgnn wwupq ghly b gnyg
wnwp, np wyt Epjynnuwih k:

Lwhu wyunnidt wmywugnighp wytt dwubwynp nhwypnid, tpp 6 gpudp juyulgdwsd E:
dbpgubup ¢ qpudh guujugus u ququp: Vi-nd tpwbwltip 6 gpudh wjt ququptph
puqunipniup, npnup u ququphg quniynid G qnuyq hipwynpnipjui Jpw, huly V,-ny wy
ququpubph puqunipniup, npnup ¥ ququphg quniynd Eu fEun hbnpwynpmipjut Jpu:
Ljwwnkup, np V4 b V,; puqunipjniuttpp juqunud Eu V puqunipjut npnhnud: Ugbht,

uEV:lI
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8nyg wmwlp, np ¢ qpudh guijugws Ynn dhwgind b Ukl ququpe Vi-hg b Ukl
ququyp V;-hg: Gupwunpkup hwljunwlp, nhgnip ¢ gpubh e = vw Ynnp vhugunmd Ev b w
ququpubkpp, npnip Jhwdwdwbwl yuwnlwiunid i Vi-ht jud V;-ht: Uw bpwbwlmd
np gnnipnit niukt u ququpp v b w ququputkpht dhwging P, b P, dwbtwwwphukp
wjuybu, np wyn dwbwwwphubph Gpupmpmoibtubptt mubkt unyt  qnuygqnipiniup:
Thunwplkup ¢ gqpudh htnlbywy oppwtgnudp. u ququphg P, Swuwwywphh Epluyupny
owinpdytup Uvhtish v ququp, wjunthtknb e = vw Ynnny swupdytup nbyh w ququp, nphg
htinn P, dwbwwywphny w ququphg YEpunuptwtp # ququpe: ULjwwnbkup, np
uupugpyus opowignidt hpkuhg ubpiuyugind E jEun Epupnipinit niubgnn thuly
opowignid: Zwdwduwju (Eddw 1.2.2-h upwuhg Jupbh Lt wbpwwnbk] ¢ qpudh YEun
Epupmipinit mukgnn wwpq ghl;, husp hwluwund b phoptidh wuydwbubpht:
zbknmbwpwp, phnptdh wungnudp dhpnn B wyt dwubwynp phwypnwd, Gpp 6 qpudp
Juyulgqus k:

Zhdw  nhwnwplklp  gwiugus G qpudp, b nhgnip Gy, ..,Gp-U Gpw
juyuwlgwbnipjutt  pununphsubptt ti:  Ljwwbktp, np pwth np 6 qpudp sh
wupnibwlnd JEun Gpllupnmipnit niikignn wupq ghly, wyw tpw juyuwlgusdnipjui
pununphsubpp bu sk wuwpmbwlh wjpwyhuh ghl: Zwdwdwyt Jipp wywgniggwsh,
Gy, .-, G, Juyulgyudnipjut pununphsbpp hwinhuwbtnud kb Eplynndwh gpudtkp, b
htkinbwpwp j=1,..,p-h huwdwp V(G;) puqunipjniip Jupkih E wpnhly ng) |6t Vg)
ruqunipnibtph wjtybu, np G; gpudh gutjugws §nn vhugind E dkjuljut ququp
VY -hg 1 V5-hg: Lowtulyp

v =v P u . urP ur® =vPu uv®:

Ljunklp, np 6 gpudbh guijugws Ynn vhuginid E dkjuljul ququp VO -hg b V-
hg, b, htwwbwpwip, G qpudp tnyuytiu tplhynnUwuh k: =

Tthgnip G- gpud k' G qpudh Ygnipjumu B(G) dwwnphgp Yuidwubup wnmuay
nibpungnijpup - dwwnphg,  bpk wyny dwwnphgh  pipupwbyinip punwlniuwght
tupwdwwnnphgh npnohsp hwduwuwp £ 0,1 jud - 1-h: Ujdd wnwtp tpylynnduh gpudutph
Ukl wy ujupugpnd:

Ptnptd 2.2.2: Npwtuqh 6 = (V,E) gqpudp 1huh Lphynpdwih, wuhpwdton kL
pwjuwpup, np tpw Ygnipjut B(G) dwnphgp (hth nnwnw) nithdngnijup:
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Uwwugnyg: Lwju gnyg wmwip, np kpk 6 qpudh Ygnipjut B(G) dwwinphgp ninuwg
nitthungnijjup k, wmyw 6-u Epiynnuuth qpud b Cupwnpbup hwjunwlp’ 6 qpudh
Ygnipjut B(G) dwwinphgp minnnw) nitthdngnijjup b, puyg G-t Epyynndwih gpud sk: Cun
ptnpbd 2.2.1-h ¢-u yupnibwlnud £ jEuwn Epjupnipjnit niikgnn wupq ghly): thgnip wyy
wwpq ghljjh Epupmipmbp 20+ 1 & Yhunwplttp wn ghlh ququptbpht b Ynnkph
huwdwywunwupwing B(6) dwwnphgh kupudwnphgp: Thgnip wyn dwnphgp B'-u k: Mwpg
E, np B'-p (21+1) X (21 + 1) Jupgh pwnwlniuwjhtt dwwnphg Lk Ujdd ghunwpytup B”
dwnphgp, npp uvnnwugynid £ B’-hg npny winnbp b yniubp wmbnuihnpebing wjuybu, np B”
dwwnphgp punnih htnlbjw nkupp.

/100---01\
110 00
B'"=|l011 00 [

000 11

Zkow Enkulily, np det(B”) = 1 + (—1)2! = 2: Uyniu Ynnuhg wupq &, np B’ dwwnphgh
npnohsp Jupnn L wwppbpdt) det(B")-hg dhuyt tpwting, hulj nu hwjwunid E B(G)
dwwnphgh tinwnw) nithunngnijjun (hukniu:

Ujdd gnyg wmwbp, np bph 6-u Ephynndwih gpud k, wyw 6 qpudh Ygnipju B(G)
dwwiphgp winnw] nithdngniyjjup b Yhuwpyiup B(6) dwnphgh guiljugus Q@ kX k
Jupgh pwnpwlniuwhtt Eipwdwinphgp: Ugugnygp juunwpbip dujusdwt tnubwlng
puwn k-h: Gpt k = 1-h, wmyw wlthwyun k, np det(Q) = 0 Yud det(Q) = 1: Cupwypkup, np
wunnudp ghownn kE B(G) dwwphgh Q' k' Xk’ Jwpgh guwujwugws pwnwlniuughl
tupwdwwnphgh hwdwp, npnbn k' < k: Yhunwplhbup Q k X k Jupgh pwnwlniuwght
Eupwdwwnphgp: Gpt Q- wwpnibwlmd £ unil, nph pnjnp nuppbpp qponutp b, wmyw
wunq k np det(Q) = 0: Gph Q-u wupnibwlnwd £ ynil, nph &hpn Uk mmwppi £ 1, myw
Jtpniskiny det(Q)-u punn wyny wywup dkup pun dwjuwsdwt tupunpnipjut junwbwp,
nn det(Q) = 0,1 Jwd - 1-h: Ujunntinhg httmbnmd E, np dkup Jupnn Gup Gupwnpk), np Q
dwwnphgh jnipupwisnip ynit wupnibwlnd £ dhpwn Gplnt hwn 1: Pwth np G6-u
Epyynnuwih gpud k, ntunh wyn dkjtphg dkhp jywwnlwuh 6-h dh Ynndhl, huly dniup’
Uniu Ynnuht: Mwupg k, np dbup Jupnn Gup Gupwnpk), np @ dwwnphgh wnwehti r iinntiphtu
hudwywunuwupwtnd £ 6 tpiynndwuh gqpudbh dh Ynndp, hul djnwu k — r wnnpbpht’ wyy
gpudh Ujnru Ynnup: Lwth np 6-u tplhynndwih gpud k, ntunh Q@ dmnphgh jnipwpwisnip
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wnth Juupnibuyh Uy hwn 1 wewght 7 winnbphg b &hown Uk hwwn 1 dmu k—r
wnnntphg: Ujuintnhg htinlnd E, np @ dwuinphgh wpweht r minntph gnidwpp hwduwuwp £
wjy dwwnphgh dmu k-7 wnnkph gnudwphl, munh @ dwwnphgh wnntpp génpku
Yuujws b b det(Q) = 0: =

dbpgnid wyugnigkip Up ptnpkd, npp gnyg b ownwhu, np gwijugws gpup
wupnitbwlnd E Ynntpny hwpniun juwhipuyhtt Epjinndwih tupugpud:

Etnpkd 223 (M. Eppgno): Ywdwjwlwb ¢ qpud wyuwpnibwlnud b jldwppughte

EG)
tplynnuwih H Eipugpud, npoud [E(H )| = ——=

Uwwgnyg: Thunwpytup ¢ qpudh ququputph V(6) puqunipjut pnjnp htwpwynp
wnpnhnudubpp Epynt Gupwpwqunipniutph b punpkup wyt dEYp, nph nhwypnid wyn Gplynt
Eupwpwqunipjniiibph dhol Ynntph pwtwlp wpwybjugnyut k: thgnip wyn wpnhnidp
V(G)=UUuW-u & Mwupq k np wyny wpnhnwdp $unmd £ Ydwjupuyghtt Ephynndwuh H

dg(v)
kupwgpud: 8nyg nwp, np guijugws v € V(6)-h hwdwp dy(v) = GTv : Bupunpkup

) de(w)
hwlwpwlp' gqnynipinit nith u € V(G)-ht, np dy(u) < GTu: Unwig punhwupnipniup

hiwpanbnt Jupnn Gup Gupwnntk), np u € U: Lwth np dy(u) < %, niunh u ququpp U-
nid wykih owwn huphwt ququpttp nith put W-nud, hul] nuw bpwbwlnid E, np Gpb dkup
u ququpp U-hg ntnuihnjubip W, wyw junubwbp V(6) = (U\{u}) U (W U {u}) unp
npnhnudp, nph (U\{u}) b (W U {u}) Eipupuqunipmiubph dhol Ynntph pubwlp wkh

ubks E, npp hwljuwunud £ uljgpiwjutt npnhdwt pinpnipyjutin: Ujuntinhg hbwnbnwd E, np

1 1 d¢(v) |EG)|
|E(H )| = Ezvev(c) dy(v) 2 EZveV(G) sz ——2 "

Epyynndwuh qpudutphtt wykh dwbtpudwut Jupkjh L Swinpwbw) Zuupupiuih,
QU hh b Zwugyhuph qppnd [4]:

§ 2.3. Ownkp

Uwhdwtnd 2.3.1: 8h{y syyupnitwlnn juyuwlgdws gpudpp jututbup Swrez
Uwhdwbind 2.3.2: 8hijj syyupnitwyynn qpudp yuwwduubup wimnwrez

ULjwwnbkup, np wbwnwnt wjuywhuh qpwd E nph juyulgudnipjul  pnjnp
54



pununphsubptt hpkughg ubpjujugunid Eu swntp: Udkht, juduyulub wbwnwn
tpyynnuwith gpuad k:

Uoklp, np ul. 2.1.2-nud wwwnlbpjws qpudp wbwnwn sk Udbiht, ul. 2.1.1-nud
wuunltpjus gpudubtphg wnwehtt tpyniup dwnkp sk, hul tppopgp dwin b Yhpowytiu,
dwnh ophtwly k ttwli 2.3.1-nid yuunipgws qpudnp:

Uwnnpl  juwwgnighup dh phopkd, nptt wpwowplinud E sdwnh dh pwih
ujupwugpmipniuukp:

Btnpkd 23.1: 6 =(V,E) (n,m)-gqwdh hwdwp hbunlyu] wuwydwbubkpp hpwp
hwdwpdtp L.

(1) G-u dwnk,
(2) G gpudnid gumujugws Eplynt ququp vhwugdus ki £hon Ukl Lmtwyunphny,
3) G-u juyulygjustum=n-1,
(4) G-usmuhghjjum=n-1,
(5) G-t sniuh ghl) b G-h gmujugws Lplnt ny hwpbhwb u b v ququpubph hwdwp
G + uv qpudl nih ghown Uk ghly:

Uwwgnyg: Lwiju gnijg tnwp, np (1)-hg htnninwd £ (2)-p: bpnp, nhgnip G-t dwin k: Uy
ntuypnid, pwtth np G-t juyulgws £, tpuwinid guujugws tplint ququp dhugdws tu
wntjuqt Ukl dwbwwywphny: 8nyg wnwbp, np guijugws tplhnt ququp vhwugus tu
&hown Ukl Smbwyywphny:

Cupwnpkiup, 6-nud gnynipinit niuku tpint u b v ququpubkp, npnup vhugdws ku
hpwphg nupptp Py b P, Swtwwwuphubpny: v ququphg P; dwbwwywphh Gpluwjupny
owpdytup ntywh v ququp: Lwuh np Py # P;, wyw gnmipnit §niubkuw wybyhuh w
ququp, npp wwwunwiund £ Py-ht b P,-ht, nph hwenpnp Py Swbwwwphh Jpu sh
wuwwuljwunid Py-ht: Lwbth np v ququpnp qunuynd £ Py-h b P2-h ypw, wyyw w ququphg
Py Qwbwwwphh bGpluyupny owpddbinig, dkup Yhwinhytup w' ququph, npp
wuwwuluwunid £ Py-ht b Py-ht, payg nph twunppubpp, npnup pujws tu dhsh w ququp
skl wuwnjuind Py-ht b P,-ht dhwdwdwtwl: Ljwwnbup, np Py-h & Py-h w b w'
ququpubpp dhuginn Gipwdwbwwyuphubpp dhwuht uqunud kb ghly), pusp hwlwund E
G-h ghlj] sniubtwnt wuydwbh: Zknbwpwp 6-nd guujugus tplnt ququp vhugdws tu
&hown Uk Swmtmayyuiphny:

Zhdw gnijg mmwtip, np (2)-hg htininwd k (3)-p: Gupwnnpkup, np G-nid gmuljugus kplynt
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ququp vhugus ki £hown Ukl Swbwyuphny: Ljwwnkup, np wju wuydwithg hkwnbnud E,
nn G-u juywlgdws E: Uwlwsdwt knwbwlny pun n-h gnyg vnutip, np m=n —1:

Ljuwnbkup, np m=n-1 hwjwuwpnipjniip withwun Lt n=1,2 phwypbpnud:
Bupwnpkup, np wyu £hpwn k (2) wuwydwuhtt pudwpwpnn pnjnp gpudtbph hwdwp, npntg
ququplbph pwtwyp tnpp & n-hg, b nhinwupykip (2) guydwbht pufupupng 6 gpudp:
dhpguktp ¢ qpudh guuljugws e Ynn, b phrnwuplkup ¢ — e qpudp: Lutth np 6 gpudnid
guujugws tpynt ququp dhwgyus tu hown Ukl fwbwwwphny, wyw 6 — e qpudp
whwnp knibktw juywlgjudmpjut &hown tplynt punwnphy: thgnip wyy pununphsubpp
G b G,-u L Vjuunbup, np Gy-nid b Gy-nud guijugusd tplynt ququp dhugjwus tu
&hown Ukl dwbwwuphny b bpwiugnid ququputph pwbwlp thnpp E n-hg: Zwdwdwju
dwjwddwl Eupunpnipjut

|E(GD| = V(G| =11 [E(GR)] = [V(GR)| - 1,
nputnhg htwnbnid t, np
m=1+[E(G)|+|E(G)] =1+ V(G| +|V(Gz)| -2 =n—1:

8nyg wmwp, np (3)-hg htknbnwd E (4)-p: Fhgnip 6-u juyulgjus £ b m=n—-1:
Lwwnkup, np puduljut £ gnyg iy, np G-t snith ghly): Gupwunpkup hwjunwlp, wyuhupt
tupwunptup, np G-u nith p Epupnipjudp ghly: Ljwwnbkup, np wju ghlih ypw qniygnid Eu
G qnwdh p ququp b p Ynp: G gqpwdh duwgws n-—p ququplbphl
hudwwywwnwupwtikghtup Ynntp htnlyw) YEpw. nhgnip v-u ghljjh ypw squnuynn ququp
E, ghunwupltup v-hg ghlih ququpttp mwing jupdwugnyt Lwtwywphubpp b punpkup
upwiughg wdkuwjupdp: v-ht hwdwyuwwnuwupwbtgubip wn wdkbwjupd fwuwwywphh
Ypw quiynn b v-ht Yhg Ynnp: Ljwwnkup, np ghjih Jpw squninjnn n —p ququpbkph
Jhuwdwywwnwupimtt n — p hpwphg mwpptp Ynnkp, b, hbnbwpwp, 6 gpudnid Ynnkph
pwbwlp §jptuh wntduq

m=zp+n—p-=mn,

husp hwjuunid Em = n — 1 hwjuwuwpnipjutp:

8nyg wwp, np (4)-hg hnnbnd £ (5)-p: Bupwnpkup G-t smth ghjj b m=n-1:
Ljuwwnbup, np pwjwljub kE gnyg wmwy, np G-h guuljugws tpynt ny hwpbwbt u b v
ququptbph hwdwp 6 + uv qpudt niuh ghon dbYy ghly: Lwuh np G-t sniuh ghly, G-h
Juyuwlgwbnipjut pununphsutipp dwnbkp i, b pwtth np wpnku gnyg Eup wyky, np (1)-

hg htnninid E (3)-p, wmww Yniubkuwtp, np m = n — k, npnkn k-t 6-h juyuwlgubnipjui
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pununphstbph pwtwy k: Unwu Ynndhg, pmth np m = n — 1, wmyw Ymiukbwp, np k =1,
wjuhtpl G-t dwn k, b, hbnnbwpwp, hwdwdwjt (2)-h, 6-nud gmuljugws tplnt ny hwpbhwb u
b v ququpttp vhugdws Eu gdhon Ukl Swtwywphny: Ujunntnhg htwnbind E, np 6 + uv
gpuspnud ihtth &how UKy ghiy:

8nyg wwup, np (5)-hg htnnlmd £ (1)-p: Gupwnpbup, np G-t sniuh ghlyp b G-h
guujugws tplnt ny hwuptwt u b v ququpukph hwdwp 6 + uv qpudt nith £hown UkYy
ghl: Ljwuwnbkup, np pujwlwb kE gnyg wnw), np G-t juyulgdus bk TFhunwplkup
gutljugws tplnt u b v ququphtp: Gpk tpwip hwplwt kb, wyw yupg k, np dhwgdus
Lkt fwbwwwphny: Gupwnpkup, np u b v ququpukpp hwpbwt sku: Fhnwpykup 6 + uv
gpudp: Zwdwdwyt dbp Guipunpnipjut, 6 + uv qpudt nith &hpwn Ukl ghly: Ujuinknphg
htwnlnd £, np u b v ququpttpp 6 gpudpnid vhugdus Eu Smimyuphny, hbnbwpwp, G-u
quywlglws gpud t: =

Ljwwnbkup, np wwyugnigyué phnptidvhg b phoptd 2.1.1-hg hkwnbnid E, np Swnp
Juptih £ uvwhdwlb] npybu wjighuh juywlgjws gpup, nph ghyndwnply phyp
hwywuwn k qpnjh:

Zhotup, np § 1.2-mud G qpudh v ququpn wdukghtp juhdws, tpt dg(v) = 1:

Zknmbwip 2.3.1: Gph T = (V,E)-u dwn L, npnud V| = 2, myw T-u wupnibwlnud k
wntjuql tplnt jupujwsd ququp:

Uwwgnyg 1: Zwdwdwyt nphunnnipmit 2.1.2-h, T Swnnmid gnnipjnit nith
wdbktwbpup fwbtwwwuph: Vjuwwnbtup, np pwth np |V]| = 2, wmyw wyn {wuwuywphh
duypuwjtnkpp Epyniut B, npnup, hsp nddup skt mbuub), T dwnh jupujwsd ququpttp
tlim

Uwwgnyg 2: Pwuh np T-u juyulgws E b [V] = 2, wyu tpwinud guuljugus
ququph wunhdwitt wnbjuqu dky E: Ogquybkny phnoptd 1.2.1-hg b phopkd 2.3.1-hg,

Junwtwip,

zd(v) — 2|E| = 2|V| - 2,

vev

npunbnhg hbwnbnud E, np wntiduqb bpynt ququph wunhgdwb wyhwnp khuh dky: =
Etnpbd 2.3.2: Yhgnip T-u dwn b, npoud [E(T)| =k, b 6 = (V,E)-u qpwd E, npmud

6(6) = k: Uy niyypnud ¢ gpudp wupnibwlnd E T dwinht hqnunpd Lupugpud:
Uwwgnyyg: Uyuwgniygp Juwnwpktp dwljwsdwt tnwbwlnyg puwn k-h: Gupwnpbkiup
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k = 0: Uyp nhwypnid T-u punjugus £ Ukl ququphg, b wunnudt wljthwjwn k: Gupunpkup,
np phnpbuh winnudp &hown £ pnjnp wytt Swntph hwdwp, npnug Ynnbph pwuwlp thnpp k
k-hg, b nhrnwpltup k > 0 Ynn wupnibwlnn T swop: Zudwdwyt hbnbwup 2.3.1-h, T dwnp
wupnitbwlnud £ u jupndws ququp: v-ny bywbuwljkup u ququph dhwl] hwuphwt ququpn
T-nud, b nhgnip T' = T — w: Vjwwnklp, np T'-p tinybybu dwo k, npp wupnmibwynd £ k-1
Ynn: Lwth np 6(6) = k > k — 1, wmyw, hwdwdwjt dwjusdwt tupunpnipjul, 6 qpudbp
wuwpnitwlnud £ T' swnht hgnunpd Gupugpud: Thgnip wyn tipugpudnid v ququpht
hwdwywnwupwt ququpp x-u E Lwih np 6(6) = k, wyu dg(x) = k, npunknhg
htwnltnwd E, np x ququpp hwplwt E wjuyhuh y ququph, npht hwdwywunwuhiw
ququp sju G qpudbh T’ dwnht hqnunpd Lupugpudnid: Udkjugubind y ququpp b xy
Ynnt wyn Eupugpudhts, Ukup junwbwip ¢ gqpudbh T Swnht hqnunpd tupugqpud: =

Uwnnpl Yphwnwpybtp npjuws n wpqusd ququpubpny hpwuphg wwppbkp dwntph
hwpdwb jtighpp:

tnpkd 2.3.3 (Uhph): {1,2,..,n} puqunmipniip npybu ququpitph puqunipnii

n-2.

niubkgnn swnkph pwtwlp hwjwuwp En

Uwuwgnyg: Uwyuwugnygp Juwnwpbtp Mpmidbdbph nnuynpdwtn Enwbwyny: Lwu
ujuwnbkup, np pnptvh ywunnudp &hpnn En =1 b n = 2 nhyppnud, hbwnbwpwp fupnn Gup
Eupwnnk], np n = 3: Uju nphypnid wunnmudt wmywugnighint hwdwp dkup gnyg funwp, np
Jupbkh £ hwunwntb] hnpjudhupdtp wpnwwywnlipnd {1, 2, ..., n} puqunipiniup npytu
ququplbph puqunipjnit nitkgnn sdwntph b {1,2,..,n} puqunipjut vwwupptph n—2
tpupnipjudp pninp hwonppuljwunipjniiutnh dhol: Rwuh np Jtpphutbphu pwbwlp
n" 2 k, wyw wyuinknhg b junugyh pinpkuh wywugnygp:

“thgmip T-u 1,2,..,n ququplkpny npbk dwn b Zwdwdwyt hbnbwbp 2.3.1-h T
dwnnid gnynipjnit nith jupijwsd ququp: Fhunwplyktup tpuwighg wdkwhnppp: thgnip
wjt i1-u k, wdkjht ghgnip i;-h dhwy hwplbwip T-nwd j;-u b Fhunwplbup T — i dwnp:
Yplhht hwdwduwyt htnnbwup 2.3.1-h tpwunid gnnipinit nith wdkbuwthnpp i, Jupdws
ququp, nph dhwl hwplwup T —i;-mud ghgnip j,-u k: Yhwwplbup T —i; —i; Swnp:
Ljwpwgpué wpngbup Juunwpkip n -2 wiqud: Upgymibpnd T —iy —i; — - — i,
dwnp punugws Yihuh dky Ynnhg:

T Swphtt bhwdwywunwupmtgubtyp n-2  Epupnipimt niukgnn  I(T)

hwonpnuljwinipiniup, npunkn I(T)-u npnoynid £ htnlbyjw Yhpy.
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I(T) = jijz - Jn-2:
Ljuwwnkup, np ull. 23.1-nd wwulbpjus oSwnhtt Jhwdwyuwunwupiwih
10,7,5,8,2,3,8, 2 hwonppuljwmunipjniup:

1 10 3 9

Ul. 2.3.1

Udbht, buunkup, np Gpt Ti-p b To-p hpuphg wwppbp dwnkp Bu, wyw I(T,) #
[(T3): Uw pwbuwlnud E, np phnpbdh wywugnygt wjwpuntint hwdwp puduljut £ gnyg
wnwy], np {1,2,..,n} pwqunipjutt wwppiph n -2 Gplupmpudp gutulugws
hwonpnuljwinipyut hwdwwywwnwuptwunid £ swn:

“Yhgnip ULl L, op {1,2,..,n} puqunipjut wnwppbiph n—2  Gplupnipjudp
gutjugwsé hwonppuljwunipnit k' Lpwt hwdwywunwupwibgubup gpud hbwnbjug
Ytpw. quukup {1,2,..,n} pwquUnipjutt wdtbwthnpp wwppp, npp sh dwubwlgnid
l11; ...1,_» hwonppujuinipjut dke: thgnip wyu k-t b ky-p vhwgubup Ynnny I;-h htwn,
nphg htun  {1,2,..,n} pwqumpmniihg hbnwgubkp ky-p, hull Ll .. 1,
hwonpnuwljwinipjnithg htnwgutup !-p: Ujunithtnb Jupdbip unyt Yhpw, wjuhtpt
quukup {1, 2, ..., n}\{k,} puqunipjutt wdkuwthnpp wnwppp, npp sh dwubtwygmd I ... 1L, —,
hwonprulwinipjut Uke: Fhgnip wyt k,-u b ky-p dhwgubp Ynnny I,-h htwn, nphg htinn
{1,2,..,n}\{ky} puqumpnitihg htnwgukup k,-p, hulj I, ..., hwonppuljwunipjniihg
htnwgukup I,-p: Ywwnwpkup updws puyipp n — 2 wbqud, nph wpynmiupnud {1, 2, ..., n}
puqunipjut ke Yuuw tpynt wwpp, npntp k) dhwgtbup Ynnnd b pputing wdwpunbip
l11; ... l,_; hwonpnuljwinipjuiup hwdwywnwupwinn gpudh Jurnignidp:

Ljwwnktup, np wju bnpwbwlnd 10,7,5,8,2,3,8,2 hwonppuljutinipjuip
Jhwdwwywwnwupwh bl 2.3.1-nud wwnlbpjws sSwnp:

Uwljwésdwt Enubwlny gnyg wnwtp, np yipp tjupugpdus tnubulny gutjugus
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L1; ... l,_; hwonppuljuunipjut hwdwwywwnwupwukgpl] Eup dwn: Ljwwnkup, np wyu
wunnidt wjthwyn E, tppn < 3:

Cupwunptp, np n-3 Gpupnipjudp gwuluguws  hwonppuljubnipjut
hudwywunwupwinud £ n—1 ququpuih séwn, b nphunwupytup n —2 Lplhupnipjudp
Ll ... 1, , hwenpnulwtnipnitp: ‘Ljwwnbup, np Ll ..1,_, hwenppuljutnipjuip
hudwywunwupwing qpudnd Ij-p dhwgws £ Ynnny ky-h htw, pug npnd ky-h
wunhdwip hwjuwuwp k dbyh: Gpt wyn gpudphg hinwgubup k; ququpn, wyw vnwugdus
qpudp Jhudwywwnwuhiwuth n—3 Epupnipiniu niubkgnn L.l
hwonpuljwunipjup, npp, hwdwduwyt dwjusdwub tupunpnipjul, Swe k: Ljuwnbkup, np
wyn phwypnid Swn Yhuh twb U4, .1, hwonpnulwimpuiup huwdwywnwuhiwing
qpudp, pwth np wjt vnwgynid k Iy ququpn kq-h htinn nnny vhugubny: =

Zhotup, np § 1.2-nud ubkpunistightip qpubh Yuwpupuyhti Eipugpudh qunuthwpp: H
qpupp Yngymud kp 6 gpudh Yuwjupwht Eipugpud, kpt V(H) = V(6) L E(H) < E(6):

Enpkd 2.3.4: Gpt 6-u juyulgws qpud L, myw wyt wupnibwlynwd t jlwupuypi
Swr (bun hwunhuwgnn Jdwjupuyht Eipuqpud):

Uwuwgnyg: Uyugnygp juunwpbip dujusdwt tnutwlnyg pun ¢ qpudh Ynntph
puqunipjutt hgnpnipju: Ljwwnbkup, np wunnidt wjuhwywn t |E(G)| = 0,1 nhypbpnud:
Bupwnpkip, np wunnudp &hon £ pnnp wyt juwywlgws gpudputph hwdwp, npnig
Ynntph pubwlp thopp £ [E(6)|-hg, b nhnwpljkip ¢ juuwlgdus qpudp: Bpk 6 gpudp
sh wwpnibwlnid ghlj], wmyw G-t dwn k, b phnpbdt wywugnigws b ZEmbwpwp Jupnn
tup Eupwnpb, np G-u wupmbwlnd E ghl: thgnip e-u wyn ghlh nplk Ynn E:
TYhunwplkup ¢ — e gpudn: Ljwwnkup, np wyt juyuljgws kb wqupnibwlynid & |E(G)|-hg
phs Unn: Zwdwduwy dwluwsdwb Eupungpnipjut, 6 —e qpudp wwpnibwlnd E
Jdwupwiht Swn, npt k| hwughuwinid £ 6 gqpudbh juwupuyhi Swin: =

Ljwwnbup, np Ydwjpupwjhtt Bupwgpudubph (kqiny ptoptd 2.3.3-p Jupbh k
dbwltpuyly htnbyjwy YEpy. n ququp yupnibwlnn phy gpudh uwjupwihlt Swnbkph
pwbwlp hwjwuwp k n® 2% Zwogh wnikiny pnpkud 2.3.4-p, oqws wpynitpp upkh £
thnpdk] piphwipugil] wwupqkny, pk hush £ hwjuuwp guijugus juywulgjus gpudh
Jdwhupuwyht Swnkph pwbwyp:

Lokp, np wyu hwpgh wwwuwupwiup wnwihu E Yhpjuhndh ptopbkdp, npp

AlwlEpytnt hwdwp juwnwptup npny tpwbwlnidubp:
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Tthgnip G-u juwwlgdws qpud k u V(G) = {vy, ..., v, }: Bupwnpkiup, np A(G)-u G
grwdh § L.1-md vwhdwtywéd hwplhwinipjut dwnphgh k, b ghnnwupltup n X n Jupgh
D(G) = (dij)nxn dwwnphgp, npp vwhdwbynd £ hbnbywy YEpy.

U7l 0,  hwhuwnwl pkwypnidf

G qpudbh juwyywywl juuduukup htnbjuwy diny vwhdwtjws dwwnphgp.
Lap(G) = D(G) — A(G):

Ptnptd 2.3.5 (Yhpjuhnd): Swujugws Juwwlygyws G qpudh hwdwp tpw
Jwyjuuyuwih pnnp hwbpwhwoyuljub jpugnudubpp hpup hwjwuwp o b pwbg
punhwinip wpdtpp hwjwuwnp k 6 gqpudh juwpupwyhti Swntph pwbwh:

Zhokup, np Juuwuwlgyus ¢ gqpudpnid guuljugus bEpynt u b v ququpubph dhol
d(u,v) hinwnpnipiniup vwhdwtynd £ npujbu u b v ququptbpp dhugunng wdktwlwupg
Swhwwwph Epupnipnitp (§ 1.2): Ywwyulgus 6 qpudh b ipu guujugus u ququph
hwdwp juwnwptup hknlyu) tywbwynidukpp.

£(w) = max d(u,v), 7(6) = min £(u), d(6) = max £(w)

£(w)-u Ynynud £ u ququph Lpugkiunppupinkan, r(G)-u ynymud t G qpudbh pwnurypa,
puy d(G)-u Ynyynud E G gqpudh wpwiwghd: G gpudh u ququpp Ynynud kb
fhinnpniwlwd, tpt e(w) =7(6), hul G gpuph pnnp JEunpniwlub ququptbph
puqunipniup Ynsimu £ G qpubh fkéunpni
G

Vs Vy

Ul 2.3.2
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Ul 23.2-nud wuwnlbpjuws 6 qpudnid €(vq) = €(v;) = €(v3) = €(Vy) = €(vs) =
e(ve) = €(v7) = €(vg) = 3, €(vy) = €(V10) = €(V11) = €(V12) = 2, htnbwpup 7(6) =2
d(6) = 3: Gpuwdh Jhunpnuwlub ququputpt b vo-p, v1o-p, v11-p & vi2-p, npnlp b
Juqunid Eu gqpudh YEunpnup: Ljwwnkup, np wyu gpudpnid JEunpnup punugus L snpu
ququphg: Owuntph Yhunpnuh Jepupbpu) hwynth £ dnpputh pnpbdp:

Pnpkd 2.3.6 (Inpnub): Swujugws swnh JEuwnpnup punugus E ny wybh pub
tplym ququiphg:

Uwugnyg: Uywgnygp juwnwpkip dujusdwt tpuwuwlny pun swnh ququpubkph
pwuwlh: Lwju Wjuunbup, np wWupnudt wthwyn E Jkl b Epint ququp wywpnibwlng
dwntph hwdwp: Bupwnpkup, np wugnudp &hpwn £ pnnp wyt dwintiph hwdwp, npntg
ququpubph pwbwlp thnpp £ n-hg, b nphunnwuplktup n = 3 ququp wupnibwlnn T Swnp b
upw nplk u ququp: Ljwwnbkup, np T dwnnid u ququphg wdkuwhtnnt guniynn ququpn
Uhonn Jupudws k, htnbwpwp, tpk ghunwpybip T’ dwop, npp unwgynud E T dwnhg
htpwgubing tpw pnnp juppdws ququptbpp, wyw T Swonid pojnp ququpbbph
Epugkinnphuhwnbwnubpp vnwgynid Gu T swpnid tputg niubgus Epughinnphuhwnbwnubphg
hwubkny Uky: Ujuntnhg httmbnwd &, np T dwnh b T’ dwnh Jhunpnbuubpp hudpbund G
Ljwwnklp, np [V(T")| < [V(T)| = n, htmbwpwip, T’ swnh Junpnup punugus k ny wbih,
pwl Lplnt ququphg: Ujunntnhg htkwmbnwd E, np T dwnh Yhunpnup bu punugws k ny

wybh, pwl Gplnt ququphg: =
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Qniju 3

Quuuljgwénipiniu

§ 3.1. Uhwulgdwt Ewnkp b judnipgutp

Thgmp 6= (V,E)-u qpuwd L c(6)n] bpwbwlkip 6 qpudh YJuwuhgjwsd
pununphytph pubuyp:

Uwhdwimd 3.1.1: 6 qpudh v ququpn Ynsynud b dpwguwi [, tpt c(G —v) >
c(G):

Ljwwnklp, np tpl v-u 6 juyulgfws gpuph dhulgdwt jtan E wyw & — v gpupp
Quuulgws sk

Uwhdwimd 3.1.2: 6 qpudh e Ynnp Ynsymd £ Junipg, tipk ¢(G — e) > c(G):

Ljwwnklup, np btptk e-t 6 Juwywlgjws gpudh juunmpy £ wwyw G —e gpupp
Juyulgqusd sk

Vo V1o

Vy Vs
Ul 3.1.1

TYhunwplbup . 3.1.1-nid quunlbkpquwsd ¢ qpudp: Zkon E wnbubb, np v, vy, vg
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ququplbpp hwunhuwind o 6 qpudh dhwlgdwtt Yhwnkp, hull vsvy, v3vs, v3v6, V74
Ynnbtpp’ Judnipeubp:

Uwnnpl jabwlbpybkup b juywugnighup pnpbd dhwlgdwt Yenbkph dwuht:

Btnpkd 3.1.1: Gphk v-u ¢ Juyulgws gpudph ququp k, wwyw hbnlyw) Epbkp
wunnidubpt hpup hwdwpdtp L.

(1) v-u G gpudp dhulgdwlt Y k,

(2) G gpudnid gnnipnit niubkt v-hg wwppkp u U w ququpltp, np v-u
yuwwnjuinud E guujugus wqupq (u, w)-dwbwuywunphht,

(3) gqnynipynit niuh V(G)\{v} ququputph pwqUnipjut wpnhmd U L W
tupwpwqunipiniutiiph, np guujugws u € U b w € W ququpubph hwdwp v-u
wyuwnuunwd Ejnipupwiginip yupq (u, w)-dutwwywphhie

Uwwgnyg: Lwiju gnijg tnwp, np (1)-hg hknbnud t (3)-p: Ppnp, putih np v-u 6 gpudp
dvhwljgdwut Yt E, ntunh ¢ — v qpudp juuyulgus skt b, hbnbwpwp, yupnibwlnud k
wntjuql kplnt juyuwlgdus pununnhs: TYhunwpykup V(6)\{v} ququpttph puqunipjut
npnhmd U b W kupwpwuqunipinitibph, npntn U-u ¢ — v qpudh npbk juuyulgdus
pununphsh  ququpibtph  puqUmpmbt E - pul W-ut V(O\(U U {v}) ququplbph
puqumipniut £ Mwupg E, np wju ghiypnid guujugus u € U b w € W ququptbph hudwp,
u LU w ququpubpp wuwulwiunud tut 6 —v qpudh Juuulguénipymt wwppkp
pununphsubphty, hull gu wwiwlynd L, np 6 qpudnid jmipupwisnip wupgq (u, w)-
Swuwywph yupnitwlnwd £ v ququpp:

‘Ljwwnkup, np (3)-hg htnntinid  (2)-p, putih np (2)-p (3)-h dwubiwnp nluph k:

8nyg wnwlp, np (2)-hg hknmbnwd £ (1)-p: Ppnp, tpk gnynipjnit niuku v-hg wnwppkp
wjuyhuh u U w ququputp, np v-u wguujuwind b guijugws wyupq (u,w)-
fwuwyuwphht, wyw v b w ququpubpp yunjuind tu 6 —v qpudh wnwppkp
Juyuwlgwbnipjut pununphsutpht, hull pu wpwbwlynud k, np v-u 6 qpudh dvhwljgdute
jtnk: =

NMuwpqynud E, np mntdwqb Eplnt ququp niitignn guujugws juwywlgdws qgpudnid
gnynipjnil niikbt ququpltp, npnup dhwlgdwu fhwnkp sk

fFtnpbkd 3.1.2: Gph 6-u wntjuqb kplnt ququp niubkgnn juywlgdus qpud b, myw
wji upnibwnid £ wntduqt Eplnt ququp, npnup dhwljgdwt fEnkp sku:

Uwwgnyg: Uyuwgnigh hwdwp nphunnwupykup ¢ qpudbh u b v ququptbpp, npntg
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hwdwp d(u,v) = d(6): Gupwunpkup, v-u dhulgdut jtn £ ¢ qpudnid: Ujp phuypnid
gnnipnit nith w ququp, npp wunuwind £ 6 — v qpudh juyulgubnipjut wjt
pununphsht, npp sh wupnibwlnid ¥ ququpn: Lwth np u b w ququptbpp yuunjuinid
tlu ¢ — v qpudh juyulgusnipyub nupplp pununphsubph, ntunh v-u wunljuind L
G qpudh guiujugus wupq (u, w)-dwbwwyuwphht b, hbnbwpwp, d(u, w) > d(uw, v), npp
hwljwunud kt d(u, v) = d(6¢) wuydwiht: Ujuntnhg hinnbnd E, np v-t dhwljgdwb Yhwn sk
Zudwtdwt duny Yupth k gnyg nwy, np u-t dhuljgdwt Yt sk =

Ujdd wbgubktp Yuunipoubph nruniduwuhpdwup: Unweohti phnpbup, npp dbup
Juwywugnigkup, mwihu E judnippubph tjupugpnud:

hnpkd 3.1.3: ¢ qpudp e Ynnp Juunipe £ uyt b Jhuytt wyt nphwpnud, Epp wyt sh
wunjuinud 6 gpudh ny th wwpg ghlyht:

Uwwgnyg: Lwh tjuwnbup, np ¢ gpudbh e = uv Ynnp Judnipe k£ wyu b dhuyb g
ntypnud, tpp u b v ququpukpp wunljuind th 6 — e qpudh Juyuwlgubnipju
nwpphp pununphyutpht:

Bupwypbup e = uv-u ¢ gqpudh Judnipe £ b € = P,u, v, Q-u G gpudh wupq ghly L,
npntn P-u b Q-u 6 gpudh wupq dwtwywphubp tu: ZEown E wbkutk], np wyju nhypnid
Q,P-u wupq (v,u)-dwthwwyuwph t ¢ —e gpudnid, husp hwjwund E uv Ynnh G-nud
Juudnipg (hubknt Lupunpnipjup:

Gupunpkiup e = uv-u sh quunjuinid ¢ gqpudh ny vh yunpg ghlyjht b e-u 6 gpudh
Juunipg sk: Ujuntinhg httninwd k, np u b v ququptbpp yunljuind b ¢ — e qpudh
Juyuwlgwbnipjutt dhlhtinyu pununphsht,, ntunh 6 — e gqpudnid gnynipjnit niuh P
wyupq (u, v)-dwbwwyuph: Zkown k wmbutl], np wyju ghypnd € = P, v, u-u G qpudh wupg
ghy & nphtt qunjuind ke Ynnp: =

Ljwwnklp, np inp wmywugnigws plnpkvhg b vwhdwinud 2.3.1-hg plunid E.

Zkwnbwup 3.1.1: Guyulgus ¢ qpudp dwne L wyi b vhuyt wyt phypnid, tpp 6
qpudh jnipupwitigynip inn undnipg E:

Thunnmpjnit 3.1.1: Lokup, np tpk 6 gpudnid Judnipohtt Yhg E ququp, npp
Juwpdws sk, wmyw wyn ququpp dhwlgdwt §hwn bk bPpnp, Bupwunpkup e = uv Ynnp G
qrudh Juunipg t b dg(v) > 1: Ujp phwypnud gnynipnitt nith u-hg wwppkp b v-hu
hwuplwt w ququp 6 gpudnid: Gptk 6 qpudnid gnnipnit nmth P wupq (u,w)-

Swuwywph, npp sh wupnibwlnmd v ququpp, wyw € = P, v,u-u G qpudh wwnpq ghly L,
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husp hwjwunid £ e=wuv Ynnph G-nid Yudnipy (hubni: ZEnmbwpwp, v ququpn
wuunjuwind £ guutjugus wupq (u, w)-dwtwywphht b, hwdwdwji popkd 3.1.1-h (2)
wiundwl, wyu vhwlgdwt Yt E: Mbwp L ok, np hwjunwl wugnudp uppwy k. ny pnjnp
dvhwljgdwut Yhnbpp Yhg Gu uunipoubph: Ujuwbu, ophtiwy, uy. 3.1.2-nd wuwwnlkpdus
qpudh v4 ququpp vhwhgliwl Ytwn E uwljugl vavs, 0304, v4Vs, V406 Ynntphg ny dkyp
Juunipg sk yuunjtpdws qpudpnud:

ul. 3.1.2
[Ftnptd 3.1.1-h wmywgnygh nuwunnnipnibtubpp Yplhukng b hwodh wetbiny ptnpbd
3.1.3-p, jupkh E wywgnigk] hbnlbyw) pnpbkdp.
Ptnpkd 3.1.4: Gphk e-u 6 Juwwulhgjus qpudh UYnn E www hbEnbjup snpu
wunnidubpt hpwp hwdwpdtp L.
(1) e-u G gqpudbh Juunipg L,
(2) e Ynnp sh yuinjuwbmd 6 gpuph ny Uh wwnqg ghlyihb,
(3) G gpudnid gnynipjnit niukt wytyhuh u b v ququptkp, np e-u Wuwnjuinid £
guiljugus wqupq (u, v)-Ewbwwuphhl,
(4) gnnipynit nmuh  V(6) ququpukph pwqunipjut vippnhmid U L W
tupwpwqunipniutiph, np guujugus u € U b w € W ququptbph hudwp e-u
wyuwwnwunud Ejnipupwiginip yupq (u, w)-dutwwywphht:
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§ 3.2. Guuulgwoénipiniu b Ynnuyhtt juuyulgusnipinih

TYhgnip G = (V, E)-t qpud k:

Uwhdwimd 3.2.1: 6 qpudh juguwlgyudnipmnii (Yupwhwlkup #(6)-ny) Ynsynid k
ququpltph tWJwqugny pwbwlp, npnug hkpwgdwt wpyniipnid wpwewtmd E ny
quyulglus gpup fud Ky

Ljwwnbup, np wju vwhdwiunidhg hbwnbnd £, np Eplk 6-u juyulgdus sk, wmyw
#(G) = 0, hulj kpk G-u juyuwlgws k b yupnitwlnid £ Jhulgdut Yhn, wyu 2#(6) = 1:
ULgkup Uwb, np K, |phy gpudhg ququplbp htpwgbing htwpunp sE vinwbwg ny
Juyulygus gpup, pul Ky gpupp unwgmu £ Kp-hg n—1 hwwn ququplbp
htpwgubiny, ntunh #(K,) = n — 1: Ydqwp sk gnyg vy, np #(K ) = min {m, n}:

Uwhdwimd 3.2.2: ¢ qpudh fnguypl juwulgyuéniyenti (Yuowtwlkup A(G)-ny)
Insynid E Ynntph tJuqugnyu pwbwlp, npnug hipwgdwt wpyniupnid wpwewtnud k ny
Yuyulglus gpup fud Ky

Ljwunkup, np wju uwhdwunidhg hininud E, np 4(K;) = 0 b tpk 6-u juyulgdus
sk, myu A(G) = 0, hul tpt G-t juywlgdws kb wupnibwlnud £ judnipg, wyw A(G) =
1: tdyup sk gnuyg nwy, np A(Ky) =n — 1.

Mupqynud £ np gwijugws  gpudmd  juywg]usnipyub,  Ynnuihl
Yuuyulgfusmput b gpuiph iwqugnyt wunhdwth thoh gnjnipynit nith uy:

Ehnpkd 3.2.1 (Nithnuh): Ywdwjuljui ¢ gpudnid wntnh niup

#(G) < A(G) £6(6)
wihwjwuwpnipnibp:

Uwwgnyg: Lwiju gnig tawbp, np A(G) < 6(6): bpnp, tph E(G) = @, myw A(G) = 0,
huljurul nhwypmd” npwnwpljtip 6 gpuibh tfuquignyt wunpdwi niitgnn npbit ququp:
‘thgnip wy ququpp v-u b Zknwglbp 6 gpudhg d¢(v)-h Ynnkpp: Mupg b np uinwgus
qpwdp Yhth ny juyulgus gpud, ntunh 4(6) < |9¢(v)| = §(6):

Ujdd hudnqykup, np #(6) < A(G): Thnwpytup nhyptp: Gpl 6-u juywlgdus sk
Jud G = K;, myw #(G) = A(G) = 0: Gpk G-u juywlgws L b wupnibwlnid E judnipy,
wwyw A(G) = 1: Uju nhiypnud, punn ghuinngnipnit 3.1.1-h, G- niuh vhulgdwt Yhn jud
G = K,, ntunh »#(G) = 1: Gupwnnpkup A(G) = 2: Mwpq L, np 6 gpudpnid gnynipnit niukh
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A(G) — 1 hwwn Ynnkp, npnig hinwgnudp wpwewgunid k Judnipe wupnitwlng gpud:
“thgnip wyn Juunipop e = uv-u k: Snipwpwiisnip hinwgws Ynnh hwdwp pwnpkup wyn
Ynnht Yhg u b v ququpltphg mwuppbp ququpe: Ujunthtnb htnwgutup ¢ qpudhg pnjnp
punpjud ququputpp: Ujuhwyn k, np wyny hipwgdwt wpyniipnid vnwugus gpudnid
Jpuguluykt yipp wpquws A(G6) — 1 hwwn Ynnkpp: Gph wpyniipnid vnwugus gpudp
Juyulgus sk, myu x#(6) < A(G), hwjunrwl ntypnud’ wyy gpudp wupnibwlnwd k
e =uv Juunipy b, htwbwpwp, wyy qpudhg hEnwgubting v jud v ququpep, dtup
Junwtwip nsy juyulgdws jud Ky gpud: Ujuinknhg htnlnud B, np #(6) < 2(6): =

Qupupwinh b Zwnwphh Ynnuhg gnyg E wnpydt), np phopbd 3.2.1-nud wodws' #(6) <
A(G) < §(6) muhwJwuwpnipniup htwpwynp sk nidbnuguty.

Etnpbd 3.2.2 Qupupwiy, Zupupp): Swujugws a,b,c puwljui pdtph hwdwp,
npunkn 0 < a < b < ¢, gnmipjni nith 6 gpud, npnid #(6) = a, A(6) = b 1 §(G) = c:

Uwwgnyg: Yunnigkup ¢ qpudp hknbywy Yhpy.

V(G) =UUW,npntin U = {uy, ..., us, Uciq1 }, W = {wq, ..., we,weiqd o
E@G) ={uu,ww;j:1<i<j<c+1}u{uyw;:1<i<a}u{uw;:a+1<j<b}:

Zwoyh wnubkny #(K,) = A(K,,) = n — 1 hwuwuwpnipniup, nddup sk hwdngyt), np
G qpudnid #(G) = a, A(G) =bLé(G) =c: =

Ul 3.2.1-nuid wuulipqws bt phnpbd 3.2.2-h wywgnygnid junnigyus ¢ qpudp
a=2,b=3lc=4-hntypmu:

u, Us Wy, w,

Uy 3.2.1

Unwtg wuwgnijgh tpkup bl kY wy hbnnwppphp thwuwn:
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npkd 3.2.3 (Qupupuin): Gpk n ququp niutkgnny ¢ qpudh hwdwp nknh niuh
8(G) = EJ yuydwip, wyw A(G) = 6(G):

Uwhdwind 3.2.3: G gpudp Ynsynud & k-Juwwgyus qgpud, tpt #(6) = k:

Ljwwnkup, np 6 (6 # K4) qpudp 1-juyuljgyus Lyt b dhuyb wyh nhypnid, Epp wjt
Juyulgius k:

Uwhdwiund 3.2.4: G qpudp Ynsynud & k-fnguypl junulgyus qpud, tipk A(6) = k:

‘Loktip, np phnpbd 3.2.1-hg htntnwd k, np Epk 6 gpudp k-juyulgus k, wyw wyh
twl k-Ynnuyhtt juyulgus k: Uniu Ynnuhg uy. 3.2.1-nid yqunljbipjus ¢ qpudp gnyg k
wnwihu, np hwljwpwl wingnudp uppwy E: Ljwnktp twl, np tpk n ququp niukgnn G
qpudn k-juyuljgqus t jud k-§nnuyhtt juyulgws b, wmyw ptnpbd 3.2.1-hg htnltnid
E, np 6(G) = k L, htwnwbwpwp, wyy qpudp yupnibwlnd £ wntduqt [nTk] hwwn Unnp:
NMupqynud £, np wju quwhwnwluwiup hwuwith b pw hwdup vwhdwubip n ququp
(n > 3) mukgnn wwpqg ghlyh k-pp wuwmpdwlh CX qpudp 1<k < g) htwnlbjw Yhpw.
nuuwynpnid Lup opowtimgsh Jypw vy, ..., v, ququpubpp, wyunthtnb jnipupwbsnip v;
ququpn vhwginud Gup Ynnny sopowtiugsh we b dwju dwunid qunuynn dnnnwljuw k hwwn
ququplbkphit: LY. 3.2.2-nid wunkpyws E €3 qpudp: Zkown E nkulky, np €% qpudp 2k-
hwiwubp qpud L [E(CK)| =n - k:

Vi Vs
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Etnpbd 3.2.4 (Zwpwph): Swujugus n>3 L 1<k <§ pYtph hwdwp wnbtnh niuh
#(C¥) = 2k hwjwuwpnipjnip:

Uwwugnyg: Rwih np 8(€K) = 2k, niunh, pun phnpkd 3.2.1-h, #(CK) < 2k: 8nyg
wnwtp, np #(CK) > 2k: Cnpllp guijugws § € V(CX), nph hwdwp S| < 2k: Zudnqykp,
np €k — S qpudp Yuywlgws b Cunpklp gubjugws u, v € V(CK\S: Mupq E, npu b v
ququplbpp €K gqpubhg htnwguknig hkwnn spowtiugsh Jpu nuuwdnpius ququpikpp
lpinpnhytt kpynt 4 b B Yhuwopowtwgstph: Ujuinbnhg htwnbmd k, np €k — § qpudnid u-
hg v ququp dkup Jupnn kup hwutl] owpddbing 4 jud B YJhuwopowth Ypuyny: Uniu
Ynnuhg, pwth np || < 2k, ntunh 4 jud B Jhuwppowh ypw wnlw ku k — 1-hg ny wkih
S-h ququpubtp: Npnowlhnipjut hwdwp Eupwunpkup, np A Jhuwoppwth Ypw kb wnljw
k — 1-hg ns wykih S-h ququplbp: Lwuth np, pun €& gpubh vwhdwidwl, jpipupwbsynip
ququp dhwgwsé E Ynnny opowbimgsh we b dw dwumd quidnn dnnwlfuw k hwuwn
ququplbphl, ntunh €k —S§ qpudh A Ghuwopowtmd Ukup Ywpnn kup ok (w,v)-
Swuwwwph: =

8§ 3.3. 2-juyulgyws b 3-juuyulgdwms gpudputp

Tthgnip 6 = (V, E)-u juuljgjws gpup Euu, v € V(G):

Uwhdwiunid 3.3.1: 6 quudh P & Q@ wuwpq (w,v)-dwtwwyuphubpp Ynsdnud &l
ququipllpny shunyng wupg (w, v) -dwbwywphbkp, ket V(P) N V(Q) = {u, v}

Uwhdwtnul 3.3.2: 6 qpudh P b Q wyuipg (u, v)-dwmyguphtibpp Ynsynid b fnghpng
shunm/ny yuipg (w, v) -dwhuuyuphilkp, tet E(P) N E(Q) = 0:

Ljwwnklp, np ququplbpny shwingnn wwpq dwbwywphibpp wb Ynnbkpng
shuinnn wupq Swbwwuphbp Eu: ZEpwn knbkutk), np hwljunwly winnudp upawyg k:

Uunnpl jabwlbpytup b juyugngktp 2-juyulygus gpupttph thupugpnudp
wninn phnph:

Ftnptd 3.3.1 (Nithwnup): Unudwqb btphp ququp wwpnibwlnn 6 qpudp 2-
Juyuwlgws gpup £ wy b dpuyt wy nhypmd, tpp 6 gpudh gubljuguws u b v
ququptbkpp  Uhwgjus b weifuqu tpyne ququptbpny  shundnn wwpq  (w,v)-
Swhuyuphtibpm:
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Uwwgnyg: Lwju uljmunkup, np Epk ¢ qpudnid guuljugws u b v ququplbpp
dhwgdws i wnbjuqb Epynt ququptbpny shwwngnn wupq (w, v)-dwbwwywuphutpny,
www wyn gpudhg Ukl ququpe hinwgutinig hknn unwgywsé qpudp Yhuh juyulgdws,
ntunh G- dhwlgdwt Yhwnbp sh wupnibwlnd: Ujunknhg hbnbnwd E, np G-t 2-
Juywlgqws gpud k:

Gupunpbip 6-u 2-juyulgdus qpud b 8nyg wnwbp, np wyn nwypnid ¢ gpudbh
guujugws u b v ququpubpp vhwgws tu wnujuqb Epynt ququpubpny shwwnyng
wupq (u,v)-dwbwwyuphubpny: Ugwugnygp Juunwpkip dwjuwddwt tnuwtwlny puwn
de(u,v)-h: Gpt dg(u,v) =1, wyw uv € E(G): Pusywbu wpnkl upl] Gup twjunpy
wuwpwuqpudnid, tpk 6 qpudp 2-juyuljgdws b, wyuw wyht bl 2-Ynnuyhtt juyulgdus
E, ntunh G —uv qpudp Juuyulgws b Ujunbnhg hbknbmd E np 6 —uv qpudnid
gnnipinit nith (w, v)-dwbwwyuph b, hbnbwpwp, pun (kddw 1.2.1-h, 6 —uv qpudnid
gnnipjnil niuh P wupq (, v)-dwbtwwywph: 4Epgutnyg npybu yupq (u, v)-dwtwuywnph
G qpwdh uv Ynnp, dkup Junwbwbp, np wyn qpudnid gnnipnit nitkt ququptbpnyg
shwunynn tpynt wupq (u, v)-dwtwywphubp:

Ul 3.3.1

Bupwnnptup dg(u,v) =k>1 u wugnudp &hopw £ 6 qpudh guwijugus x b y
ququpltph nhypnud, npniug hwdwp 1 < dg(x, y) < k: thgnip w ququpp widhgwybu
twpinpygnud £ v-ht jupdwgnytt (w, v)-dwbwwyuph Jpu: Uy ghwypnd wupq E np
de(u,w) = k—1 1, htnbwpwp, pun dujusdwt tupugpnipjul, 6 gpubnid gnynipniu
niutt P U Q ququpttpny shwwnynn wupq (u, w)-dwtwywphubp: Lwih np 6 — w qpudp
Juwyulgws b, ntunh wyy qpudnid gnnipnis niuh (w, v)-dwbwwywuph b, hbnbwpwnp,
punn (Eddw 1.2.1-h goynipnit nitth R wupq (@, v)-dwtwwwuph: Gphk V(P) NV(R) = {u}
Jud V(Q) NV(R) = {u}, wmyw R-n b P,v-u jud R-p b Q,v-u wthpwdton ququpltpny
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shwnyny wwupq (¥, v)-§wbtwwywphikpt ki 6 qpudnid: Uydd Eupwnpktp, np (V(P) N
VRON\u} #0 b (V@ nV(R)\{u}#¢: thgmp zp R-h Jhpohli ququpt b npp
wuunuwund £ V(P) U V(Q)-hu (uly. 3.3.1): Opnowhmpjui hwdwp bupwnpkup, np
z € V(P): Ujy niypnud P wupq (u, w)-dwtwwuphh (w, 2)-tupwdwbwwywuphp b R wupg
(u, v)-dwtwyuwphh (z, v)-tupwdwitwywphp wnwowgunid tu ¢ gpubh wupq (w,v)-
Sutwywph: Zkpw k mbutk), np vnwugus ygupq (w, v)-dwbwwyuphp b Q, v wupq (u, v)-
utwwywphp wihpwdbon ququpubpny shwwnynn wupq (@, v)-dwbwwywphubpt e 6
gpudnid: =

Ujdd wywgnighup punujudwin dh (kddw, nptt nith qupq dbwlbpynid b hwdwu
oquuugnpéymd £ nmwuppbp phnpidubp wmyugnighint dudwbwl:

Ltddw 3.3.1: Gph 6-u k-juyulgdus qpud L, hull ¢’ qpudp unugynid £ G-hu unp v
ququp wybkjugutny b vhugubind wyut ¢ gqpudh wntjuqu k hwn ququptbph, wyw
G'-p b Yy hup k-juwywlggws gpud:

Uwwugniyg: thgnip S S V(G') b ¢(G' —S) = 2: tpk v € S, wyw ¢(G — (S\{v})) = 2,
nputinhg, pwth np G-t k-fuyuljgyus qgpud b, pund £ [S| = k+ 1: GphvEe SuUNg(v) €
S, wuyu |S| = k: dbppuytu, tphk v € S U Ngr(v) € S, wmyu pwth np G-t k-juyulgusd
grwd k, ntunh [S| = k: =

Uwnpl  jadbwljipybup b Juwwywgnighip wykjh piphwinip  2-juwyuygus
qpudbiph tljwpugpnudp:

Fnpkd 3.3.2: Gph 6-u wntjuqb kptp ququp yqupnibwlng qpud k, wmyw hnbyug
snpu wunnudubtpp hpwp hwdwpdbp L.

(1) G-u yuyuwlgywsd gpud kb wyt sh yupnibwlnid dhwlgdw hnbp,

(2) G gpudh gwulugws u b v ququpubpp dhwgus tu wntjuqu bpynt
ququpttpny shwwnynn wupq (u, v)-Ewbwwyuphubpny,

(3) G gpudnid guuljugws u b v ququpubph hwdwp gnnipinit nith wjbyhuh €
wupq ghly, np u, v € V(C),

(4) G gpudnid guujugws e b e’ Ynntiph hwdwp gnmnipnit nituh wjtyhuh €
wupq ghly), np e, e’ € E(C):

Uwwgnyyg: Lwiju ujwuwnkup, np phnpbd 3.3.1-hg htinbimid E, np (1)-p b (2)-p hpwp
hwdwpdtp tu: Ljuwwnbkup twl, np Epk ¢ gpudh guitjugus u b v ququptbpp dhugdws

Eu wpiduqt tpynt ququptbpnyg shwndnn wupq (u, v)-dwtwyuwphubpny, wyw wyy
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Sutuwwywphtbpp wonwowgunud ku € wupq ghy), np uw,v € V(€) b hwjuwowlp' btpk G
qpudnid guuljugus u b v ququpubph hwdwp gnnipnit nith € wwupq ghly), np w,v €
V(C), wyw wyy ghljjp Jupbih © wpnhty bpym ququpbbpn] shwndnn wupg (u, v)-
Swtwyywphttph: Ujuintnhg hinbnud £, np (2)-p & (3)-p bu hpwup hwdwpdtp ku:

8nyg wwup, np (4)-hg hbkwnbnmd E 3)-p: Lwp tjuwnbup, np Epk ¢ qpudnid
guujugws e i e’ Ynntph hwdwp gnjnipnit nitth wjuywhuh € wwpq ghy), np e, e’ € E(C),
wyw 6(6) = 2: dhpgubp ¢ gpudmd guwujugus u b v ququputp b punpkip wy
ququpltpht Yhg e b e’ Ynnbpp: Uy nhypmd wupg £ np e b e’ Ynnbkpp upmbwynn €
wupqg ghlyp twb jyupnitwlh u b v ququptbpp, ntunh (4)-hg htwnbnwd E 3)-p:

[FEnpbup wywgnighint hwdwp pudulut k gnyg vy, np (1) b 3)-hg htnntind k (4)-p:
Bupwnptup, np 6-u 2-juyulguws qpud b b uv, xy € E(G): Udkjugukup ¢ qgpudht w
ququpn b dhwgubkip wjt v b v ququptbtpht, wjunthtnl wytkjugutup z ququpnp b
dhwgubkup wyt x b y ququpubtpht: Zudwdw)t (Eddw 3.3.1-h, vnugws 6" qpudp lu
yihth 2-juyulgdus qgpud b, hknmbwpwp, pun 3)-h ¢ gpudnd w b z ququptph
hwdwp gnnipnit nith wyjuyhuh € wwpq ghly, np w,z € V(C'): Lutth np dgr (W) =
dg (z) = 2, niunh uw,wv € E(C’') 1 xz,zy € E(C'), puyg uv € E(C') b xy ¢ E(C'): Uy
ghlihg htinugutind w b z ququpttpp b wykjugubing uv b xy Ynnkpp, dkup junwbwmbp
G gpudpnud wyn Ynntpp yupmbwlnn wwpq ghly): =

Liddw 3.3.2: Gpk G-u 2-juyulgws qpud k b e € E(G), myu G, qpudp, npp
unnwgymd £ G-hg e nnp wipnhtiny, bu Yihtuh 2-juyuljgdus qpud:

Uwwgniyg: thgnip e = uv € E(G) b uw,wv € E(G,): Zudwdwju phnptd 3.3.2-h (4)
wunuwt wju phnpidt wyugnighnt hwdwp pwjujub £ gnyg wmwy, np G, gpudnid
guiljugws f b f* Ynnbph hwdwp gnjnipymt muh wjbwhuh € wwpq ghyy, np f, f* € E(C):
Ept f,f € E(G), wywu G-nud, pwih np wyt 2-juyulgyus qpud b, gnmoipmnit niuh
wjtiyhuh € wwpq ghlyy, np f, f € E(C): Gpk uv € E(C), wyw wyy Ynnp € ghynud dkup
Yhnjuwphktp uw b wv {nntpny, hwliwewly pbypnud® 6 gpudh € wupq ghlp
hwinhuwind £ twlb G, gqpudh wwpq ghlyp: Gpt f€EG) L f € {uw,wr}, wyu
thnjuwphtbng e Ynnp 6 gpudh f b e Ynntpp gupmbwlnng wwpq ghljmd uw b wo
Ynntpny, dktp Yuinwbwip G, gpuph f o f'-p yupniwlng wwpq ghly: Thpguytu, beh
f.f = {uw,wv}, wyu G-, puth np wyt 2-fuyulguws qpud kb, hknbwpwp, twb 2-

ynnuyhtt juwwlgdws k, sh wupnibwlnid judnipoubp: Cun pnpbd 3.1.3-h ¢ qpudnid
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gnnipjnil nith e Ynnp wqupnibwlnng €’ wunqg ghly), npnud e Ynnp thnfjuwpphubing uw b wo
Ynntpny dktp junwbwip G, qpudh £ b f-p wwpnibwlng wwpq ghly: =

Thgnip G = (V, E)-tgpud kb u, v € V(6) (qupwwnhp sk, np u # v):

Uwhdwimd 3.3.3: ¢ qpudht dwhwwmphp wifbjugnid hwdwupnid Eup qpudhie
wotfuqh [ (I =1) bpupmpmb nibbgny wupq (@, v)-§wbwyuphh wbugnud, nph
nhypnid G-htt wkjugdmud t I — 1 hun inp ququp: Bph u # v, wyw wyy wkjuglus
dwbwwwphp Ynsymud £ pug whmby (Qwd nqnuth  whwhg), hwljunwy nhupnud®
Ynyymd £ sy wljmizy:

G

Ul 3.3.2

Uwhdwimd 3.3.4: ¢ qqudbh whwioughli pbinduynghghw Ynsynd L wyn qpudh
G = Py U P4y U - U Py, pnhnudp, nph ghypnid Py-u ¢ gpudbh wupq ghyyy £ b guujugus

i > 1 hwdwp P;-tu mljuty £ wpnbkb junnigyus Py U -+ U P;_y qpuubh hwdwp:

Uy 332-nud wuwulibpjws E 6 qpudp b tpm G=PyUP,UP,UP3UP,
wljuwbipwht nndynqhghwt:

Uwhdwtmd 3.3.5: 6 qpudbh hwry whwbouyhl nkindwynghghw Ynsymd & wyn gpudbh
G = Py U Py U U P, wpnhnudp, nph giypnid Py-u 6 qpudbh yupg ghly £ b guujugus
i >1 hwdwp P;-u pug Yjud thwl wlhwby E wpnbkt jupnigqus Py U - U P;_; qpudh
hwdwp:

ul. 3.3.3-nid wuwnlbkpdws £ 6 qpudp b tpw 6 =PyUPyUP,UP3;UP, thul
wljuwuowjhtt nEyndwynghghwi:
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ul. 3.3.3
Uwnpl  dktp [abwlbpybup b Juwwgnightp 2-juwyuygdus b 2-Ynnuyght

Juyuwlgws gpudputinh Ynttunpnijnhy tjupugpnidp:

tnpkd 3.3.3 (NNthnnth): Untjuq tpkp ququp wwupnibwlnn gqpudp 2-juyulgus
qrwd E uytt b dhuyt wyt ghypnud, tpp wytt nituth wwbowjhtt phndwynghghw: Udbht,
guujugws wupq ghly 2-juyulgdus gpudnid hwunhuwtnd k uljqpiwmjutc ghly) nplk
wljwuowjht nEyndwnghghuyh hwdwn:

Uwwgnyg: Lwiju gniyg mwtip, np kpk gpudt nituh wwbpwht nEnduynghghw, wuyw
wjt 2-juyulgjws gpup b Lwih np gutjugws wwpq ghly 2-juywlgjus gpudp
ntunh wugnudp wwwgnighint hwdwp  puwduwlut £ hwdnqdb, np dwbwwywphh
wybjugnidp yuwhywind E 2-juyulgdws (huknt hwnlnipmiup: Hhgnip u-u b v-u
(u # v) P wjuboh swypultntp tu 6 2-juyulgdus gpudnid: Zudwdwju (Eddw 3.3.2-h
G+uv qpudp bu 2-juyulgus qpud bk Zhowm L wbutl], np Ynnh wpnhdwb
gnpénnnipjut hwenppujutt Yhpwenidp 6 +uv qpudpp qupdund £ 6 U P qpud, npp
hwdwdwjt (Eddw 3.3.2-h tu §1hth 2-juyulgus qpud:

“Yhgnip mpjws k6 2-junquligjus gpudpp: Ukup YYunnighp wn qpubh hwdwp
wlwbguyht nEniwynghghw, Jipgubiny, npytu uljqpiwfub ghly, wyn gpudh gutjugus
C wunq ghly: thgnip Gy = C: Gupwnpkup, np dkup wpnkt juprnigh) Gup 6; tupuqpudpp
nnny wjwbetbp wykjugubny: Gpt G; # G, wmyw punpkup uv € E(G)\E(G;) b xy € E(G;):
Lwth np G-t 2-juyuljgqusd qpud b, wmyw, hwdwdwyu phnpbd 3.3.2-h (4) wingdwl, 6
gpudnid gnnipjni nith wytyhuh € wwpq ghyy, np uv, xy € E(C'): thgnip P-u €' wwupq
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ghyih tupwdwbwwywph & npp wwpnibwlnud £ uv Ynnp b dhpn tpljnt ququipttp Gi-hg,
nnniup wyn Swtwwwphh Suypuljbnbpt Eu: Zkown | nbutby, np wyn P-u hwinhuwtnd t G;
qpudh wlhumby b, htnbwpup, dkip Junmgkghp G;-hg wkh Ubé G;iq Eupugpud,
nputn Giq = 6; U P: Uju Juenigdwb pupugpp Jujupuh, tpp G- wdpnngmpjudp
ugqunygh:

Ptnptd 3.3.4 (Mhwnbh): Unujuqt tpkp ququp wwupnibwlnn qpudp 2-Ynnuyhe
quyuwlgws gpud £ wgt b dhwjt wyb phyponud, tpp uy nibh wly whwmbguyht
nkynuwynghghw: Uybih, gwblwuguwd wwpq ghlp 2-Ynnuyhtt juywulgjus gpupmd
hwtnhuwiinud ulqptiwlub ghly) npbk hwl whwbguyht nkyndwnghghuh hudwp:

Uwugng: Lwju gnijg nwlp, np bpk gpuipt nuh hul) whuwbguyh nkyndynghghu,
wyw wyb 2-juyulgqus qpud k: Lwih np pun phopbd 3.1.3-h Juunipoubpp skt
wunwinud wwpq ghljpht, ntunh juywulgjus gpudp 2-Ynnuhtt juywulgdus gpud
Euygl b dhwjt wyt nlygpoud, Epp ipw jmpupwibginip §nn gunfwbnd Eapbk wwpg ghlyh:
Mwpq E np uljqpiwljutt wupg ghyp 2-gnquyht jumulgjusd gpud b Ljwinkup, np pug
Jud thwl P wliwby wibjugubin dudwbwl 2-Ynnuyhtt juywulgjws ¢ gpudhl, wyn
gpudnid wpnbl gnmipnit nitth P wljubgh Swjpwlbwnbpp (apnup Yupnn B bwb
hundpuljuty) vhwgtnng wwpq dwbwwwph, ntunh P wljubgh popnp Ynnbpp jyunljuity
wwpq ghyh: Uyuintnhg htinbmd £ np 6 U P gpudp bu Yihth 2-ynnuyhtt juywulglwus
qpud:

“thgnip wpwsd £ 6 2-Ynnuyht juywlgus gpupp: Uklp juengkup wyn gpuph
hudwp thwl whwbguyhtt nEyndwynghghw, Jtpgubiny, npybu whqpwlub ghly, wyy
qpudh gmuljugud € wupq ghlyy: thgnip G = €: Cupunpkip dkip wpnkt junnighy kup
G; Eupwgpud npnp pug fud huly whubgttp wytkjuguting: Gpk 6; # 6, wyw plinpkup
uv € E(G)\E(G;) &, hwpgh wnukny, np G-t juyuwlgyus qpud L, Lupwugpbup, np u €
V(G;): RBwuh np G-u 2-Ynnuyhtt juyulgyus qpud k, ntunh, hwdwdwju phnpbd 3.1.3-h, 6
qpudnil gnympymi mup wjbyhuh €' wwupq ghly, np uv € E(C): €' ghlh Ypugny
gupdytim] Uptsh G; gpuiph ququip hwnhwbip, dkup Juptup pug jud aly P wlubg b
Yyuemgklp G-hg wlh Ukd Giyq Lupugpud, npnbn Giq = G; U P: Uju junmgdub
pupwgpp juupuh, kpp 6-0 wdpnnenipjudp ugunth: =

Uju wwpwugpudh JEpgnid winpununiwbp twb 3-juyuygiusd gpupttphl, npnig

tjupwugpnudp wpydl] £ Swwnnh Ynndhg: Ujn  tupugpdwt dbkp Swwnnwnh  Ynnuhg
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ubpunisyly b wmthdubpn:
Uwhdwtmd 3.3.6: Gpk n >4, wyw n ququp niukgnn W, wihyp vwhdwubup
htwnljuy Ypy. W, = K1 + C,,_4:
Uuwnpl dktp Jupkup mnwbg wmyugnygh 3-juyulgus qpudputph dwuhtt Smunwnh
ptnpbup:
Pnptd 3.3.5 (Smwnwn): 6 gpudp 3-juyuljgqus qpud L wyu b dhuybt wyh nhupnud,
tEnp wytt wthy £ jud vnwugynid £ wthyhg htnljw) Epynt gnpénnnipiniuutph dhongny.
(1) unp Ynn wykjugukny,
(2) wnuduqt snpu wunmhfwb niikgnn v ququph thnpjuwphunidng tpynt v' b »”
hpwp hwplwt ququptbpny wjtybu, np wyt ququpp, npp hwpbwb tp v-hi,
hwplwt (hth v' b v" ququputphg vhuyt dbyht, pug npod d(@') 23 U

dv'") = 3:
WS
v —
N Vv ! Vv r’
H
G
Vv ! Vv !
H
_>
_)
Vv ! Vv r’
Uy, 3.3.4

Ul 3.3.4-nud quunbkpquws ¢ qpudp 3-juwulgws k, pwuh np wy upkh k
unnwbw] Ws-hg hwenppupup Yhpwnbking phopbd 3.35-nmd todws (1) b (2)
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gnpénnnipniutbpp: Uyn tupnud twb wuwnlbpgws £ Ws-hg 6 gpudbh unnwbuynt wdpnne
pupwgpp:

dbpond  dbwbkpyktp b wwwgnmgkup Sndwuubuh ptopbdp  3-juwyulgdus
gpudutiph dwuht:

Ptnpkd 3.3.6 (Sndwuuku): Unujwuqu hhig ququpe nitubkgnn 6 3-juwyulgdus
qpudnid gnjnipinit niuh Ynn, nph YsYnudp phpnid £ 3-juwulgus qpudh:

Uwuwugnyg: Gupwunplup hwjunwlp, guijugws e € E(6)-h hwdwp G/e qpudp 3-
Juyuwlgdus sk: Zknbwpwup, guijuguws e = xy € E(G)-h hwdwp gnjnipnih nituth § €
V(G/e), np |S| =2 b c(G/e —S) = 2, puy npnid S-h ququpttnhg dkyp e Ynnh Ysynidhg
wnwowgnn ququpl k: Mwpg b, np Gpk $-h Unwuw ququpp z-t £ wyqu ¢(6 —x -y —2) >
2: G qpudh pnnp Ynnbkphg ptnpkup wy e = xy Ynnp b tpwb hwdwywnwupwt dnwu z
ququpp, nph pbhypmd G —x—y—z gqpudh wdbbiwrwnm ququpttp wwupnibwlnn
Yuuulgué pununphsp H-u & Yhgmp H'-p 6 —x —y — z gpudh Ujmu juygulgjwus
pununphst kb Pwuh np {xy,z} puqumipniup wdktwphs ququptbp wwupnibwlng
puqunipinil k, np ¢(G — x —y — z) = 2, ntunmp x,y b z-hg jnipwpwiynipp niuth hwphwb
ququp H-nid U H'-nud (uly. 3.3.5): Tthgnip u-u hwpbhwb k z-ht H'-mud, hull v-u djnwu
ququpl k, np (6 —u—v—2z)=2: Yhgmp H,, = G[V(H) U {x,y}]: Mupq E, np H,,
Eupwgpudp Juyulgyws k: Ljwnkip, np kpk v € V(H xy), wwyw H,, — v Eipugpudp b
Juwyuwlgws k, pwuh np hwwewl nhypnid ¢(G6 — v — z) = 2: Ujunbinhg htnlbinid E, np
H,, — v kipugpudp quunljuimd £ ¢ — u — v — z qpudh wyt juyuljgws pununphshi,
npp wupnibwlnd £ wydkjh own ququputp, put H-p, hull nw hwuwund £ x,y b z-h
punpnipjubp: =

~e —@= O

Uy 3.3.5
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§ 3.4. k-jlwwywlgws b k-Ynnuyhtt juwwlgws gpudutp,
Utkugkph ptnptd

Tthgnip 6 = (V,E)-uqpud L, S € V(6) hu,v € V(G)\S:

Uwhdwbind 3.4.1: 6 qpudh ququpttiph § puqunipniup Ynsynd & (w, v) -Jupywdp,
tptk u b v ququpubpp yuunjuind tu 6 — S qpudh Juwulgubnipjutt nwppkp
pununphsubph:

Lwunkup, np tpk 6 gqpudnid uv € E(G), wyw wyy gpudnid gnynipinit snith (u, v)-
Yunpdusp:

Uwhdwimd 3.4.2: ¢ qpudh Ynnkph F pwqunipniup Ynsynwd L gngughli (u,v)-
Juipywédp, tpt u U v ququpubpp yunjuind ko 6 — F qpudh juyulgubnipjuu
wwppbp pununphsubph:

Zhotup twl bwjunpry wuwpugpupnd phipjus ququpitpny shwwndnn wwupq (u, v)-
utuwwywphutph b Ynnbpnyd shwunygnn wupq (w, v)-dwbwwywphubph vwhdwinwdp: 6
qnrwdh P b Q wupqg (w, v)-dwhwwwuphubpp Ynsynid ko ququpttpny (Ynntpny) shwwnygng
wunq (u, v)-dwhwuywnphubp, tpk V(P) N V(Q) = {u, v} (E(P) N E(Q) = 9):

Uwnnpl  adbwlbpybip b juywugmgbup gqpudutph YJuwywlgdwbnipjuup
YEpwpbpynn nuuwlu wpynibupubphg dkhp.

tnptd 3.4.1 (Ukugkp): Gptk 6 qpudnid u b v ququpubpp hwphwb sk, wyw wyy
grudnid  ququpbph  WJuqugnytt  pwtwlp (w,v)-Jupduwspnid  hwjwuwp k
ququputpny shwwnygnn wupq (u, v)-dwbwyuphubph wpwybjwgnyt putwlhb:

Uwwugnyg: Lwju tjuwnkup, np Epk S-p 6 gpudh (u, v)-Jupdusdsp b, wyw guujugus
wunq (u, v)-dwbwwyuph wigund £ S-h nplik ququpny: Untu Ynndhg, pwith np 6 gpubh
ququputpny shwwnyny wwpq (W, v)-dwbwwywphiubpp hwndnd  Bo Jhuge
duypujtnkbpnid, ntunh S-h ny vh ququp sh jupny dhwdwdwbwl dwutwlgl) Eplno
nwpplp ququpttpny shwnynn wupq (w, v)-dwbwywphubpnud: Ujunbnhg hbnbnud L,
np S-p wupnibwlnud £ wntdJuqt wjipwt ququptbp, npputt ququptbpny shwwnygnn
wupq (¥, v)-dwbwyuphubp jut 6 gpubnid:

NMuwpq E np phnpidt wyugnigbint hwdwp pwduljut L gnyg wwy, np tpk S-p 6
gpudh tjwqugnyt hqnpnipnit niukgnn (w, v)-fupdusp k, wmyw 6 gpudnid gnynipnil
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niuktt |S| hwwn ququpubpng shwunynn wupq (W, v)-dwtwywphubp: Uyn wgugdwt
wywgnigp juwnwpbip dwujusdwt tnubwlng pun [V(6)| + |E(G)|-h: TYhunwupytup wyy
wunUuwt wuydwitht paupupnn wdktwtnpp qpudubpp: Gpt [V(6)| = 2, myw V(6) =
{u,v} b E(G) = 0: Zkwhwpwp, u b v ququputpp wppbt yunuwind o 6 qpudh
Juyuwlgqubnipjut wuppkp punungphsutph, ntunh [S| = @: Umntu §nndhg wuhwyn L,
np wyy gpudnid gnnipinit snith wwpq (w, v)-dwtwwywph: Gphk V(G) = {u,w,v} L
E(G) = {uw} Jwd E(G) = {wv}, myw htown L wkull), np unphg [S|=0 b ¢ gpudnid
gnnipjnil snitth wwpq (w, v)-dwtwwywuph: Gph V(6) = {u, w,v} b E(G) = {uw, wv}, myw
htown E wikutl), np § = {(w} b G qpudnid qnnipnit nith dhwly P = u,w, v wupq (u, v)-
Suwtwywph: Bupwnptup wunnudp dhpn b guujugus 6" gpudh nhypnid, nph hwdwp
V(G| + |E(G)| < V()| + |E(G)|: Thunnwuplykup 6 qpudp: Ljwwnkup, np pun dujusdwt
Eupwnpnipjut dbkup Yupnn tup hwdwpky, np 6-u juyulgus qpud bt thgnip S-p G
gpudh wjuqugniyt hgnpnipnih niukgnn (@, v)-Yupdusp k: 8nyg mwbp, np 6 gpudnud
gnnipinit  niukt [§| hwwn  ququptbtpnd shwwngnn wwpq (w, v)-dutwwywphtbp:
Lutimplkup tptp nbwp:

G A G, A GV

& Y, v/

Ul 3.4.1

TMuyp 1: SENg(w) b S € Ng(v):

Uju nhiygpnud tunkip, np 6 — S qpudp punugus £ 6, b G, qpudubphg, pun
npnid u € V(G1),v € V(Gy) 1 [V(G)I|, |V(G)| = 2: Yhgnp 6, =6/Gy 1 G, = G/G,: Uy
YEpy wuws, G, qpudpp unwugymd £ 6 qpudhg, YshEn] wntjuqt Eplint ququp
wuwpnibwlnn G qpudp u ququpht, hull G,-u° YSYLnY wotduqu tpint ququp
wupnibwlnn G, qpudn v ququpht (uly. 3.4.1): Zkow E mbkutb], np $-p hwinhuwind t G,
b G, gpudutiph wJuqugniyt hgqnpnipjni niukgnn (w, v)-fupdusp: Untu Ynndhg, pwih
np V(G| < V(@) b |[V(G,)| < [V(G)], ntunp hwdwdw)tt dwjuwsdwt Lipugpnipjut 6, b
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G, qpudubpmd gnoipnit okt [S| hwwn ququptbpn] shwwngnn wwpq (w,v)-
Swbwwwphubp: Uhugubny G, gpudbh u-hg § mipupwiynip Swbwwuphp 6, qpudh S-
hg v hwdwywunwupwt fwtwwywphh htwn, dbkup Junwibwbtp 6 gpudnid |S| hwn
ququputpny shwwnynn wupq (u, v)-dwbwyuphubp:

TYhwp 2: S € Ng(u) jud S € Ng(v) b gnynipjnit nith w € § ququp, np w € Ng(u) N
N¢;(v):

Ul 3.4.2

Npnowhnipjut hwdwp Bupwunpkup, np § € Ng(uw): Yhnwpytup 6’ = 6 — w qpudp:
Zhown L wbull), np S\{w} pwqunipmpiip hwighuwind t 6" qpudph wuqugnyi
hgnpnipjnit niukgnn (w, v)-Yupdusp (. 3.4.2): Zudwdwt dujusdwt Eupunpnipyul,
G’ qpudnid gnnipnil niuku [S\{w}| = |S| — 1 hwwn ququputpny shwwnynny wunpq (u, v)-
Swiwwwphubp: Udbjugubing wyn fwbwwyuphttphtt 6 qpudbh P = u,w, v yqupq (u, v)-
Swiuwwwphp, Ukup junwwip 6 gpudnid |S| hwwn ququpttpny shwwnynn yupq (u, v)-
Swuwuywphtbp:

TYhwp 3: S € Ng(w) jud S € Ng(v) b qnynipnil snith w € S ququp, np w € Ng(u) N
N¢;(v):

Ul 3.4.3
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Npnowhnipjut hwdwp unphg tupwygpbup, np § € Ng(u): Thnwpltup 6 gpudnud
Jupdwgnyu (u, v)-Ewbwwuphp: Thgnip wyny dwbwwwphp P = u, wy, ..., wy, v-u £ Lwih
np P-u Juplwgny (w, v)-dwbwwwph kb gnnipinit snitth w € S ququp, npw € Ng(u) N
N¢(v), ntunh P-u wupq (w, v)-dwtwwyuph &, wy € S b w, # v (uly. 3.4.3): Thuunwpykup
G' = G/wiw, qpudp: Ljwunklup, np wy € S, pwih np hwjwnwl pbwypnid ¢ qpudh
P' = u,wy, ..., Wi, v Swbwyuphp §1hukp wdbih jupg, put P-u: Ujunntinhg hbnbnd E, np
S pwquUnipniup ¢ qpudh wjwqugnyu hgnpnipnit niubgnn  (w,v)-Yupdusp b
Zudwduyt  dwljuwsdwt  Ghpwunpnipjut, 6 gqpudnid  gnnipmnit niukt [S| hwn
ququplibpny shwwnynn wupq (W, v)-dwbwwwphubp: Luth np 6’ qpudbh ququpttpny
shwwnnn wwpq (u, v)-dwbtwwywphtbpp twb 6 qpudh ququptbpny shwwnyny wupq
(u, v)-dwtwyuwphubp &b, ntunh 6 gpudnid gqnynipjnit niukt S| hwwn ququptbtpnyg
shwwnynn wunpq (w, v)-dwbwwywuphttp: =

‘Uokup, np gnynipjnit nitkt Ukugbph phnpbdh wy) wuppbpuljubp: ‘Loktup nputighg
uh putithup:

tnptd 3.4.2 (Ukugkp): Gpt 6 qpudh u b v ququpltpp hpuphg mwuppkp kb, wyw
wyy qpudnid Ynnkph tjuqugnyt pwtwlp Ynnuyht (w, v)-fupuspnid hwjuuwp L
Ynntpny shwwnynn wunpq (u, v)-dwtwywphubph wewybjugny puwyhie

Phnpkd 3.4.3 (Nihwnbh): Unujuqu k+1 ququp wwpnibwlnn 6 qpudp k-
Juyulgyws qpud L wyu b Jhuyt wyt ghypnud, tpp ¢ qpudh guujugws u b v
ququputpp vhwgquws Eu wnijuqi &k hwwn ququputpnyg shwwnynn wwupq (u,v)-
Swuwywphubpny:

tnpkd 3.4.4 (Nihwnth): Unujuqt k + 1 ququp wupnibwlng ¢ gpudp k-Ynnuyhe
Juyuwlgus qpud E wyu b dhuyt wyt nhypnud, Epp 6 qpudph gutjugus u b v
ququputpp dhwgws i wnbjuqt k hwwn Ynpbpnd shwwnygnn wwpq (u,v)-
wuwywphubpny:

TYhgnip 6 = (V,E)-uqpud tlux e V(6) LU € V(G):

Uwhdwimd 3.4.3: ¢ qpudh wwupq dwbwwuphubph pwqunipniup, npnug dh
duypuwljinnp x-u k, hulj Uyniup U-hg t, pug npnud wyn fwbwyuphubpp hwngnud B dhwygt
x ququpnid, Ynsynud £ (x, U) -Ani/hwp: Grh x € U, myw (x, U)-hnghwupp wqupnibwlnud k
qpn kplupnipinit niikgnn Swbwuwwph:

Uuwnpl dkup Yadbwlbpytup b juyugnigbup thpwlh hnghwpubph (Eddwt:
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Ehnpbd 3.4.5 (Yhpwly): 6 qpudp k-juwquligqus qpud k wyt b vhuyh wyv nhwpnid,
tpp wyt upnibwlnud £ wntiJuq k + 1 ququp b guijugws x-h b |U]| = k yquydwiht
pwuwpupnn U € V(G)-h hwdwp G-u niuh (x, U)-hndhwp:

Uwuwgnyg: Gupwypbup, ¢ qpudp k-juyuigus kL, xeV(G) L UcSV(G)
tupwpwqunipniup paudupupnud b |U] = k wquwydwiht: Uwhdwbbup ¢ gpudp htnlyuyg
Ytpy. V(G") =V(G) U{y}, npntn y € V(G), L E(G') = E(G) VU {uy:u € U}: Zwdwdwyu
EUdw 3.3.1-h 6" qpudp bu k-juyulgqus L b, hbwnbwpwp, pun phopbd 3.4.3-h G’
grudnid gnmipjnit niuktt wptjuqt k hwn ququptbpnd shwwnynn wupq (x,y)-
Sutwywphtubp: Zknwgubiny y ququpn wyn Subtwywphttphg, dkup juinutwbp, np 6-u
niuh (x, U)-hnghwp:

Gupunptip, 6 qpudp wupnibwlnd £ wntduqu k + 1 ququp b gubijugus x-h b
|U| = k quydwht puqupupnn U € V(6)-h hwdwp 6-u niuh (x, U)-hnghwp: 8nijg mmutp,
nn G qpudp k-juyulgjws b Swujugus v € V(6)-h L U = V(G) — v-h hwdwp gnjnipinit
niuh (v, U)-hnghwp, ntunh §(6) = k: Zwdwdwju pinpkd 3.4.3-h, G qpudp k-juyulgdus
E wyt b Jhuyt wyt ghypnud, pp wyn gpudh guujugus x b y ququptbpp vhugdws ku
wntduql k hwn ququpttpnyg shwwunynny wupq (x, y)-dwtwyuwphutpny: “hgnip x,y €
V(G) L U=Ng(y): Ruth np G-u mup (x,U)-hndhwp, ntunh, swpnibwlbng (x, U)-
hngyhwph k hwwn fwuwwywphubpp dhush y ququpep, dbbip Juunwbwbp, np x b y
ququputpp dvhwgqusd tu wntjuqt k hwn ququptbpng shwndnn wwpq (x,y)-
fwuwywphubpny: =
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Qniju 4

Qpudubnh sppwugnidubin

§ 4.1. Ejtpwt Swbwwwphutp b ghlyjtp

TYhgnip G = (V, E)-t qpud k:

Uwhdwunid 4.1.1: Yuutup, np G qpubnid qnynipinit muh &y bpuwi dwhuwguph, bt
G-nud gnjnipinit nith Swtwwywuph, npp Wwupnibwlnud £ G-h pninp ququpttpp b Ynnbpp:
Bpt wyn swbtwwwphp ghly | wyw wyt ywiwubup & &pwi ghly:

Zhow L wbkutb], np hwppnipjut Jpu EEpguwt dwbtwwywph (ghl) wwupnibwlng
qpudh wwwnlbpp Yupbih b ojupl; wewbg dwnhnp pphg Yupbne, mpupubgmp
nnny wugubkinyg £&hown Ukl wmuqud (b Jipununtw] ujqpwlut fhwn):

%

Vs Vs >
Ve

Vy
Vi

\

Vio Vo Vg

. 4.1.1

Uwhdwtimd 4.1.2: ¢ qpudp Jubuubkup Lj&pywi qpud, Eplk wjit wupnibwlnd
Eitpyut ghlyy:

Fuwljwt £ nhnwpll) htnlyw) juunhpp. huswhuh guydwbtbph whnp b pujupuph
qpudp, npuykugh wyb nibkbw Hkpput dwbwguph jud ghlyy (thuh Bbpywi): MTupg E np
tpt G gpudp yupmbwlynud & Ebpjul dwbwwywph jud ghly), wyw 6-b whup E 1huh
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Juyuwlgdws: Unjuyt ny pnjnp juywlgws gpudttpp niuku EjEkput fwtwwyuph jud
Eitput ghy;: Ujuwybu, ophtiwl, uly. 4.1.1-md wuwunkpqusd juuyuwlgus qpudp niuh
Bikput fwbwwuph, puyg smuh Lykpyut ghlyy: Ppnp, nhinwpljkip wyn gpudnud (vq, v4)-
Swhwwuphp' vy, V3, V3, V4, Vs, Ve, Vg, V7, Vg, Vg, Vo, V3, Vq, Vg, V19, Vs, V2, V10, V1, V4t 201 L
wnbubbk], np tyywd dwbwwwphp Ehput dwbwwywph kLY. 4.1.2-h dwju dwunid
wuuitpjuws E Eipgwt qpud  (hwdnqdbint  hwdwp puulut £ ghuwplbp
Uq, Uy, Uz, Uy, Us, Ug, U3, Us, U, Ug, Uy ghlip), hul] we dwunid’ qpud, npp sniuh Ehput
Swuwywph b hEnmbwpwp twb snith Bpyub ghly:

u, Us

Ug Us w, Wy
Ul. 4.1.2

Lwju wmyugnigkip vh (kddw, npt nith paduljutht qupq dbwlEpynid b hwdwhu £
Jhpwnynid mwuppbp phnpidubp wmywugnighine dudwbwl:

LEiddw 4.1.1: Bpt ¢ gpudh hwdwp nbknh muph §(6) =2 yuydwip, wyw G-u
wuipniwlnud £ ujuipg ghly):

Uwwgnyg: Yhinnwplkup 6 qpudh wnwybjugniyt bpljupnipinit niukgnn npbk wwpq
Swuwwyuwph® P = vy, ..., v Lutih np P-h bpupnipniip wowdbjugnyut E, ntunh wyn
wwnq dwbuwwwuphh vy b vy ququpubph ponnp hwpbwbubpp yuwnuwind Eo P-hu
(hwjupwl] nhwypnid httwpwynp Yihukp uok) P-hg wykih Epup wupq dwbwuwwnh):
Ujniu Ynnuhg, pwtth np 8(6) = 2, ntunh v ququpn Ynibktw hwplwb v, ququp, npuntn
3 < k <s: Ujuntnhg htmbimud k, np ¢ qpudp wupmbuwlnmd £ € = vy, ..., v, v1 yupq
ghlyy: =

Uwhdwunid 4.1.3: ¢ gpudp jutquubkup gnyg gpud, tpk tpw pnjnp ququpttph
wuwnhfwbpp qnuyq pytp Eu:

Uwnnpl jdbwlbpybtip b juyugnigktp 9Epkuh pinpbdp qnyq gpudubph dwuhb:
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Phnpbd 4.1.1: 6 qpudp qnuyq £ wyt b dhuyt wyt nhwypnud, tpp 6 qpudbh Ynnkpp
puqunipiniip uiptih Ewnpnht) ynntpng shwndnn wwpg ghytph:

Uwugnug: “thgnip G-t qnijq gpuid k: Snuyg inwtip, np 6 gpuadh Ynntph puqunipynip
Jupth £ wpnhby Ynntpny shundnn wwpq ghlkph: Uywugnygp juinuptp dwljwsdwh
tnuiwlyny puwn [E(G)|-h: Bpk E(G) = @, myw wupq knp gugnudp &ppn E pubth np wyy
nhypnmd 6 gpudh Ynntpny  shwndnn wwpq ghlpbph  puqumpinitp quunwply k
Cupunpktp E(6) # @ b wunnuip &hown £ guiljugus H qniyg gpudh nhwpnid, nph hunlwp
|E(H)| < |E(G®)|: Yhunwpykup 6 qnuq gpudp: Thgnip S = {v:v € V(G) & dg(v) > 0}: Mwipq
L, np G qpudh G[S] Lupugpudp bu qnuyq qpud £ b §(G[S]) = 2: Cuwn (Eddw 4.1.1-h G[S]
qpudp wupmbwymd £ € wupq ghly: thinuplikup 6" = G\E(C) gpudp: Mupq L np 6
qpudp bu qnug gpud £ b, htnbwpwp, pun duljwsiub ipugpmpjui E(G") = E(Cy) U
U E(CY, npnlbin Cy, ..., €-p 6" gpudh Ynnbpny shwinnn wupq ghyibpt kb: Ujunbinhg
htinbmwd E, np E(G) = E(C1) U ---U E(C)) U E(C)-u hpkuhg ubkplujugumd t 6 qpudh
ynntph puqumput wpnhnud Ynntpmy shwnjnn wwpg ghlyikph:

Ujdd wyugnigup, np tpt 6 qpudh Ynntph puqumpnip Jupbih £ wnpnhly
Ynntpny shunnnn wwpq ghlibph, wyw G-t qnyq gpudp k: Ppnp, bpk nhinupybip
Yuiuyulub v € V(6) ququp b ipunpkup, np wyy ququpp dwubwlgnud £ 6 gpudh
Ynntph puqumpjut inpnhdwb kg C;y, ..., C;, Ynnbkpm] shwnynn wupq ghlyjpoud, wuyyw
wupq k, np dg(v) = 2k: Ujunnbinhg htnbnwd £, np G-t qnyq gpuud &= w

Uydd juygugnigkip Byjtiph plnpbdp, npp tjupugpnud £ Ejkppub gpapubpp:

Ptopbkd 4.1.2 (L. Epkp): OQpwbtugh 6 gpuwdp 1hup Epbpub, wihpwdbion kU
pujwpwp, np wjt |huh juywlglws b qnyq gpu:

Uwuwgmg: Puywbu tphy kup, tpk 6 gpupp Etpjut E, wyw wjt juyuygjws t:
Snyg nwtp, np Juluyuljub v € V(6) ququph hudwp dg(v)-u qnuyq phy E: Gupunpkp,
np C = vy, ...,V v1-U Eiput ghly kb v ququpep duutuygnd E wyy ghlynud k whqud:
Uy nhwypnud htiown E wbkully, np tpk v # vy, wmyuw dg(v) = 2k, hwjunwl nhypnud
d¢(v) = 2(k — 1) (puth np jmpupwbsymp whquid v ququpn wghkne dudwimly € ghlyp
dnund £ wyn ququp vh §nnny b nnipu E quihu Uk wy Ynnny): Ujunnknhg hbwnbnd £, np
G qpudh jnipupwibignip ququiph wunhgwp qnug phf k:

Snyg wwbp, np tpk G-U Juwywlgws b qnyq gqpud bk wyu -0 Gkpub b

Thunwupytup ¢ qpudh wnwybjugnyt Epupnipnit niukgnn npbk dwbwwwph. P =
86



V1, ..., Vst Luiju wmyugnigkp, np P-u ghly) k: Gupwunpkup hwjunwlyp® vy # v Lutth np vy
ququpht §hg Jkun pynyd Ynnkp B yunjuwind P dwbwwwphht, ntunh gnnipiniu
Yniuktw uv, € E(G)\E(P): Yhnnwupltup 6 qpudh P’ = u, vy, ..., vg dwbwyuphp: Mwipg
np |P'| > |P|, husp hwjuwunid £ P Lwhwwywnphh punpnipjubp: Zknbwpwp, v = v
P =wvy,..,v5_1,v1-pghlp

fFinpidh wwywgnygh wupunbnt hwdwp pudulutt £ gnyg ww), np P =
Vyq, ..., Vs_q, V1-0 Ejiipjutt ghly) E: Bupwnpbup hwljunwlp® P-u Ekpjuib sk Lwth np P-u
EEpuit sk, ntunp goynipinit Yniuktw uw € E(G)\E(P): Umniu Ynnuhg, pwuh np G-u
Juyuwlgws gqpud L, ntunh gnmipnit Ynibbbwt fwbwwywphtbp, npnip v jud w
ququpp dvhwugumd bt P-h ququpubph hbwn: Opnowlhnipjut hwdwp ghunwplbup
upwighg jup&wgniyup: hgnip wyy dwbwwywphp P = uy, ..., u,-u k, npnbn uy =u b
U = (t=1): Uy nhwypnid nhunwpljkip G qpudh
P" =w,u=uy, .., U =V, V41, ., Vs_1, V1, ..., ¥ Swwyuphp: Mwpgq &, np [P > |P],
husp hwjwunid k P Swbwwyuphh phnpnipjuip: Zknbwpwnp, P-u kjkpjwt ghy b =

Etnptd 4.1.1 b 4.1.2-hg uvnnwunid kup bjjEpjut gqpudpttinh kY wy ajupugpnid:

Etnpbd 4.1.3: ¢ qpudp EpEput £ wy b dhuyt wy nhypnud, Gpp 6-u juyuligdus
qpwd b b wyn gpudh Ynnbph puqunipiniip jupbih £ wnpnhty Ynntpng shwnygnn yupg
ghyrtph:

Uoklp tml mnwig wmuywugnygh Ejkpyut gpubttph bu vh tjupugpnud:

Otnpku 4.1.4 (Snyqu, Uwlj-Yhh): 6 qpudp EyEpyub £ wygbe b dhwyts wyt nhwpnud, Gpp
G-u yuywlgws qpud kb wyn gqpudbh pipuputynip Ynn gqunjuwund £ jEun pyny
wwnq ghlyph:

Uwnnpl tjupugpynud b Eipgut gpudnd  EjEput ghly) Yunnighint dynphh
wgnphpup:

Ujgnphpd

“thgnip mpJws k G Ekpjut gpudn:

Luyy) 1: Cunplup nplk u ququp b bpwbt hwpbwb v ququp: YEpugqpbup uv nnht 1
hwdwp, wjunthtnlb hipwgutup wyn Ynnp gqpudbhg b wugubp v ququpht:

Luy; 20 Yhgnip w-u wyt ququpl E, npnud dktup quudnid bup bwjunpn puyp

juwnwpbkinig htnnn b wyn pwynid npnp Ynnh Jipugqpyk) E k hwdwp: Cunpkup w-hu Yhg
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gutljugws Ynn, pug npnud wyt Ynnp, npp hwunhuwind £ judnipg uvinugdws gpudnid,
punpnud Gup wyt nhwypnid, tph wy) ptnpnipjut htwpwynpnipnit sfu: dEpugpnid Eup
punpjws Ynnht k + 1 hwdwp, wjinithbnb hkpwgund Bup wyn Ynnp gqpudbhg b whugunid
kup wyn Ynnh djniu ququpht:

Luyy) 3: Twwnwpl) puwy) 2-p wytpwt whqud Jhtsh gpudpnid §nn sdbw:

zwuunqykup, np dynphh wignphpup hpnp jupnignud E Ejpjut ghly): Luju tjunkip.
puth np G gpudh jnpupwbynip ququph wunhdwip qniq phy b ntunh wignphpdp
Yupnn t dkpowgih hp wpuwwnwbtpp dhugt wjt ququpnud, nphg ululy tp pp
woliwwnwtpp: Ujuntnhg htinbind £, np wygnphpdp junnignid k hug-np € ghly;: Utnwd k
gnyg ], np wyy ghp wupnibwymd £ 6 gpudh pnpnp Ynnbpp, huly wy, np wyy ghlyp
wigunid £ 6 qpudh jnipwpwbsnip Ynnny dhon Ukl wbqud, htntnid E upwuhg, np
mipwpwiynip Ynnny wbgubinig hbnn wignphpdh hwdwdwjt wyn Ynnp hbkpwugynid L
gpwhg: Bupunpkup, np € ghljjp wupmbwlnud £ G gpubh ny pnynp Ynnbpp: Thgnip 6'-p
G\E(C) qpwdh wytt juwyuwlgws pwnunnphst b, nph hwdwp E(G") # @: Yhunwplkup €
ghih Ynntph wjt A puqunipiniip, npniip Yhg ko 67 gpudh ququiptiphl: Ljunkup, np
A # @: ‘thgnip a-u A-h wyu Ynnu k npp wignphpdh wojpwnwtph pipwgpnid unwghy b
wlktwdts hwdwpp: 2w E wbkutl), np hinpwgdwt ywwhht wyy a Ynnp tnk £ judnipg
unwgyud gpudnid, hul] pu hwljwunid E hippujut Ynnh punpnipjutn:

Vs Ve

Vs V1o
ul. 4.1.3
Phpkup wignphpuh woltwnwipn yupqupwunn dh ophtiwly: Fthunwplkup uly. 4.1.3-
nud wuunlibpdws 6 LEkpguwt gqpudp: v 4.1.4-nid wunltpdws £ 6 Eput gqpudbh
C = v4, V3, V6, V7, Vg, Vg, V10, Vg, V9, V10, Vs, V2, V3, Us, V4, U3, V1 Gilipgualt ghlyip, npp unwugyty

Et dynpph wgnphpuh woliwwnwbph wpnniupnid: Ljuwwnbup, np € ghlp Jupnighnt
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dudwbwl] wugubiny vy, vy, vg, V7, Vg, Ve, V19 Smtmayyuphp dklp skup Jupnn ptwnpk) v4ovs
Ynnp, pwth np wyy Ynnp hwighuwinid b judnipg unwugus qpudnid, hbnbwpup
Yupnn Elp plinply v49vg Jud v49v9 Ynnp (C-nud punpyliy £ v1ovg-p):

Vs 2
1
Vi
16
v, 11
15
Vy
14
Vs 10 Vio
Ul 4.1.4

NMupqynud E, np hwdwpuw pnnp qpudubpp EEpgut sk: Lwju wwtp npno
withpwdbtown vwhdwtinidukp:

“thgnip PB-u qpudputiph puqunipjut ypw npnodwd hwwnlnipiniu k: Ophuwly, npytu
hwwnlnipnit jupny Ehwinbu qup «quuuljgqus b» hwnlnipniup: Lowtwltup 6(n)-ny
n ququp wwpnibwlnn ponp gpubtbph puqunipnibp, hul] Gg(n)-n° n ququp
wuwpnibwlnn pojnp wytt gpudputinh puqunipniup, npnup odnndws tu P hwnlnipjudp:

Uwhdwimd 4.1.4: Quubkup, np hwdwpuw ponp qpudubpp odndus b P
hwwnlnipjudp, Epk

. |Gf.p(n)|_
TS

Uwhdwinid 4.1.5: Quubklup, np hwdwupuw popnp qpudtubpp odndus sk P
hwwnlnipjudp, tpt

- |egm)| _
e

Etinpbd 4.1.5 (fhn): Zwdwpju pnjnp gpubtbipp bipub sku:

Uwywgnyg: Yhunwpykip pnnp qpudubph pwqunipjuit Jpu npnpdus P b P
hwwnynipniuitpp, npntn P-u «KpEpgut b, hu P'-p' «qnyq b hwnljmipnibubpb Gu:
Zudwduyl htwnbwbp 4.1.1-h Junwbwip Gg(n) S Gy (n): Uniu Ynnuhg, pun phnpbd

. -1
1.2.2-h b 1.2.3-h junnwbwp |G(n)| = 2(121) i1 |G‘-B’ (n)| = 2(n2 ): Ujunntnhg htwnlinid t, np

89



n-1 n) _
|G;B(n)| < 2( 2 ) = 2(2) "= |Gm)| 271 ||G(i:;)|| < 2n_1_1

hEnbwpwp

Ujdd ubpyuyugubup gqpudnid Ejbpjut Swbwwyuphh gnynipjut wthpwudbion b
pujuwpup yuydwbn:

tnpbd 4.1.6: Yuywlgus ¢ gpudnid gnynipnit niuh ipuwt fwbwwywph wit b
dvhujt wyu phypnid, Epp 6 qpudh Jhunn wunhdwb nitkgnn ququputph pwbwlp
Epyniuhg wdbph sk

Uwwgnyg: Lwju btjuunbkup, np Epk 6 juwyulgyus qpudpnid gnynipinit nith
bitpgwt fwbtwwyuph, wyw, htywbu bk tup phnpbd 4.1.2-h wwwugnygnmd, wyy
Swuwwywphh pninp ququptbtpp nitukt qniyg wuwnhdwh, pwugh, gnigk, suypwlbntphg:
ZEnlpwip, 6 gpudh JEun wunmhfwt niikgnn ququptbph pwtwlp Epyniuhg wtih sk:

Gupunptip ¢ juyuljgqusd gpudh Yt wunhdwb niikgnn ququpubph putwln
Epyniuhg wyby sk: 8nyg nnwp, np G qpudp niuh byEpput fwtwwywph:

Ept 6 Juywlgws qpudp snih Jhunn wunhdwb niitgnn ququptbp, wuyw, pun
pinptd 4.1.2-h, ¢ qpudp niuh Ejkpyut ghly, npp bwb EEput fwbwwwph b Cun
htwnbwup 1.2.1-h, 6 qpudn sh Jupnn niukbwy jEun wunhdwt niikgnn dhwl ququp:
Zknmbwpwp, phopbdp wywugnigbint hwdwp pwduljut £ ghunwplt] wyt nbwpp, Epp G
gpudp ywupnitwlnwd k jEun wunhdwb niubgnn tplnt ququp: thgnip wyny ququptbpp
u-u b v-u ku: Uwhdwbup 6" gpudp hbnlyuy YEpy.

V(G") =V(G) U {w}, npntnw ¢ V(G),
E(G') = E(G) U {uw,wv}:

Ljwuwnkup, np 6¢'-p juwwyulgyws gpud E nph jmipupuitynip ququph wunh&win
qnuyq phy k 2ZEnmbwpwp, pun phnpkd 4.1.2-h 6" qpudp Juywpnitwyh EEput ghly;: Uiy
ghljihg nku ukntingd w ququpp junwbwip bjkpju (u, v)-dwtwywph 6 gpubnud: =

Entput gpudpubphtt wybkih dwbpudwut jupkh b swiunpwbw d1toubkpnh gppnid
[14]:
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§ 4.2. Zudhpunniyut Lmuwyuphutp b ghlyytp

Ythgnip G = (V, E)-u qpud L

Uwhdwimd 4.2.1: Quubkup, np 6 qpudmd gnmipmit nibh  Awdpjunniyub
dwhwmyuph, tpl G-nud gnnipjnit nitth wwpq dwbwwwnph, nptt wugund £ G-h pnjnp
ququpubpny: Bpt wn wwpq dwbwwywphp wwpq ghlyp E wyuw wyt jubduubkup
hundpjunnlywl ghly:

Uwhdwimd 4.22: ¢ qpudp YwiJwubbp Awdpjuniyumi qpud, bpk g
wupniawlnid £ hwdhpuinntywb ghlyy:

Ujuntn unyuybu phwlwb £ phunwpll] hbnbjuw punhpp htywhuh wuwydwbubph
whtwp E pudupuph gqpudp, npytugh wyt nitubtw hwdhjnnywt fwbwwwph jud ghlyp
(1huh  hwdhjunniyut): Mwupq E np Epk 6 qpudp wupnibwlnd b hwdhjnniyut
Swuwwyuwph Yud ghl, wyw G- whkwnp E jhuh juyuygdus: Uwluyt ny pnnp
Juyuwlgwus qpudubpt niukt hwdhjnnyut fwbwwywph fwd hwdhjpnniyut ghly:
Ujuybtu, ophtiwl, ull. 4.2.1-h we dwunmd wwwlbpjws Juwywlgqus gqpudpp niup
huwdhjinyjwt  dwbwwywph  (hwdnqybnt hwdwp pujuiutt  E ghuwplb
W1, Uq, Wy, Uy, W3, U3, Wy Swlwuwquiphp), puyyg snitth hwdhjnntyut ghly), hul dwpu dwunid
wuwnbpywsép® sniuh hwdhjpnnyuwt fwtwwyuph b, hbnbwpwp, twb sniuh hwdhjpnntyu

ghyy:

w
V2 V4 1
u,
W,
u
Vl V5 2
Vs
Ws
Us
Ve Vs &

Ul 4.2.1
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VY. 4.2.1-h dwfu dwund qunlbplus juyulglus gpudp hnpnd B, np Gupbph k
injuhuly winky, np bpk 6 gpudp upmbwlmd E hwdhpunnbyub ghly (hwdhpunnbyub k),
wyw G-0 2-juyuljgfws gpup E: Ppnp, tpl 6 gpupp hudhpinntyub £, wyw gubjugwus
v € V(6)-h hwdwp G —v qpudp yupnibwlnud E hwdhjuniyui fwbwwywph, ntunh v
ququpn sh Ywpnn (huk] dhwlgdwt Yo Uwlugt, whuop E Ugh, np ny ponp 2-
Juyuygus qgpudttipp hwdhjinniyub ku (ophtwl £ MEwntputuh gpudp): Uydd phipkup
hwdhjniniymt  qpudubtph  ophtwmfubp: VY.  4.22-nud  wuwuwlbpjuws qpudubpp
hundhpuinlywb Bu b jlinwgstpny tpjws Eu wyn gpuptph hwdjunntywb ghlybpp:

Ul. 4.2.2

Qpudnid hwdhjnnyut ghljh gnnmipjutt wuhpwdtonm b pudupup wuydwbbp
huynth sk, wyn yquwndwnny vnnpl dkup Ynhunwplktp hwdhjnniyut ghljjh gnnipju
nnny wihpwdbon b npny puupup yuwjdwbikp: Lujn wywugnigbup Thpulh (Eddwl,
npp  hbnwqunud  joquuugnpstp hwdhjnntyuwtt ghljh gnnipjutt npny pudupup
yuydwbtbp wyugnighint dudwbwly:

Liddw 4.2.1: Gpk 6 qpuwdh hwdwp wnbtnh nth 6(6) = 2 yuydwip, wyw G-u
wuwpnibwlnud E wntuqt 6(6) + 1 tpjupnipinit niukignn yupqg ghl:

Uwwgnyyg: Yhinnwplkup 6 gqpudh wnwybjugniyyt tpjupnipinit niubkgnn npbk ywwpq
Swhwwuwph® P = vy, .., v Lwih np P-h tpjupnipmniip wpwybjugnyut E, ntunh wyy
wuwpq Swuwwyuwphh vy b vy ququputph pojnp hwplwbubpp yunjuwiund Eu P-ht
(hwjwpwl] nhwypnid httwpwynp Yhukp ok P-hg wydbkih Epjup wupq dwbtwwwnph):
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Uwutwynpuybu, nu tpwbwynud E, np ququptbph {vse)+1 Vo2, - Vs} puqunipjub
Uk9 gnnipnit nith vy, ququp, npp hwplwb E v4-ht: Ujuinknhg htnbmd E, np 6 gpudn
wupnibwlnd Ewntifuql 6(6) + 1 kpjupmipinit niukgnn € = vy, ..., Vg, v1 ypupg ghlj: =

Uwnpl juwyuwgnigkup Thpwlh phnptdp, npp hwdhjnnyut ghljjh qomnipjub
wuundwljuinpkl wnwehtt huynuh pudupup wuydwuh k:

fFtnpkd 4.2.1 (@. Thpwly): Gpk n ququp (n = 3) niukgnn 6 gpudh hwdwp nknh
niuh 6(G) = g wyuydwtp, wyw wyjtt hwdhjnnbyw k:

Uwwgnyg: Luju tjuwnkip, np n = 3 yuydwbp bwlwb E wju pinpbunud: Ppnp, 1phy
K, qpudp pujupupnid £ phinpbdh quydwthi, puyg wyt hwdhjpnnyu qpud sk:

Bupwnpbup hwlwnwlp, qnnipnit nitith n ququp (n = 3) nitukgnny ¢ qpud, npp
puupupnud | 6(6) = g wyujdwhi, puyg 6-u hwdhpunniyut gpud sk: Ljwwnkup, np tpk
u-u b v-u ¢ gpudnid judwjwlw Eplynt ny hwplhwbt ququpubtp &b, wyw 6 + uv qpudn
lu jpwjupwph pnpbdh wquwydwihb, wjuhpt’® 6 + uv qpudp n ququp (n = 3) niukgnn
grwd L npp puwduwpupnid k 86(G + uv) > g wuydwth: Ujunnknhg htunnbnd E, np G
hwlwonphttmlhtt wykjugutiny Ynntp dktp Jupnny Lup vnwbw] wwywugnigynn phnpkdh
dwpuphtw) hwljwophtwly, wyuhipll wjtughuh hwljwophtwly, npp punjupupmd t phnpldh
wuwjdwiht, npp hwdhjnnyub qpud sk, puyg guiljugus tnp Ynn wbkjugubinig
uinwgynn gpudp jhuh hwdhjinnyub gpud:

Uwnnpl juwywgnigkup, np gnynipnit sniukt phnpbdh dwpuhdw) hwjwophtiwlubp:
Lwtth np gutjugws hwjuophtimljhg Yuptkih £ unnww) dwpuhdwy hwjuwonhtwly, wuw
wju wunnidhg Juwnwgyh, np gnymipnit snitkt twb hwlwonphtwlukp, b, hEnbwpwnp,
ptnptuh yunnudp &hown E:

“thgnip G-u dwpuhdw) hmjuophtwy k bt u-t b v-u wyn qpudbh judwjujus tplnt ny
hwpbwt ququptbp i Luth np 6-u dwpuhdw hwjwophtiwl k, ntunh 6 + uv qpudp
1htuh hudhjnnyut gpud: Ujunntnhg hknbinud E, np 6-tt qupnibwlnid £ hwdhjnntyui
(u, v)-dwtwuywph: YThgnip wyy whwwywphp P = vy, ..., v,-u k, npnbn n>3 b vy =y,
v, =V

8nijg wwlip, np gqnynipinil nith wjtyhuh i hugkpu, np uv; 4, € E(G) L vv; € E(G):
Uwhdwukup § b T puqunipniutpp htnlyuy Yepy.

S={i:uv; 1 €EG)} UL T={i:vv; € E(G)}:
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Zuningklp, np [S N T| = 1: @wh np [SUT| = |S| +IT| = IS N T| L §(6) = 7, muwnh

ISUT|+|SNT|=|S|+|T| =dg(u) +dc(v) = n:

u=v, Vi Vi n

LY. 4.2.3

Ujniu Ynnuhg, wupg Enpn € S UT b, hbnbwpwp, |[S U T| < n: Ujunbinhg htnbnd E,
np [SNT|>1: Uydd ghunwpltup 6 qpudh € =u, vy, ...,V 1,V,V,Vy_q, .., Viz2, Vis, U
wunq ghyp (uly. 4.2.3): Zkown k wmbutl), np C-u hwinhuwiund £ ¢ qpubh hwudhjunnyut
ghl), ntunnh G-t hwdhjpnnyut qpud k: =

Ljwukup, np HYhpuwlh phnpbdp wyugnigbint dudwtwly 6(6) = g wujdwihg Ukup
oquytghtp dhwjt dg(u) + dg(v) = n gnyg niwnt hwdwp, Epp uv € E(G): Uy thwuwnp
wnwohlt wuqud uyyl) kp Opkh Ynnuhg. phnpbd 4.2.1-h wywgniygh nuunnnnipnibtbpp
ynjutny, Yupbih £ wyugnigk] hknbyw) pinpbdp.

nptkd 4.2.2 (O. Onk): Gphk n ququp (n = 3) niukgnn ¢ gpudnid guuljugus u b v
(u # v) ny hwplwb ququptbph hwdwp wtnh nuh dg(w) + dg(v) = n guydwip, wyw
G-t hwdhjnnywt gpud k:

Ujwwnkup, np phopbd 4.2.1-mud tpdws' 8(6) = g b phoptd 4.2.2-md wyJus®
gutjugws u b v (u # v) ny hwplwt ququpttph hwdwp nbnh nth dg(w) +dg(v) = n
wuwydwutbkpp htwpuwynp sk jmuguby: Ppnp, ghunwpyktup wyu 6 qpudp, npp uvnwugynid L
K 1 L K [y 1nhy qpudubph Ukl ququpp unyuwgubny: Zkpwn L wmbuuby, np [V(G)| =

)
n,6(G) = lnT_lJ b guujugws u b v (u # v) ny hwplwt ququpttph hwdwp wbnh niuh
de(w) +dg(v) 2 n—1 yuydwip: Uwluyh, pwih np G-t 2-juyulgus qpud sk, wyh
hwdhjunntyut sk

“Yhpwlh b Opth plnpbdutpp hwughuwiunid B hwdhjnniyut gqpudbttph mbunipju
nuuwlwt wpyniupubp, npnip nmwihu o qpudpubpnid hwdhjnntyut ghlhih gnynipjui
huwdwp wunhfwbtwhtt vwhdwbtwhwlndubpny pujupup wupdwiibp: Zudhjpnnyut
gqpudubph mbunipjut Ukl wy) nipgnmpnit Eb tkpjuyugunid gpudpubpnid hwdhjnniyut
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ghlih gomipjut wjt pwupup wuydwbbbpp, npntg phypnid vwhdwbwhwlnudubpp
npynud Bu qpudh Bupwqpudubph Jpue Uju niqnmipiniup hwdhjnnyut gpudutph
wnbunipjutt kg hwynuh L npybu wpgbjws Gupwgpudubtph nipnnipmnit: Uwnnpl
Jawlbkpykup b Juwywgnighp wju nupnnipjub npuuwlwb wpyniupubphg dkyp.
AninUwth b 2Zkntpuhtdhh phnpbdp:

Etnpbd 423 (doupdwb, ZEgkpuhtdh): Gpt  2-juwyulgws G qpudp sh
wupnibwlmu K 3 b K, 3 + e sujwsd kupugpudpubp, wyuw G-t hwdhjnnbyw qpud k:

Uwwgnyg: Bupwnpkup hwjunwlyp, gnynipinit nith 2-juywulgws 6 gpud, npp sh
wyupniiwlmd Ky 3 b Ky 3 + e sujws Euipuqpudibp, puyg 6-u hmdhpunntyut qpud sk:
Lwth np G-t 2-juyulgyus qpud b, nunph hwdwdwjt phnpbd 3.2.1-h §(6) =2 1,
htwnbwpwp, pun (Eddw 4.1.1-h, G- uywpnibwlh wupq ghyp Thunwupykip 6 qpudh
wdtbwbplyup € = vy, ..., v5, 1 wupq ghlp: Lwth np s < |[V(6)| b G-u 2-juyulgdus
grwd E nunh 6 gpudbmd gnnipnit nith wjuyhuh v ququp, np v € V(G)\V(C) L
vv; € E(G) (v; e V(C)) (Y. 4.2.4):

ULy, 4.2.4
Yhgnip S = {v,v;_1, V;, Vi1 ) Thunwplkup G gpudh G[S] sudws upwugpudp: Mwpg L,

np G qpudnid wnlw Bu vv;_1,vV;44, V-1V Ynntiphg wntduqt Gpyniup (W4 4.2.4):
Zknbwpwp, 6 qgpudmd wnlw Lt vv;_q,vv;1 Ynntphg dblp, husp hwjuwumd E C-h
punpmpjutp: Uju hwjuunipiniip wyugnignid k pinpbdp: =

Zudhpunnyut gpudbubph nbkunipjut dky wnjuw tu twb qgpubutipnmid hwdhjinnyuu
ghyth  gmmpjut  wjbyghuh  pwjwpup  wwpdwbbbp,  npnbg phygpmd
uwhdwiwthwlnudubpp gpynud Bu ny phk ququpttph wunhdwbubph Jud qpudh

tupwgpudutph  Jpw, wy gqpwdh niphp pumpwgphsutph  Jpw:  Upmuyhupt L
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dwubwynpuybu, vJuwnuh b Epgynoh phopbdp: Uhty wyn ptopbdh dbwlEpuydwii
wugubip nmwip by wihpwdbion uwhdwunid: Yhgnip 6 = (V,E)-u qqud £ b I € V(G):
YQuuklp, np I-u hwunhuwtnd E ququpubph wiabwpn pugiunipinia G qpudnid, Lph I-u sh
wupnibwlnud  hwplwt ququptbp: Udbbwowwn ququptbp wupnibulnn wulwe
puqunipnit hqnpnipiniup bpwbwlkup a(6)-ny:

Ptnptd 4.2.4 (luJuunw), Epgng): Gphk wnbujuqu btpbkp ququp wwpnibwlnn 6
qpudnid nknh niuh a(6) < #(6) wuydwup, wyw G-t hwdhpunnyw gpud t:

Uwuwgnyg: Bupwnpkip hwlwpwlp, gnmipmit nih wnbjwqb Gpkp ququp
wuwpnibwlng 6 gpud, nph hwdwp a(6) < x#(6), puyg G-t hwdhjnnyub gpud sk:

Luwju tjuwnkup, np Eplk wnujuqt bpkp ququp yupnitwlng 6 gpudnid a(G) = 1,
wyw G- ppy qpwd L, npp hwdhjunywt gpuwd b ZEknwbwpwp, dkup Jupnn Eup
tupwnpk), np a(G) = 2: Luth np #(6) = a(6) = 2, ntunh, hwdwdwyu plnptd 3.2.1-h,
8(G) = 2: Cunn Eudw 4.2.1-h, G-u wupnitwlnd £ wniiquq 6(6) +1 Epjupnipnit
niikgnn wwpq ghl: thunwplkup 6 gpudh wdkbwbpjup € wupq ghyp: Mwpg £ np
|C] = 6(G) + 1: Umnwu Ynnuhg, hwdwdwyt pnpkd 3.2.1-h, §(6) = x#(6) b, htwnbwpwp,
|C| = #(G) +1: Lwuh np [C] < [V(G)], ntumph G gpudnmid gnnipinit nith wjuwyhuh v
ququy, np v € V(G)\V(C): thgnip #(G) = k: Puuh np G-t k-juuyulgus gpud k, ntunh,
hwiwdwjt ptoptkd 3.45-h, G-t muh (v,V(C))-hnghwp: Ujunbknhg hkwntnd k np
gnynipjnil nitubkt wptjuqu k hwwn Py, ..., P wupq Swbwwwphubp, npnup dhwgunud Eu v
ququpp € wupq ghlht b wyy wbtwwuphubpp hwndnmd Eu dhuytt v ququpnid:
Gupwnptup Py, ..., Py Swumyuphtbtpp € ghljh htwn hwwnynud &u vy, ..., v, ququphbpnud:
Unwtg punhwipmipmniip juwponbne Jupnn bGup Gupwnpl), np € ghlhth Jpuyny
owpdybihu vy, ..,V  ququplubpp  hbEppulwinpbtt  hwinhymd Gu  hEug  wju
hwonpnuwlwinipjudp: Cuwnpkup € ghlhth Jpw  uy, ..., u;, ququplbp wjbybku, np
mipupwbsinip i-h hwdwp, npnbn 1 <i<k, w; ququpp € ghlyh Jpuw wiudhowubu
hwonpymid £ v; ququpht: Ljwwnbkup, np guiujugws i-h hwdwp, npnbn 1 <i <Kk,
u;v € E(G): Ppnp, hwljwnwl nkypnid gnjnipnit nih iy, np u; v € E(G): Uy nkypnid €
ghlih vy u;, Ynnp hnjuwphubing P = P;, u;, Smbwyuphny dktp funwwbp €-hg wiykih
Epjup wuwpq ghly, husp hwjuwunwd £ C-h pnpnipjutp: 8nyg wnwtp, np judwjwlw i, j
qnugh hwdwp, npnkn 1<i<j <k, wu; ¢ E(G): Gupunpkip hwljwnwlp, gnnipjniu
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nith iy, jo (ip < Jjo) np U, € E(G): Ujn nkupmid € ghljjhg hknwgubiny v; u;, b v;,u;,
Ynntpp b wybjwgukny Py, Pj, dwtwwyuphubpp b w;,u;, Ynnp dktp Juinwtwbp C-hg
wyk h tpjup ywnpg ghyy, husp hwjuunid k C-h puwnpnipyubp (ul. 4.2.5):

V

Jo v

Jo
Ul. 4.2.5

Ujdd nhunwpytup 6 gqpudh ququpttph I = {v,uy, ..., uy} puqunipiniup: Mwpqg L, np
I-u wujuwju pwqunipmit £, nunh a(G) = |I| = k+ 1, husp hwjuunid E phoptdh
wuydwhu: =

Ljwwnkup, np phoptd 4.2.4-nmd wpdws’ a(6) < #(6) wuwydwup htwpuwynp sk
Juuguby: Ppnp, nhuwpltup ppd tpiynnuwih Ky pieq gpudp: Zkpn B onbulby, np
a(Knni1) =1+ 10 x(Kpni1) = 0, puyg Kppyq-p hudhpuntywh gpud st

Uwhdwimd 4.2.3: ¢ qpudh cl(G) (hwdpyunniyui) thulnidp qpud b, npp unwugynud
E G-hg htppuluunptu Ynntp wybkjugubinyg, npnup dhwginud tu Gplynt ny hwplwb
ququplutp b npntg wunhdwbubph gnidwpp Uk jud hwuwuwp b wyn qpudh
ququpubph pwbwlhg, pun npnd nw Juuwpynd E wyupwt wbqud, husput nu
httwpwynp E:

LY. 4.2.6-nud wuunlbpdws £ 6 qpudhg wyy qpudh cl(G) thwlnudp vnwbwne

wpnng plpwgpp:
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Vs & Vs &
H
2 v, 3 2 v,
H
Vs Vs Ve Vs
V) V3 V) &
H
V1 Vo S Vi Vy
_)
Vs Vs Vs Vs
cl(G)
V) V3
Vi Vy
Ve Vs
Ul 4.2.6

Puwljwh hwpg k wpwgwmd. wpmyn'p npjus 6 gpubhg wyy gpudh cl(6) huynudp
wnwimnt dudwiml Ynnbph wlbjugiwi hbppulwinipmiip Juplnp sk Uy Yhpg
wuws, nplus 6 qpudhg thwpdt p Enpnoynud tpw ¢l(6) thwlnudp, ph ny: Zuningkip, np
upjud ¢ gpubhg wyn gpudh cl(6) huynulp vnwbwm dudwbwl Ynntph wkjugdu

htppwlwinipiniup Juplnp sk: Bupwunpbup hwjwrwlyp, nhgnip 64 qpudp unnwgyl) £ 6
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qpudhg ey, ..., &, Ynnbpp wikjugubiny, hul G qpudp’ fy, ..., fs Ynnbpp wikjugubim]:
Luhu tjuunbup, np tpbk nplik wwhht pupwghly gpubh hwdwp Eplnt ny hwptwt u b v
ququpubpp, npntg wunhfwbuubph gnidwpp dbé Jud hwdwuwp Lt wny qpudp
ququplbph pwtwlhg, htwpwynp £ vhwgut] Ynnny, wyw nu whwp L junwpgh dhtsh
gpudh thwljdwi junmgdwt wdwpup: Lwih np ulqpuwluwb f; Ynnp httwpwynp L
wybjugul] 6 qpudh, ntunh, pun Jhpp wywsdh, f1 € E(G4): Zwudwudwl dliny, bph
fv o fi-1 €EE(Gy), wyu f;-u wpnbt htwpwynp £ wybkjugut) 67 qpudhl, ntunh pun
Jtpp wpqwsdh f; € E(Gq): Ujuntnhg himbinwd k, np G, € Gy: Zwdwudwt duing Jupkh &
gnyg ww, np G € Gy, ntunh G = Gy:

‘Uokp, np gqpudh huljdwb qunuthwpp ukpdnidyt) £ Fnunhh b ijuwnwh Ynndhg b
nu yuydwbwynpjws L htnlbjw) wpyniupny.

fFtnptkd 4.2.5 (Bnunh, juwnuy): 6 gpudp hwdhpnntyub £ uyb b dhuyb wyt nhypnd,
tpp hwdhpunnyub t cl(6) gpudp:

Uwwgnyg: @npbdtt wmyugnighint hwdwp pujuwlwb £ gnyg wmwy, np tpk 6G-u n
ququp niukgnn qpud £ b u, v (u # v) ny huplwt ququptbp ki, npnug hwdwp nknh nith
de(u) + dg(v) = n ywuydwip, wyw G- hwdhjnniyub £yt b dhuy wyb nypnud, tpp
hwuhjinnywt £ ¢ + uv qpudp: Ljwwnkp, np Epk 6-u hwdhjnnyut , wyw withwyun L,
nn G + uv qpudp bu Y hth hwdhjnnywu: Upniu §nnuh wywgnygp hwdpuljunud k phnpbd
4.2.1-h wywgnygh htin: =

zEkwnbwup 4.2.1: Gpk G-u n ququp (n = 3) niulignn qpud kb cl(G) = K,,, wmyu G-u
hwdhjinnyut gpud k:

ULwwnkup, np htnbwup 4.2.1-hg unwunid Lup, np ull. 4.2.6-nid quunljbpjus G
qrudp hwdhjuinyut k, pwuh np cl(G) = Kg: Oguiwugnpsdting upqwd hbwnbwipp,
juwnwhtt hwennytg wyugnigh] hinnlyuw) pnpbdp.

Etnpbd 4.2.6 (vjuwnwy): thgnip G- n ququp (n = 3) nitukgnn qpud £ b V(G) =
{vy, ..., vp}, npuntin dg(vq) < - < dg(vy,): Uy nigpnud tph i < gulul]duﬂlbg htunlnd k, np
de(v;) > i jud dg(v,—;) = n — i, wmyw G-u hwdhpunniyub gpud

bPuswytu ok Eup twhunpny wupwgpudnid, hwynth E np hwdwpyuw pninp qpudpubpp
Eitput sk: Mwpqynud E, np qpudubph hwdhjnnyut (hubnt hwpgh Jbpupbpuyg
hpuyhdwlp buybu mwppbpynud E
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Phnpbd 4.2.7 (MEpbw b hgw): Zwdwpjw pninp gpubttipp hwdhjpnniywi Eu:

Ujdd vwhdwublip qpudh Ynonnipjutt qunuthwpp: Yhgnip 6 = (V,E)-u qpud E:
¢(6)-n bpwimljkup ¢ gpuph Yuyulgjws pununphsubtph putnalyp:

Uwhdwinid 4.2.4: ¢ qpudp Ynyymd t t-fnow, bpk c(G—S) =2 wuydwiht
puwduwpupny  gutugws S S V(6)-h  hwdwp wbhnph  muh S| =>t-c(G-S)
wthwjwuwpnipniup: 6 qpudbh fnovnyemnisd’ ©(6)-u jutuikip wjit wdkhwdbs ¢-u,
nnh pypmid G gpudn t-Ynown £ (hwdwpkp, np (K,) = +oo, kipp n € N):

Zkown £ wkutk), np kpk m < n, wyw t(Kp,) = %z ‘Lwl, ndqup sk gnyg g, np tph
P-u Mtwnbkpukh gpud k, wyw 7(P) = g:

Zudwpu  pnnp Jipp Updwd  phnopbdubpp hwiunhuwinud Eht  gpudtbpnid
hwdhjinyut ghljh gnmipjut pujupup wuydwbttp: Unnpb dkup jadbwlbpykup b
Juwywgnighup gqpudtbpnid hwdhjinyu ghljjh gnnipjut Ukl withpuwdton yuydwi:

tnpkd 4.2.8: Gph G- hwdhjnniywh qpud k, wyw 7(6) = 1:

Uwwugnyg: Thunwuplkup c(6 — S) = 2 quydwht pudupupnn guujugus S € V(G):
‘thgnip Gy, ..., Ge6-s5) 1 G —S qpudh Juuyuwlgws pununphsubpt ki Fthgmp C-u 6
qpudh nplik hwdhpinntywt ghly E: € ghyih Ypuyny pwpdybihu b pmipu quiny & — § gpudh
Gy, o) Ge(g-s) Juyuigus punuinphsubtphg nplik dkyhg € ghlp jupnn & JEpununtug
Upuwyl S-h by, pun npoud nuppbp juywlgdws punwunphyitphg nmipu quny € ghp
uygkinid £ S-h wwppbp ququpbbtp: Ujuntnhg htwnbmd L, nop (S| =c(G-S) L,
htunbwpwp, 7(6) > 1: =

Qpuwdubph Ynpounnipjut htn £ juydwsd hwdhjpnnyub qpudubph wnbunipjui
hwyjnth b pupy hhynptqutphg dkyp, npp dhwyipy by E vunwgp:

Zhynptq 4.2.1: Qnnipjnit nith wjuwhuh £y phy, np guijugws ty-Ynon gqpud
hwdhjuinnyui k:

Uju ywupwqpudh Jhponid wunpununtiwp qpudnid hwdhjpinniyut Swbwwwnphh
gnnipjull juunpht: Ujunkn tnyuwbu, husybu hwdhjnniyut ghljjh gnnipjut nhwpnud,
huynh sEt hwdhjnnyubt  fwbwwywphh  gnmipjutt wbhpwdbion b pwdupup
wuydwttp: Unnpb dbkup Yphunwplbip hwdhjnniyut fwbwwywphh gnynipjutt npny
puupup wujdwbtbp:
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Enpkd 4.2.9 (O. Onk): Gphk n ququp niutkgnn 6 gpudnid guujugus u b v (u # v)
ny hwuphwt ququpttph hwdwp wtnh niuh dg(u) + dg(v) = n - 1 yuydwbp, wyw G
gpudnid gnynipnit nitth hwdhjnnyyut Lwtwyuph:

Uwuwgnyg: Lwju tljwwbkup, np phopbkdh wuwjdwbubpht pujwpwupnn 6 qpudp
Juwwulgws L bPpnp, Epk dkup nhunwplykup 6 qgpudh guujugws x b y ququpubpp,
wyw htion £ mbutik), np xy € E(G) Yud Ng(x) N Ng(y) # @, ntunh G gpudp juyulgdus
E:

Etnpbdt wyugmgbint hwdwp Juunwpktp hwlwunn Gupwungpnipmit’ G-t n
ququp niukgnn qpud b, npmd gumujugws u b v (u # v) ns hwphwt ququpttph hwdwp
wntnh nmuh dg(u) + dg(v) 2 n—1 wuwypdwup, puyg G-u sh wupnibwlnid hudhjnnyut
Swbwwwph: Thunwpykip 6 qpudh wpwybjugny Epjupnipinit nitkgnn npbk wupq
Swhwwuwph® P = vy, .., v Lwth np P-h tpjupnipmniup wpwybjugnyut E, ntunh wyy
wuwpq Swuwwyuwphh vy U vy ququputph pojnp hwplwbubpp yunjuwind Eu P-ht
(hwjwpwl] nhwypnid httwpwynp Yhubkp ok P-hg wydbkih Epjup wupq dwbtwwwnph):
Ljwwnklp, np v1vg € E(G): bpnp, tpk v1v, € E(G), muyu € = vy, ..., Vs, v1-u qupq gh kb
pwith np s < n b G- juyuwlgws qpud L, ntunh 6 gqpudnid gnynipinit nith v ququyp,
np vEVG\V(IC) b wvweEG) W eV(C): Upjuwntnhg hbknund L nop
P' =v,v,, .., 05y, ..,v_1 qupq Swbwwywphp P-hg wykjh Epjup yupq Swbwwywnph | 6
gpudnid, husp hwjuwunid & P-h puwnpnipjutn:

8n1jg wwp, np gnjnipinil nith wyuwhuh i hugkpu, np v1v; € E(G) b v;_1v, € E(G):
bpnp, hwljunwl] pbwypnid P wwpq dwbwwwphp Juuwpnibwlbip hpwuphg wwppkp
htunlyw ququpttpp. v4 ququpn, dg(v,) hwn ququp, npnup hwphwi b v ququpht b
d;(vs) hwwn ququp, npnup vy ququph huphwt ququpttph hwenpputpt Eu: Ujuwhuny,
pwih np dg(vy) +dg(vg) 2n—1, niunh s > 1+dg(vy) +dg(vg) = n, npp hwjuunmd L
s <n uwuwjdwtht: Ujuntnhg hbkwnbmd E np gonipnit niubh @ hugbpu uyquwsd
hwwunlnipjniutitpny: thunwpltup 6 qpudbh €' = v, vy, ..., Vi1, Vg, Vs_1, ..., Vitq, Vi, V1 WP
ghip: Lwh np s <n b G- juyulgjus qpud L, ntunh ¢ gpudpnid gnmipini nih
wjuyhuh u ququy, np u € V(G)\V(C') L uv, € E(G) (v, € V(C')): Ujunknhg httminid k, np
P" =u,v,, .., 5, Vq, ..., V_1 qupq Swbwyuphp P-hg wykih kpjup qupq fwbwwywph £ 6
gpudnid, htisp hwjuwunid £ P-h ptnpnipjutin: Unugdus hwjuunipiniip wmyugnignid L

ptnpbdp: =
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Uokup, np phopbd 4.2.1-nud updws® guulugws u b v (u#v) ny huphwb
ququpltph hwdwp wnknh niuh dg(w) + dg(v) = n — 1 wuydwup htwpwynp sk jwjuguby:
bpnp, phunwpltup ¢ = K, U K,, qpudp: 2o E mbuuby, np [V(6G)| = 2n b gmujugus u b v
(u # v) ny huplwt ququpitph hwdwp nbnh ntuh dg(u) + dg(v) = 2n — 2 wuydwp:
Uwljuy, pwth np G-t juwywlgdws gpud sk, ntunh wyt hwdhjpnnyut Swbwwywph
wuwpnibwlby sh jupnn:

Uwnnpl dkup jabwlbpybkup b juywgnighup hwdhjnnbjut Swbwwwuphh gnnipjut
UEY wy) puupup wquydwt:

tnpkd 4.2.10 (fTuquunw), Epnyng): Gph 6-u k-juywljgdus qpud kb wyn gpudpnid
wntnh nth a(6) < k+1 wuydwip, wyuw 6 gpudnid gnnipinit nith hwdhjnniyub
Swtwuyywph:

Uwyuwugnyg: Uwywgnygh hwdwp uwhdwtbip ¢ qpudp htnbyuy Yhpy. V(G6') =
VG)u{v},veV(G) 1 E(G')=E(G) VU {uv:u e V(G)}: 2kown Lt wbkubky, np G'-p (k+ 1)-
Juwyulgqus qpud E npp pudupupnid £ phinpbd 4.2.4-h wquydwthl, ntunh 6" gpudn
jyuwpnibwlh hwdhjpnntyu ghly: Fhu ubknbind wyn ghlhihg v ququpp, junwiwiup G
qpudh hudhjpnnyut fwbwwwph: =

zuply L k), np phopbd 4.2.10-nud tpdws wyuydwup bu httwpwynp sk jwduguty:
Ppnp, ghunwpykup 1phy tphynnuwuih Kppez gpudp: Zhpwn b ownbkublk), np Kppizp n-
Juyuygws gpud kb @(Kpni2) = n+ 2, payg Kpasz-n sh qupnibwlnid hwdhjnniyub
Lwuwywph:

Zuthpinntywl gpuidtitph jupinpugnyyt Yhpuempiniiubphg diyp Yuuws © opepl
gnpdwluyh fubpph htwn: Uy junhpp juywinud £ hbnlywnud. nhgnip mpdws &u 1, ...,n
ptwuyuwyptpp, hwpnth &u tputg dpol d;; hEkpwyynpmipnitutpp, 1 <i<j<n: Un n
ptwfuuyptphg  diynd qunud £ gnpswluyp, npp whwnp b ppgwquyh pojnp
puwjuyuyptpp’ jpipupwigynipnid jhubkny by wiqud b JEkpununtu dkjtwlbwn: b "y
hippufutmpudp gnpdwluip whwnp £ wighih wyy pwlujuyptpp, npytugh wigwus
Swuwywphh Gpupnipniup (huh Wjwqugnyup: Ujdd Jepuwdbwytpybup wyju juunhpp:
Thgmp npjws t K, 1phy gpudp, nph ququiptiiph puqunipyniip {1, ..., n}-u k hul Ynnkph
puqumipniup’ {ij: 1 <i<j<n}: Udbht, wy phd qpudp twb Yondus qpud L,
wjuhtipl® wyn gpubh jnipwpwiginip Ynn nith d;; Epjupmpinit (Yohn), 1 < i <j < n: Uy

nhwypnud htipn k wbkubk], np opohl gnpdwluh pughpp Yupkh £ dbwlbpyl] wjuybu.
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quut] K, Yooqws phy qpudph wjt  hwidppnnbjut  ghlyp, nph  Eplwupnipniinp
wdktwlwpdu E: Phwuplk, wyu jpunph nusdwt hwdwp upkh Ewpwowpl ) hwwnwpldwi
Enwbwlp: Ophuwl, Yupbh E bhpuby 1,..,n ququputphg dbyp, nphg dhon uljuly
opowtigniup b nhunnwpyl] dbwgws ququpttph pninp htwpwynp mbnuthnpjunipniuutpp:
zknbwpwp, ghunwplbnd (n—1)! hwn wwppbpulutp b jmupupwibgniph hwdwnp
wupqbng unwgjuws nbknuihnunipjuip hwdwywnwupwtinud £ hwdhpnnyut ghly) ph
ny, Jupbih b wowbdiwgl) K, Yopdws phy gpudh ponp hwdppunbyul ghlybpp:
Ujunithtwunl, K, Yonyws 1nhy qpudh pninp hwdhjnniywt ghlyjtphg ptnpl] wdkuwjupdn:
Uuwljuyt whwp Lt k), np wygpwtt gnpénnmipinit juwnwpbip, unyuhul n-h tnpp
wpdbpubiph nhypnid gnpstwlwinid wuhtwp bk dkponmid upkup, np opohly gnpdwljuyp
huunnph nusdwt wpynibwdbn tnubwlukph gnnipjut hwupgp hwinhuwind £ ghuljptin

dwpbdwwnhluh nddup b ghrbu sinisqus munhpubphg dkhn:
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Qniju 5

Utujuwju puqunipiniuiitp, gniqujgnidubp, uljnnpukp b Swsynypubkp

§ 5.1. Utjwju puqunipiniuutp b Swdynypubkp

Yhgnip 6 = (V,E)-uqpudtuScV:

Uwhdwtmd 5.1.1: Quubkup, np S-p ququpubph wifwp pugunipinii FG qpudnid,
tptk S-p sh wupnitwlnid hwplhwbh ququptbp:

Uwhdwbtmd 5.1.2: Quukup, np $S-n ququpuyhl SwShnyp F G qpudnid, tpk 6 — S
gpudp sh wwpnibwlnid Ynn:

Uwhdwinid 5.1.3: ¢ gpudnmd wdbuwpown ququptbp wupnibulng wulupe
puquUmpniuubpp yutJuubtp wrwylbjmgny i wilwh pugunipmiabbn:

Uwhdwimd 5.1.4: ¢ gpudnid wdbbwphy ququpubp wupnibwlnn ququpuh
dwdnypubpp yuwublup &yjwqugniji ququpuypl Swidlhnyypabn:

G gpudnid wnwybjugniyyt wtjupu puqunipjutt hqnpnipmniup ywhwltup a(6)-ndy,
hul iuqugniyi ququpwht swslyniyph hqnpmipyniip’ B(6)-ny:

Vs Vs

Ve Vs
Ul.5.1.1
LY. 5.1.1-nuid wuwnlpqus 6 qpudpnid Sy = {v4, v3, v5} puqunipniup hwinhuwind
E tptp hqnpnipjudp wijujn puqunipinit, hull §; = {vy, v4, V6, v7} puqunipiniup’ snpu
hgnpnipjudp ququpuyhtt Swolynyp: Udkht, Jupkh E hwdnqyb), np a(6) =3, huly
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B(6) = 4: Mupqynud £ np guttljugws 6 gpudpnud a(6) b f(6) wwpwdtnpkpp dhdjutg
htwn juuyywsé i hbnbjw) wntsnipjudp.

Ftnptd 5.1.1 (upup): Twdwjulub ¢ = (V, E) gpudnid mtinh niuh a(6) + B(6) =
|V| hwJwuwpnipintup:

Uwwgnyg: Yhgnip So-u 6 gpudnid a(G) hgqnpuipjudp wijwujn puqunipmit b
Lunkup, np wjy nhwypnud 6 gpudh guljugws Ynn Yhg £ VS puqumpjut ququph, b
htwnbwpwp V\Sy-tu hwtinhuwiunid £ ¢ qpudh ququpwyht swsynyp, npintinhg htnbnud E,
np

B(G) < [V\So| = |V| = |So| = |V| — a(G)

Jud

a(G) + p(G) < |V|:

Ujniu Ynnuhg, nhgmp S1-p 6 gpudh B(6) hqnpnipjulp ququpwhl swsyniyp k: T
wwtwlnd k, np 6 — 87 qpudp sh wupnibwlmd Ynn, npnbtnhg htnbnd k, np V\S,
puqunipiniit hpkuhg ubkpluyugund £ ququptbph  wilwp  puqunipmii: Uw
wpwtwynid £, np

a(G) = [V\S1| = [V| = I$4] = [V| = B(&®)
Jud
a(6) + B(6) = |V|:
a(G) + p(6) < V| ha(G) + B(6) = |V]| wuhwjwuwpmpiniuibphg hbnbnud E, np
a(6) + B(6) = |V|: m

Lwuh np punhwtmp nhypnud npdws 6 gpuph hwdwp @(6) b B(6) yupudtinptph
quubint  Juunhpubpp  pwpy  uunhpbkp kb, plwfuwb B oghuwpllp wappbp
qguwhwwnuwljuutbp wyny wwpwdbnptph hwdwp: Uydd dbup Jubpuyugubup a(6)-h
hwdwp hujnth quuhwnwlwuttphg dkyp.

nptd 5.1.2 (QYunn-dhjh): Ywdwjuljut 6 gpubh hwdwp nbnh nith

1
a(G) = —
ol 1+dg(v)
withwjwuwpnipjniup:
Uwwgnyg: Lwju ujunkup, np bpk 6 qpudp 1phy qpud k, wmyw phnpbdp &hown E:

Gupwnnkup, np 6 qpudp 1nhy gpud sk:

105



Tthgnip [V(6)| = n: Uywgnygp juunwpbip dwjuwsdwt tnutwlny pun n-h: Zkown k&
wnbkutk), np plinpbup dhon £ n < 2-h nhypmd: Bupwnpkup, pinpkup £hon L guuljugus
G' gpwdh huwdwp, nph ququpbbph pwbwlp n-hg wikh sk: Hhunwplkip n ququpe
niukgnn G qpudp: Thgnip x € V(G) b dg(x) = 6(6G): Pwuh np G # K,,, ntunmh {x} U
Ng(x) # V(G): Yhnnuplkup 6" = 6 — x — Ng(x) qpudp: Cunn dwljusdwt Eupunpnipjul,
G' gpuwdh huwdwp nknh nth a(6') = Zvev(a’)m wihwjwuwpnipinip: Tthgnip $'-p

wnwybjugnyt witjwj puqunipnitt £ 6 gpubnid: Mupg k np § = {x} U §'-p wuju
puqumpmntt 6 gqpudnmid: @inpbdh wywgnygp wduwpunbnt hwdwp puduljut k gnyg
], np

1 1
Z Trd,) Z T+dow b

veV(G) veV(G')

Ul 5.1.2

Q-ny wywtwltup ¢ qpudh wyb ququpubph pwuqunipniup, npnup hwplhwb Eu
N¢(x)-h npuk ququpht 6 gpudnid (uly. 5.1.2): Uiy phypnid 6" gpudh hwdwp nbtnh niup

htwnlyup.

1 1 1 1
Lveq 1+dg(v) < Yo 1+d g (v) b Yoerene 1+dg(v) Lver(\e 1+dg (v)’

Ujunntinhg htwnlinud k, np phnpbdt wywugniglint hwdwp dunwd £ gnyg g, np

1 1
ot ) <
1+de® | 4, T+de)

Lwuh np x ququpp punpk] Gup wybybu, np dg(x) = 6(6), ntunh guujugus
v € Ng(x)-h hwdwp mbinh niuh dg(x) < dg(v) wthwjwuwpnipniup: Zknbwpwp,
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1 1 1 dg(x)
1+dg (x) + Lveng () 1+dg(v) = 1+dg(x) | 1+dg(x)

§ 5. 2. 2niquignidubp Epynydwh qpupubpnid i min-max phnpbdubp

TYhgnip 6 = (V,E)-uqpudb Lt u M C E:

Uwhdwbtmd 5.2.1: Ywuklp, np M-p fnpkph whlwp puqunipinil G qpudnid, bpk
M-p sh wupnibwlnid hwplwb Ynnbp:

Unnkph wijwh puqunmipuit pugnibdus Et wijwl) gniquignid: Yhgnip M-p G
qpudh qniquygnid k:

Uwhdwtmd 5.2.2: Quubup, np M qniqulignudp hwninuyhl £ bpk 6 qpuadpnid
gnynipjnil snith wytyhuh e € M Ynn, np M U {e}-u 1huh qniquljgnid:

Uwhdwbtnd 5.2.3: Guuklp, np M qniqulignidp wrwi/kjugnyial F bpk hqnpnipjudp
tpwthg Uk qniquljgnid 6 gpudnid sfu:

G gqpudnid wnwybjugnyt gniquligdutt hgnpmipniip Juowbwlkp a'(G)-ny:

v

Lunnklip, np guljugud 6 qpudnid a'(6) < =

Uwhdwtnd 5.2.4: Guwuklp, np M qniquilignidp Juwwnwpuy £ Epb wyt wupnibwlnid

Vi
5 Unn:

|5

Ljwwnklup, np qpudh Juuwpu) gqniqulgnidp hwbnhuwind b wpwdbjugnyu
qniquljgnid: Uokup, np hwljwunwlp ghown sk, pwuh np qpudp Jupnn b syupnitwlly
Juunwpu) gqniquljgnid (ophtwl, Enwlnitp), dhtyptin wnwybjugnyu gniquljgnid
gnynipjnit nith dhown:

Uwhdwbinmd 5.2.5: Quubkup, np 6 qpudbh M qniquljgnudp hwqbginid kv ququpp,
Ept M qniquljgnidp wupnibwlnd £ v ququpht hg Ynn:

Ljwwnklp, np guijugus M qniquljgnid hwgkgunid £ 2|M| ququyp, b, htnnbwpwnp,
wjt sh hwgkgunwd [V| — 2|M| ququpe: Uyt hl, ujuwnkup, np qniquljgnidp hwiinghuwunid £
Juwnwpu] qniqujgnid wytt b dhuytt wyt nhwypnud, Gpp wyt hwgbkgunud £ qpudh pnjnp
ququplbkpp:

“Yhunwplkup pipyuwé vwhdwiunidubpp uwpqupwinn ophtiwl:
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Ug Us
Ul. 5.2.1

L. 5.2.1-nid wunlbpquws ¢ qpudnid Ynntph M = {uus, uyug} puqunipjniup
hwunhuwinud L gniquignud: M-p hwghgumid b uy,us,u,;,ug ququpubkpp, b sh
hwqgbgunid® uy, uy, us, ug ququptbppn: Ljwwnbkup, np uyb sh hwinhuwinid thwlninuyh
qniqujgnid, pmth np M-ht Jupbh £ wdbugul] usue Ynnp b wvnwbw) wybh dks
qniquljgnid:  Ugbkiht, ujwuwnbup, np M' = {upuz, usug, usug} qniquignidt  wpphkl
hwinhuwtinud £ ¢ gqpudh thwlininuyhtt gniqulgnid, puyg wytt sh  hwunhuwtnid
wnwybjugnyt gqniquljgnid, pwtth np 6 qpudnmd Ynnkph {uquy, uzu,, usug, usug}
puquUnipniip hwinhuwind £ wydbjh dbs gniquijgnid: Ljwwnkup, np JEpghtiu wpnku
hwinhuwtnud £ wnwybjugnyt qniquljgnid, pwh np wyt twb juwnwpju) gniquyjgnid k:

“thgnip M-p qniquljgnid k, hull P-u npuk Swbwwwph k6 gqpudnud:

Uwhdwimd 5.2.6: Ywuklp, np P dwbwwywphp hwinhuwtmd bt M-Akppunhniu
dwhwywph, tpt P Swbwwwphh Ynnbpp hbEppwlwiunpbt wwunlwind Gu b sku
wuwnjuund M-ht:

Uwhdwtmd 5.2.7: Yuwuklp, np M-hkppwihniu P fwbwwywphp M-wi/bjmging £ bph
wjt Uhwgtnwd E Epynt ququip, npnup hwglgué sk M-ny:

Upyhtt nhuwpykp uly. 5.2.1-nd wuwulbpquws 6 qpudbh M = {u,us, uyug}
qniqujgnidp: Loklp, np uy, Uy, us, ug, u; Swbwyuphp hwtnhuwinid £ M-hEppwithnju
Swbwuwwph, npp sh hwinhuwtnud M-wbjugunn dwbtwywnph: Uniu Ynndhg, tokup, np
Uy, Uy, U3, Ug, Uy, Ug Swbwyyuphp hwinhuwunid £ M-wbjugunn dwbtwwwph: Udthu, M-
wybkjugunng Swuwywphh ophtiw L twh us, ug Uk Epupnipjudp Smtwwywphp:

M-wybjugunn dwbwwywphtbph tywbwlnippiup b phpp Gphnwd o hbEnbjug
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ptnpbkuh pu:

nptkd 5.2.1 (Fkpd): Npuybtugqh M qniquljgnidp (huh wpwybjugny, wthpudbon L h
pujwpuyp, np & gpudp syyupnibwlh M-wybjugunn Swtwwywnph:

Uwwgnyg: Luiju Eupwunpkup, np M qniquljgnidp wpwybkjugnyt k: 8nyg mwtip, np &
gpudnid gnynipnih sniukt M-wybjugunn Swbwwyuphubn:

Gupunpbp hwlwnwlp. nhgnip 6 gqpudp wupmbwlnd b M-wdbjugunn P
utwywunphp: Yhinwpybup 6 gqpudbh Ynnph M’ Lipwpwqunipniup, npp uvinwugynud k M-
hg htnlyuy hpuy.

M’ = (M\E(P)) U (E(P)\M):

ULwwnkup, pwith np M-wybkjugunn P fwuwwyuwphh suwypuljbntpp hwgbgusé sk M-
ny, M'-p jhwighuwtw gqniquljgnid: Ugkjht, tuunbkip, np |M'| = |M|+1 > [M|, hlsp
huwljwunid £ M gqniquljgdutt wpwybjugnyjup jhubnit: Zknmbwpwp, 6 gpudnid st M-
wybkjugunng Swuwywphubp:

Zhdw Eupunpkip, np ¢ gpudnid st M-wdkjugunn Smtwywphutp: 8niyg nnwup,
np M gqniquijgnidp wnwiykjugnuyt E:

Gupwunpkup hwjuwnwlp. nhgnip M qniqujgnidp wnwybjugnyup sk: Uw tpwtwlnid
L np G gpudnid gnjnipinit nith wytyhuh M' qniquyygnid, np |[M'| > |M|: Yhnwpytup G
gpwdh H Lupwgpudp, npntny V(H) =V(6) W E(H) = (M\M') U (M'"\M): Ujuunkup, np H
tupugqpudnid A(H) <2, b, htwnbwpwp, tpu juwwlgudnipjut jnipupwbynip
pununphy hpkuhg tbpluyuginud £ dwbwuywph jund ghly): Lwuh np ghyih nypnud bpu
Ynntpp dbnudby uinuwunid B M-ht b M'-ht, wyw ghlih Epupnipiniup Yihvh gnyg:

Lwith np |M'|>|M|, gqnmpmnit §nitktw H Gupugpudh juyuwlgusnipiut
pununphs, nponud M'-h Ynntpp wbih pwwn &, puwt M-h Ynnbpp: Ljwunbkbp, np uw
httwpunjnp £ dhuye wyb ghypnud, tpp juywlgjusnipjut wyy pununphst hpkhg
ubpuyugunud £ Yun tpjupnipjudp fwtwyunph, nph woweht b Yipoht Ynntpp M'-hg
ki Ljwwnkip, np juyuygjusnpiub wnwhuh punugphsp ihuh M-wfbjuging
Swbwwuwph, npt E Jhwlwuh dbp Bupwunpnipjuip: ZEnbwpwup, M gqniquljgnudp
wnpwybjugniyu k: =

Zhotup, np § 1.2-nud G = (V, E) qpudh ququpubtph § € V Lupwpuqunipjut hwdwp
uwhdwubkghtp Ng(S) puqunipjniup npytu

N¢(S) = {u € V\S: gynipoynils nthv € S, npuv € E}:
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ULjwwnklup, np Gpk 6 qpudlt bpyynnuwitth E V=V,UV, tpw ququpubkph
puquUnipjutt  hwdwwywwnwupmtt npnhndt £ b S EV,, myu Ng(S) €V,: Uunnpl
Jabwltpytup b juywgnigtup Znh phnpbdp:

tnptd 5.2.2 (Znp): Ythgnip 6 = (V,E) qpudu bEpyynndwuh L b V=V, UV,
ququpubph puqumput  hwdwywunwuppwt  wpnhndt B Opyblugh 6 qpudp
wuwpnibwlh M gqniqulgnid, npp hwglgund £ V; pwqunipiniup, wuhpwudton E L
pujwpup, np gubjugus § € V; hwdwnp [Ng(S)| = |S]:

Uwuwgnyg: Lwiju ujwwnkiup, np tpk ¢ gpudnid gnnipinit niuh V; puqunipniup
hwqgtgunn M qniquljgnid, myw wyn qniquljgnudp gujugus § € V; Eupwpuqunipju
ququplbtpp jupnuyunljtph Vp tupwpuqunipiub ppuphg nwppbp ququpltph,
htnlwpwp [Ng(S)| = |S]:

Zujupwlt wmywgnighint hwdwp tjuwnblp, pwuh np 6 Epyynndwh gpudnid
gutjugus gniquignid wupnibwlnud £ ny wybjh, pwt |V4] Ynn, wyu wunnidu
wywgnighint hwdwp pujwlui k gnyg wnw), np ¢ qgpudh judwjuljut wnwybjugniju
qniqujgnidp huglgunud £ V4 puqunipjub pnjinp ququpbbpp:

Cupunpbp hwlwnwlp. wjuhtipt Eupwunpbtp, np 6 Gphynnuwth qpudnid
guuugws § €V, hwdwp [Ng(S)| = |S]|, puyg tpu M wnwybkjugny qniquljgnudp sh
hwgkgunid V; puqunipjutl pnjnp ququpubpp: Ujn nhypnid gnynipinit §niubuw u € V4
ququp, npp hwgkgws sk M qniquljgniuny:

Lowbwjkup S-ny U T-ny G qpudh ququpubph wjt Eupwpwqunipniutbpp,
huwdwwwwnwupiwbwpwp, V1-hg b V,-hg, npnip hwuwukjh Et u ququphg M-htppwthnju
Swiuwywphny: ‘Ljwwnkup, npu € S:

8nyg wnwlp, np M gniquijgnidp hwunwwnnd E thnpjudhwupdtip wpunwwwwnljbpnud
S\{u} u T puqunipniuutph ququputph dholi: Ppnp, u ququphg ujuynn M-hkppwithnju
Swhwywphbpp hwubnd o V, M gniquljgdwbp syyuwunlwing Yoo, hul vV, M
qniquijgdwin yuwwnfwunn Ynnny: Zbknbwpwp, S\{u} puqunipjut guujugus ququp
hwuwtbjh £ T puquUnipjutt ququphg M qniquijgdwtt §nnny: Lwtth np M gniquljgnidp
wnwybjugnyu kp, wmyw hwdwdwj phnptd 5.2.1-h, ¢ qpudnid gnnipnit sniuk M-
wybkjugunny Smuwyuphubp, b, hknbwpwp, T puqunipjut gutjugus ququp huglgus |
M gniquljgniuny, npintinhg htnnbnwd k, np Gpk M-htppwihnpu Smbtwwywuphp # ququphg

hwuky £t y€T ququp, www y-hut Yhg M gmquigdwtt UYnnp btpulb
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Jhuwdwywwnwupmtguh S\{u} pwqunipjutt ququph: Uudwshg htunbmd E, np M
qniqujgnidp - hwunwunnmd £ tinpudhwupdbp wpnwwwwnlbpmd  S\{u} U T
puqumpniiubph ququputph dhol, npp, dwubtwynpuwbu, tpwbwlnd E, np |T| =
IS\ {u}l:

Ujniu Ynnuhg, pwmth np M gniquignudp wpnuwwywunlbipnd £ T puqunipjub
ququpubpp S\{u} puqunipjutt ququpubpht, wmyw T € Ng(S): 8nyg wmwup, np T =
Ng(S): bpnp, bpt qnnipinit niuktwp y € Ng($)\T ququp, wyuw wjt hwglgusé skp 1huh
M gniquijgdwtt Ynnny, b wytt junwewgubp u ququphg uljhqp wntunny M-htppwithnju
Swuwwywph nhyh y ququp, htsp jhwujwubp y € T wuwydwuhb: Zknmbwpwp, T = Ng(S):
Upr}]mhpnu[‘

IN(S)| = IT| = [S\{u}| = |S| =1 <|S]
hsp hwjwunid E phinpidh quwypdwtubpht: =

Thgnip wpduws E S ={sy, 8, ...,5,) pwqUumpmiip U wyny pwuquUnipjubl
Lupwpwqunipmniutph § = {Fq, F, ..., Fp} punutthpp:

Uwhdwbmd 5.2.8: § pwqunipjut wwppbkph (s;,, Siy, - 8i,) M-julp Jubjubkup
wnuwppkp Gkplhuyugnighstbph hudwiupg § piinwthph hwdwp, tpt s;, € Fq, 53, € Fy, ...,
Si, € Fp Us;, # 5;, tppp # q:

Uwnnpl jadbwtpykip b juywgnighup wnwpptp ubpluyugnighsubph hwdwlwupgh
gnynipjul withpwdtown b pudwpup wuydwbnp:

Ehnpkd 5.2.3 (Zny)): Nputugh § = {s4, 52, ..., Sy} puquUnipjut Lupwpuqunipniubph
& ={Fy,F,, .., Fp} punwihptt niuktw wwppbip  ubkpiuywgnighsubph  hwdwlwpg,
wlhpwdbpwn E b pwjwpup, np § pnnwbthphtt yuwnwing gutujwugws k Fj , Fj,, ..., Fj,
puquUnipjniitiph hwdwp nknh nittbtw

|Fj, UFj, U..UF; | =k
wuwydwbp, npntn 1 <k <m:

Uwwgnyyg: ULwju uluwwnbklp, np phopbdh  wibpwdbnnipmiit withwyun L
Pudupupnipmnitt wyugnigknt hwdwp phuwwpytup § = {Fq, Fs, ..., Fp} puunwthph
§ 1.5-nud uvwhdwujws Ygnipjub G(S, §F) gpudp: Ljwwnkup, np wjt Lpyynndwih k, wdk ht,
wjt pwduwpupmd k phopbd 5.2.2-h wwypdwbbbphtc Zudwdwjt wyy pioptdh, 6(S, &)
gpudnmid gnnipinit Yniubbw F-p hwgkguinng qniquljgnid, nphtt jhuwdwwywwnwupimh §

punwthph mwppbp ubpuyugnighsttph hwdwlwpg: =
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Thunwpltup Uy ophtwl: Yhgnip S ={sy,5;,53, 85,3 U §={Fy, F3 F3}, npukly

Fi ={53,53}, F; = {51,53,84} WF3 = {s3,8,}:

Fl
s
2

F2
S5 -
S, 3

LY. 5.2.2

LY. 5.2.2-mud wunipdws £ §F punnwthph Ygnipjui G(S, §F) qpudpn: Lhwwnkup, np
wylt wupnibwlnud £ F-p hwgkgunn tpyne gniquiignud: Ukyp M = {s,F4, s1F,, s3F3}, hul
Ujniup M' = {s,F1,5,F3, s,F3}: M-hu hwdwywunwuppwind £ wwwppbkp
ubpYuyugmghstbph (s2,51,53) hudwlwpgp, huy M'-hu (s, 51, 54) hudwlupgp:

Ptnptd 5.2.4 (dpnpkuhniu): Swuugws tphynnuuth r-hwdwubn qpud (r € N)
wupnitbwlnud £ junupu) gniqujgnid:

Uwwgnyg: thgnip 6-u tphynnuwih r-hwdwubkn qpud £, r €N, b nhgnip V=V, U
V, upw ququpltph puqunipjut hwdwywinwuppwt tipnhnud E: Vjuwwnbkup, np 6 gpudh
Ynnbtph pwtwlp hwjwuwp k r|V4|: Unwu §nnuhg, wyt hwdwuwnp k r|V,|, b pwbh np r >
1, wmyu |V4]| = |V;|: Ujuinknhg hbnlnud £, np pinpbdt wyugnigbint hwdwp puduljui k
gnijg mmw], np G-u wwupnibwlnud V4 puqunipiniup hwgkgunn qniquljgnid:

Thunwuplytup guujugus § € V4 Ljuwnbklup, np S-hg nnipu tlynn Ynnbkph pwbwlp
hwjwuwnp L r|S]: Umniwu Ynndhg, S-hg nnipu Einn guwuljugws Ynn hwphwb E Ng(S)
puquUnipjub ququph, htwnbwpwp wnuhuh §ogtph pubwlp sh gipuquiignd r{Ng(S)|-p:
Ujuntnhg htininwd &, np [Ng(S)| = |S|, pwih np r = 1: Zwpyh wntbny, np $-p ptnpjus
tp judwyjuybu, ptnpbd 5.2.2-hg junnwbwp, np G-t wupnibwlynud £ V; pwqunipiniup
hwqkgunn qniquljgniu: =

Uwnpl jadbwlbpybip b juwwgnighp bplp phnpbd, npnip wwwnlwinmd Eu
wjuybu Ynsywd dpbvwpu phopkdakph ouppht: Uoktp, np phnpbdt widuinud Eu
Upbdwipu, tpk wjt wugnud k, np hus-np dh yuwpwdbnph dwpuhunid htwpwynp wipdtpp
hwdwuwnp k kY wy wuwpwdbnph dhuhdnid htwpwynp wpdtpht:

Ljwunkip, np guijugws ¢ gpudmd B(6) = a'(6): Uw httnmtinid £ wytt pwthg, np
a'(G) hwun wiwju Ynn wupnibwyng qniquljgdwi pipupwisnip Ynn swslknt hwdwp

wlhpwdton E wntjuqt Ukl ququp: Unnpl juwywugnightp £inthq-Eqipjuph pioptdp,
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nnt wnwownlnud k Jtpp tyqus wupwdbnpbiph hwjuwuwpnipjut pudupup guydwe

Ptnptd 5.2.5 (£ynuhg-Eqbhpjuph): Swujugws bEpyynndwih ¢ qpudnd B(6) =
a'(G):

Uwuwgnyg: Lwih np guijuguws 6 gqpudnd B(6) = a'(6), wyw yugnidl
wywgnighint hwdwp pujuljui k gnyg nnwy, np bpk U-u B(6) hqnpnipjudp qugupuyht
dwdlnyp L ¢ tphynndwth gpudnid, wyw tpuwtnd gnynipinit nith B(6) hqnpnipjudp
qniqujgnid:

thgnip V=V,UV, G Ephynnuwih qpudh ququpubph  puqunipjubl
hudwwywwnwupiwtt tipnhnwd £, b U-u B(6G) hgnpnipjudp ququpuyhtt swsynyp L:
Lowbulykip’

R=UNV,UT=UNV,,
b nhgnip H = G[RU (V,\T )], H' = G[T U (V41\R)]: Ljwuunkup, np H-p b H'-p kphynndwih
gpudukp Lu:

8nyg wwlp, np H-p wupnibwymd E R-p hwgkgunn gniqulgnud, b H'-p
wupnibwlnmd £ T- hwgkginng gqniquljgnid: ‘Ljuwwnbup, np Gpk wju Eplnt wungnid
wywugnigklp, wyw, pwth np H b H' gpudutph Ynntph puqunipnibttpp sk hwndnud,
www wyn qniquljgnidutiph hwynpnudp jhwinhuwbtw 6 Epyynndwuh qpudbh |R| + |T| =
|U| = B(G) hqnpnipjudp gniquijgnid, hyp juwgugnigh ptnpbdp:

Lwitth np R U T-u ququpuyht swsnyp L, wyw 6 gpudpnid sjw Ynn, npp dhwgunid
E V,\T puqunipjut ququpp V1 \R puqunipjut ququpht: Yhunnwplkup guijugus S € R
b Ny(S) € V,\T puqumipniuubpp: Gpt [Ng(S)| < |S], wmyw U ququpuyhtt Swsynyph dke
S-p thnjuwphubim] Ny ($)-ny, dkp junwbwip |U| = B(6)-hg wtih thnpp hqnpmpjudp
ququpuhlt swslnyp ¢ gpudnid (Ny(S)-n sSwsynid k S-hg nnipu Llnn pnjnp wybt Ynnkpp,
npnup sSwslyws skt T-ny), husp Yhwlwuh U-h ptnpmpjubp: Zknbwpwp, guatuljugus
S © R hwdwp |[Ng(S)| = |S|, npnntnhg, hwdwdwju ptnpbd 5.2.2-h, junwbwup, np H-n
wupnibwlnd E R-p hwgkgunn qniqujgnid: Zwudwidwt guinnnmpnititbpny jupbih b
wuwgnighy, np H'-p wupnibwlnud k T-t hwgkgunn qniqujgnid: =

Uuywgnigwé phnpbdt niuh dkly hbnwppphp dbjuwpwinipini: Fhgnip A-t m X n
Yupgh dwwnphg k nph wwpptpp qpo jud dkl Bo: Uppughup dwinphgnud pupp wubing
Jhwujuwbwtp gwujugws wnnn Jud ynit, b 4 dwnphgnd Epine bl Jhwdwpbup

whljwfi, tphk tpwbp quiynid o wwppbp wninpbpnd b wwppbp yniubpnud sk
113



wwnuinul dhbingl pwpppt): P(A)-n] bpwbwlbup wjuqugnyu pny pwppbph
puwtwlp A dwnphgnud, npnbip pingpynud ki A-h popnp dkykpp, bt $(A)-ny bowbwlkip
wnukjugniyi pynd waljupu dkhtph pubwyp: Mwupg & np ¥(4) < (4):

npkd 5.2.6: 2pnubkphg b Ukhiphg Juquyws guuljugus A dwnphgnid wknh nith
¥(4) = P(A) huuuwpnipintip:

Uwugnyg: thgnip A-u qpnubphg b dtytphg juqujws gutjugus m X n jupgh
dwwnphg E Thunwpykp 6 gpwdp, nph ququpbbph  puqUmpmbt -k
V ={by, ..., by, €1, ..., € }-p, hull Ynnkpp unwgdnud Lt htnlbyjwy Yhpy. b;c; € E(6) wyu b
dvhwjut wytt npypnud, Epp 4 dwnphgmd i-pgy winph b j-py ywt hwndwt Jubnulnid
qpyud k Ukl

Ljwwnbup, np 6 gpudp tphynnuwih £ Udkpht, A dwinphgh gubljugus piyny
whfwju dEykph hudwywnwuwind b any hqgnpmppudp gniqujgmd 6 gpudnid b
hwjwowlp, htnbwpup ¥(4) = '(6): by Jipguybu, 4 dwnphgh gubfugus pyny
2uppbph, npnup pungpymu &b dwnphgh popnp ditpp, hodwygunwujowind £ 6 gpudh
tnyb hqnpmipyunlp ququpwht swdynyp b hwiwowyp, hknbwpwp $(4) = B(6): 2uydh
wnlkjn] pnptu 5.2.5-p, junwiwip’

¥(4) =a'(6) =B(G) =y(A): =

Yhunwplkip Yhpeht kplynt phnpbulkpp wupqupwbng ophtwly: Thgnip'

101 0 0
0 0 0 11
0 01 01
01010
[tnpkd 5.2.6-h wmyugnygnid 4 dwinphghtt hwdwwywnwupwttgynn Epiynndwih 6

A=

gpudp yuwnljkpyuws £ unnpl.
b, ¢y
b, )
b, =
b, Cq
Cs
L. 5.2.3

Ljwwnbkup, np A dwwnphgnid Jwt snpu wbwju JdEY. aqq, az4, asz, a4z, npntg
hudwywunwupwiund £ ¢ gqpudh {bycq, bycy, bzcz, byc,} qniqulignidp: Zknwugubny A
dwwnphgh pnnp wnnbpp, dbup Unsuswmgubup tpw pnpnp dbytpp: Uju owpplphl
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Jhwdwywwnwupwmth 6 qpubh {by, by, b3, by} ququpuihtt dwélnypp: Ljwwnbkup, np
pipJws ophtuwlnid
Y(A) = a'(6) = B(6) =P(A) = 4

“thgnip P-u guujugwus Jtipowynp pwqunipinit L, b a-u bpw Jpu wpdws phtiwp
hwpwpbpnipnit b Zhotup, np a-tt wbuduund tu Juwpgh hwpwpkpnippnia mpdus P
puquUmpjut ypw, bpk wjtt ppdupupnud £ hbknbyw) Gpip wuwydwbubpht.

1. gwuljugws x € P hwdwp xax;
2. gutjuguws x,y € P hwdwnp kpk xay b yax, mygu x = y;
3. guwuugws x,y,z € P hwdwp pt xay b yaz, wyu xaz:

Yupgh hwpwpbkpnipniip unynpwpwp tpwbwlnd i < uhddnnd, hull wyb
puquUnipjniup, nph ypw mpws E jupgh hwpwpbpnipiniup, wtuwunwd Gu Jupgui/npyud
puqunipinil: Gph x <y L x # y, wyw unynpwpwp gpoud ku x < y: Zhokup twl, np x € P
nwppb mjuwinud tu dhdpduy (dupupduy), bpt P-nid gnynipinit snith y mmwupp wyuybu,
nny < x (x <y): Yddup sk hwdnqyk), np guijugws Jeppwynnp puqunipjut ypu npdus
Jupgh hwpwpbpnipjutt tjuundwdp dhonn gonipnit mtbkt dhuhdwy; b dwpuhduyg
wnwppkp:

(P, <) upquynpyws puqunmipjui x b y nwppbpb wadwinud bb hAwdbduwinkp, tph
x<y jud y<x (hwuwnwl ntuypnid wn wnwppbpp Ywidwubktp wihwdbdunkh):
dbpowynp (P, <) Jupquiynpjws pwuqunipjutt hwdwp ®(P)-ny wowbwlbtp P-nud
wnwykjugnyt pyny qnyq wne qniyq wthwdbkdwwnbjh mupptph puwbwyp:

CunpmiiJwé £ wubk), np P pwqunipjutt hpuphg wnwppbp x4, x5, ..., X, mwuppbpp
Jwqunmd &b pppw, Gph x1 < x3, X3 < X3,..., X1 < X @(P)-ny tpwbwlkup YEpowynp
(P,<) Jupquynpjus pwuqunipjutt tjuqugnyt pyny shwwnynn onpwibkph pwbwyp,
npnip wwpnibwlnd Bu P pwqunipjutt pnnp wwmwppbpp: Unnpb jadbwlbpybup b
juwywgnmigkup Thiynpph ptopbdp, npp wignud E, np dbipp vwhdwbdws  Gplyno
wupwubnpbiptt hpwjuwind hwjuwuwp Eu guujugus Jipowdnp (P, <) jupquynpdus
puqunipjut hwdwnp:

Pnptd 5.2.7 (Yhynpp): Swuljugws Jtippwynp (P, <) Jupquynpjus puqunipjui
hwdwp mtnh muh ®(P) = @ (P) hwjuwuwpnipjniup:

Uwuwgnyg: Lwp tjuwnblp, pwth np P puqunipjut gwulugwsd osnpujh Jpu

guujugws Epynt  wwpp  hwdbdwwnbh  Bu, wygu @(P) < @(P): Zwuljunul
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wihwjwuwpnipniip gnyg wnmwnt hwdwp Gupwnpbip, np ®(P) =n, b dwjuddwub
Enwuwlind pun P pwqunipjub tnwppbiph pwbwlh gnyg wwup, np P-u httwpwynp k
wnnpnht) n shwwnynn onpwtkph:

Ljwwnklup, np wugnudt wlthwywn k, Gpp |P| = 1: Gupwnpkup, np tpdws wunnudp
&hown £ pninp wjtt jupquynpjws Q@ puqunipjnitiubph hwdwp, npnup pujuwpupnd B
|Q] < |P| wuydwthl, b nphnwplkup P jupquynpus puqunipiniip:

Lutiwpytup tpynt nbuyp:

“huyp 1: P puqunipjul Uk gqnynipinit nith n hwwn qnyq wn qnijq wthwdbdwwnbjh
wnwppbp yupnitwlnng wjuyhuh U puqumipntl, npp sh tkpunnd P puqunipjut pnjnp
dwpuhdw) mwuppbpp, b ns k| P puqunipjut pnjnp Uhthdw) mmwuppbpp:

Thunwpykup P* U P~ puquUnipjniiubtpl, npnip vwhdwiynud G hbnlyjwy Yhpy.
P*=(pePu<pplsopup ucU - pg,
P-={peP:p<uplisnpup uelU- hgh

Zupyh wnubkiny U puqunipjub punpnipiniup, juinubwip

P*#P, PP#PuP=P"UP,U=P'NnP:

Zudwduyt dwjwsdwt Eupwunpnipjut, P* U P~ puqunipnibibphg jnipupwisinipp
httwpwynp E wpnht] n shwwnynn onpwubph: Unutdbing wyn onputtpp U puqunipjutp
wuwwnluwiunn wnwppbpnud, dEup Junwbwip P pwqunipjull tipnhnid n o shwwnynn
onputikph:

Qhwyp 2: P puqunipjutt kg gutjugws n hwwn qniyg wn qniyq wthwdbdwwnbih
wnwppbhp wupmitwlnn U puqumpmnitt tbpupnmid £ P puwqunipjutt pojnp dwpuhduy
wnwppbpp jud P puqunipjub pnjinp dhthdw) wwuppbpp:

Zknlwpwp, P puqunipjut ke gnnipinit niukt ny wykih, put tplnt n hwwn qnygq
wn qniq withwdbdwwnbh nupptp qupnibwlnn puqunipinil, npnughg dklp jukpunh P
puqunipjutt pnjnp dwpuhdw) wnwppbpp, hull dniup P pwqunipjutt pnnp dhuhdwy
wnwppbpp: Thuwplbup P puqunipjut guujugws a dhthdwy b b dwpuhdwy wnwpptp,
npnup pujupupnid o a < b: Zwdwduwg  dwlwddwt  Eupwnpnipjut, P\{a, b}
puquUnipjniip htwpwynp £ wpnhl] n—-1 shwwdnn onpubbph: Uy onpuubkpht
wykjugukiny a < b onpul, junwbwup P puqunipju npntkjh npnhnudp n onpwubkph: =
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§ 5. 3. Qniqulignidutip qpudutpnid b Swwnwnh phnpkdp

G qpudh hwdwp o(6)-ny ywbwljkup G-h juwywlgusdnipjut wjt pununphsubph
pwbwlp, npnip wupnitwlynud tu Ykt pynd ququpubp: Uwnnpl jabwlbpybup b
Juywgnighup Swwwnh  phopbdp, npp Uuwpugpnd £ juunwpu)  gniquljgnid
wuwpnibwlnng qpubtbpp: Zhokgukup, np qniqulgnidp Ynsynid E juwwpuy, tpk wjb
hwqlgunid £ gqpudbh pnjnp ququptbpn:

Ptnptd 5.3.1 (Swunwn): Nlpybugh 6 qpudp wupnitwlhh fuwnwpu) qniquljgnud,
whpwdtyown £ b pudupup, np guujugws § € V(6) hwudwp mbnh niuktw o(6 - S) < ||
wuydwbp:

Uwuwgnyg: Lwju Gupwnpktp, np 6 qpudp wwpnibwlnd £ M juwnwpug
qniqujgnidp: Thunwplbip guujugws § € V(6): thgnip o(G — S) = t, b Gupwnpkup, np
Gy,..,G;-1 G—S qpudh Juuyulguédnipjutt uwylt  pwnunphsubptt  Bu, npnup
wupnibwlnmd ko JEun pYny ququpitp: Ljwnbkup, np puth np i =1, ...,t hudwp G;
gpudh ququputph puwtwlp YEun E, wmygu M N E(G;) qniquljgnidp sh Jupnn hwglguby
G; qpudh pnnp ququpubpp, hbnbwpwp 6;-nid gnymipnit nith gnuk dkYy ququp, npp
hwglgunn U M Jjuwwnwpu] qniquljgdwiip ywuwwnlwing Ynnp Yhg £ S-ht qquunljuuny
ququph: Luth np M-p qniquljgnid E, myw  S-htt quwwnljwunyg Jepnhhojwy ququptpp
wnwppkp kb Gy, ..., G;-h hwdwp: Zknbwpwp, $-p wuwpnibwlnd E wetijuqb ¢ ququp, npp
wtwlnd E, npo(G —5) =t < |S|:

Pujupupnipniit wywugnigkint hwdwp gnyg wwbp, np pnnp 6 gpudubpnid,
npnugnid guuljugws § € V(6) hwdwp nmtnh niuh o(6 — S) < |S| wthwjwuwpnipniip,
vhown gnynipjnil niuh juwnwpjuy gniquljgnid:

Bupwnpbup hwljunwlp, nhgnip gnnipnit niubkt hwlwophttwyjutp, b nhgnip G-u
upwighg Ukl k: dEpgukup § = @: Ljwwnkup, np

o(G)=0(G—-S5)<|S|=10|=0,
npp tpwbwynud £ np 6 gpudh juywlgjusmpjul pnpnp pununphstbph ququptbph
pwuwlutpp qnuyq pyYtp L, npunbtnhg, dwubwynpuwbu, htwnbnwd E, np ¢ qpudh
ququplbtph puwtwlp bu qnygq b
Ljwunkup, np Eptk u-u b v-u ¢ gpudnid judwyuljut tpynt ny hwphwt ququpttp
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Ei, wyu guwuugws S EV(G) huwdwp o(G+uv—S)<o0(6G-S5)<|S|: Ujunktnhg
htnbnud E, np 6 hwlwophtwlhtt wdbkjugutiny Ynnkp dktp Jwpnn Gup uvnwbug
wuyugmgynn phnptuh dwpuhdug hwlwophtiuly, wjuhiph wjiyhuh hwlwophtwly, npp
pujupupnud k£ o(G — ) < |§| wuydwtht guijugus § € V(6) hwdwp, npnud gnynipnil
sntith Juuwpu) qniqulignid, puyg gutjugusd unp Ynnh wybjugnidhg uwnwgynn
qpudnid wpnku gnynipinit nith juwnwpyuy qniqujgnid:

Uwnnpl juwywgnigkup, np gnynipnit sniukt phnpbdh dwpuhdw) hwjwophtiwlubp:
Lwtih np guujugws hwjuophtimljhg Yunptkih £ unnwtw) dwpuhdw hwjwonhtwly, wmuw
wju wugnidhg Junwgyh, np gonippnit sniubkt twlb hwlwophtwljutp, b, htwnbwpwp,
phnptiuh wunnudp &hpwn k:

“thgnip G-u dwpuhdw] hmjwonphtwy t: U-ny tpwbtwljtup ¢ qpudbh wjt ququpubkph
puqunipniup, npnip hwpbwbt ko dbwgwsd pnjnp ququptbpht: Zwwnnly bpkup, np U-u
Jupnn E jhul] gwuwpl: 8nyg wwbp, np huwpuwynp sk, np 6 —-U qpudh
Juywlgqudmpjul pnjnp punwunphyutpp (hubkt phy gpudubp:

Ppnp, tpt 6 — U gqpudh poinp juywlgjusmpjut pununphsubpp iphy gpudubp
ki, wyuw, pwth np o(G6 —U) < |U], wyu dkup G gqpudnd Jlwnnighup Juwwpjuyg
qniqujgnid hknlyu) tnputwyny (uly. 5.3.1).

1. G = U gqpwdh pnnp qnijq pyyny ququpltp wwpniwyng juyulgjusnipyu
pununphstubpnid yipgutup uwnwpjuy qgniquljgnid,

2. G — U qpudp pninp YEun pyny ququpltp wupnibwlnn juywlgdusdnipjub
pununphsubpnid JEpgubp dwpuhunid gqniquljgnid, uljunkup, np wyt sh
hwqgbgunmd ghown Ukl ququp, wn kY ququpp Jtipgutup U puqunipjut
ququpltphg Ukjh htwn npybtu Junnigdbihp juunwpu) qniquljgdwtn Yng,
puith np o(G — U) < |U|, wmyw U puqunipjut ququpttpp dkup dhown jupng
tup punpby hpwphg nwpptp,

3. b Jkpouytiu U pwqunipjut dbwmgws |U| —o(6G — U) ququplbpp kpgubiup
qnugbpny Judwjwybu twuwnbup, pwih np ¢ qpudh ququputph pwtwlp
qnuq k, wyuw |U| — o(G — U) phyp lu qnygq L, b, htnbwpwp, dkup dhon gu
Jupnn kup wky:
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U

K o o o o
Ul. 5.3.1

Uudwshg htinninid E, np 6 — U qpudh juyuljgdudnipjut ny pninp pununphsutpt
tu phy gpwdibp: Uw wpwbwlnd E, np 6 — U gqpudh Juwuwlgdwoénipjut hus-np
pununphsnid Jub Eplnt ny hwphw x b y ququptbp:

8nyg wmwup, np dkup wyn ny hwphwb ququpubpp Jupnn Bup ptnpl] wjtybu, np
upwp niubktwt  pughwtinp hwplbwt: Ppnp, ghuwpltup 6 —-U  qpudp
Juyuwlgwbnipjut pununphsnid x b y ququptbpp vhugunn Swwuyyuphp: thgnip wyy
Swuwwyuwphp x = zg, 24, ...,z = y-u L Lutth np x b y ququpubpp hwpbhwb sk, wyw
k= 2:

Nupnudt wyugnighlp dwljwédwt tnubwlny punn k-h: Gphk k=2, wyw 2z,
ququpp ny hwplwb x b y ququptph puinhwinip hwpbwb b Gupwnpkup, np yunnidu
wpnkt wwywgnigl) tup kK —1 hwdwp, b nhwnwplbup z; ququpn: Gpt z; ququpnp
hwplwt £y ququpht, wyw Ypyht z, ququpp Yihth x b y ququptbph pughwbmp
hwplwtp, hulj Epk z; ququpp hwuplbwt sk y ququphl, wyw tjunkup, np ny hwphwb z4
b y ququpttpp vhwgqws Eu k — 1 Epjupnipjudp Smtwyuphny, npuntnhg, hwdwdugu
dwjuwésdwt Eupwunpnipjul, jupnn tup ptnpk) Eplint ny hwphwt ququp, npnup niuku
punhwunip hwpbhw:

Uuyjwébhg htwnbnud E, np wnwtg punhwipmipmniip jpwpinbne dkup Jupnn Gup
Eupwnnky, np 6 — U qpudh ny hwplwb x b y ququptpt niukt pughwunip hwplbwt z
ququp: Lwuh np z € U, wyw, hwdwdwjt U puqunipjutt vwhdwtdwl, 6 gpudnid
gnynipjnit ntith wyuyhuh w ququp, np z b w ququptubpp hwplhwb sku:

Zhoklp, np ¢ hwjwophtwyp dwpuhdwy tp: Uw, dwubtwynpuybu, tpwtwlnwd k, np
guijugws unp Ynn wybjugubinig unugus qgpudtt wpnkt nith junwpu) qniquljgnid:
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“hnnwupytuyp G6+xy b G+zw  qpudubpp, U nghgnp My;-p b M,
hudwywunwuhwbwpwp, wn gqpudubpmd juwnwpu) qniquljgnidubp G @hnpkdh
wywgnygu wjwpunbknt hwdwp, dktp, oqunykny M; b M, juwnwpju] gqniquljgnidutphg,
gnyg Juwtp, np G + xy + zw qpudnid gnnipinit nith juwnwpyuy gqniquljgnid, npp sh
wupnibwlnd xy b zw Ynnbpp: Ljuwnbkiup, np vw hwjwunmipnit k, putth np 6 + xy + zw
grwdh xy U zw Ynnbpp swwpnibwlnng uunwpug qmquygnudp Yiputh 6 gpudh
Juwnwpju gniquljgnid, husp Jhwjwuh wyt pwuht, np G- hwjwonhtuwy k b, htwnbwpwp,
sh wwpnibwlnid junnwpyu) qniquiljgnid:

Luwiju ujuunklp, np G + xy + zw qpudh guujugus ququp jud Yhg £ My N M,-hu
wuwwnlwunn Ynnh, jud Uk Ynnh M{\M,-hg b Ukl Ynnh M;\M;-hg: Uujwushg htinlinid L,
np M; U M,-ht yuwnljwinn Ynnbtpp jud qunljuwinwd kb M; N My-ht jud juqunud Eu
ghyitp, pln npoud Jkpehuikpu niubt qnyq kpljwpnipynit, pwth np wyy ghikph Ynnbpp
UEpunuty wuwnjwunid Eu M1\M,-ht U M,\M-ht: Ut ht, ujunkup, np xy € M{\M, L
zZw € M,;\M4, i, hkwnbwpwip, xy b zw Ynnbpp wunlwtnwd Eu My U M,-h qnuyq ghlyEphte

[Finpbdh wmywugnygh wmjuwpunbkint hwdwp puttupltup Eplyne nhwp:

Yhuyp 1: xy b zw Ynnbpp qunlwunwd Bu M4 U My-h wnupptp ghlyitphte

Uju nhypnud 6 +xy +zw qpudh xy b zw Unnbpp swyuwpnibwlnng juwnwpug
qniqujgnidp upbh £ unnwbw) hbnbju YEpwy. Jipgutup My N M,-htt yuwnljuiing
Unnbpp b npubg wnjbjugubp Mq U Ma-h qnug ghljjkiph Junwpjuy qniquijgnudibpp:
‘Ljwwnkup, pwtth np qnuyq ghlyjtpp niukt Eplint juwnwpyuy qgniqujgnid, dkup dhown Jupnn
Lup juntuuthby xy b zw Ynnkpp yEpgubinig:

“Thup 2: xy b zw Ynnbpp qunlwunwd Bu My U My-h dhliinyh € ghlyhte

M Z ‘V C
/ MZ M2 Ml
\_, x y
M, M, M, M,
Ul 5.3.2

Utlp Ykupwnpblp, np z ququphg M2-ht wunfwtnn Ynnhg ujubing b € ghlny
owipdytny, Ukup wnwehtipn hwunhwynid Gup y ququphl, nphg hkwnn unp x ququpeht (ul.

5.3.2): ‘Loklip, np Ujniu nhwpp putiwplynid £ hwdwbdwb duny:

Uju nhypnud 6 +xy +zw qpudh xy b zw Unnbpp sywpnitwlnng juwnwpug
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qniqujgnidp Jupkjh vnwbw) hbnbjwy §Epy. yipgukup M4 N M;-ht yuwnjuwing Ynnkpp
U nputg wybjugutup My UM,;-h ponp qnuyq  ghljkph  pugh  C-hg  Quwnwpjuyg
qniquijgnidatpp, € ghlyjh dwp dwunid Ykpgkup M;-htn wuwnlwbng Ynnbpp, we dwuntd’
M,-htu yuwnjwunn Ynntpp b wykjugubup yz Ynnp (ny. 5.3.2): =

Oquykiny Swwnwnh phnptuhg, dbwltpybup b wywgnighip Mkwnbpukuh phopbdp,
npp uwhu b junpwbwpy gpudpnid Juunwpuy gqniquijgdut gnnipjut pudupup
wuydwl:

Bnpkd 5.3.2 (MEwnbkpubkb): Fhgnip 6-0 junpwbwpny gqpud k, npp yupnibwynid k ny
wykh, pwt bpynt Juwunipe: Ujp phypnid tpwinid gnnipnit nith juwnwpug
qniquljgnid:

Uwwgnyg: thunwplktip guuljugus § € V(G), b nhgnip o(6 —S) =¢t, b Gy, ..., G0
G — S qpudh Juyulgduwsnipjut wju pununphsttpt ki, npntp ywwpnibwynid G jEtwn
pUYny ququpltp: Ljwwnklp, np hwdwdwj phnptd 5.3.1-h, winpnudt wwwugnighnt
hwdwp puJuljut £ gnyyg g, np t < [S):

Lwwnkup, npi = 1, ..., t-h hwdwp wnknh nituh

3[V(G)] = 2|E(G)| + 06 (V(G))]
hwjwuwpnipiniup, npintnhg hwoyh wntkny, np |V(G;)|-u YEuwn £, junwbwbp, np YEuwn
E twl |96V (G;))|-u: Pwth np pun Lupunpnipjut ¢ gpudnid gnynipjnit nith ny wykph,
pwb bplnt Juudnipg, dkup Juwwbwbp, np i=1,..,t hwdwp |ds(V(G;))| pltphg
wdkuwowwnp tplniut b hwjwuwp dkyh, hull dbwgusp wnijuqu bptp Eu:

Yhunwuplytup 6 gpudbh wyt Ynntpp, npnup vhwgunid tu § puqunipjut ququpubpp
G—-S qpuwdh Jtuwn pYn ququptbp wwpnibwlnn Gy, ..,6 Juyulgjudnipjul
pununphstbphi: Ljwwnktp, np hwdwdwjt ipp wudwsh, wyg Ynnbph pubwlp wntguq
3(t —2) + 2-k: Uniu Ynnuhg, pwth np G-u junpwbwpn qgpud k, wyw S puqunipjui
ququplbph wunhdwut tpkp E, U, hbnbwpwp, § puqunipjut ququptpp Yhg G ny
unftih, pwiti 3|S| Ynnh: Upmyniupnid’

3t—4=3(t—-2)+2<3|S|
Jud
t<|S|+1:

Zwoyh wntbkny, np unpwbiwpn gpubtbpp yupnitwynid kb qnyq pyny ququptbp,

dbklp Juunwbwbp, np ¢-u b [S|-p mbkb tnyb qnuygmipnitp, hbwnbwpwp, t =[S+ 1
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hwjwuwpnipiniup htwpwynp sk: Ujunbnhg hbwnmbnwd E,np ¢ < |S|: m
Zuwnntl tpkup, np Mhwnbkpukth Jbpp wpws phnpbunid junpwbiwpn gpubh ny wykih,

pwilt kpynt Juunipe syyupnitwlnt wuydwp htwpwynn sk poiuguby:

Ul 533

Ul. 5.3.3-nud pipjwd k tpkp Juunipe wupnitwlng Jfyybuwmph gnupp ophwlyp,
npp snith Junwpyu) qniquljgnid:

Uwnnpl jabwlpytip b juyuwugnigbp Swwnwn-Fhpdh putwdlbl, npp Jupbh b
UEjtwpwitt] twlb npybu dhtdwpu phnpbd: Pusybu wppbu toby Gup § 5.2-nud, ¢ qpudh
guiljugus M gqniquljgnid hwugkgunmid £ 2|M| ququp, b, hbnbwpwp, b sh hwgkgunud
V| —2|M| ququp: Uudwshg hbwnbnid E, np guujugws 6 qpudnid ququplbph
wjuqugnyt phyp, npnup skt dwdlynd gniqulgniuny, hwjuuwp t |V| - 2a'(6)-h:
Swwnwn-Fipdh pwbtwdlbp winmd E, np wyn dhuhdnudp hwjwuwp £ unnpl pEpdus
dwpuhunidhl:

Ptnptd 5.3.3 (Swwnwn-Fipd): Twdwjulut 6 gqpudnid nbknh niuth hbhulyug
hwjwuwpnipniup.

V] - 2a(6) = maxsey(q,(0(G - 5) — |S]):

Uwwgnyg: Lwiju ujuwnbkup, np tpk M-p 6 qpudh gwujugwsd qniqulgnid L, b
ScV(G), wmyu M-ht wwunljwinn wdkbwowwnp |$| Yny Jupnn b dhwgul) S-hu
wuwwulwiuny ququpp 6-—S qpudh Yhun pYnd ququpbbtp wwpnibwlng
Juyuwlgwbnipjult pununphsht wuwwljwunny ququphl, hbnbwpup 6 —-S qpudh
wnujuqlt o(G — §) — |S| hwn Jhun pYny ququpubp yupnibwlny juyuwlgusdnipjui
pununnphsnid gnynipinit Yniubtwt M-ny shwglgué ququpttp, npp, tpwbtwlnd k, np ¢
gpudnid M-nJ shwghgus ququputph puwtwltt wrtjuqu o(6 — ) — |§|-k: Ljwwnklp,
pwith np M-p b $-u pttinpdwé Eht judwjuybu, wmujwshg hinnbinud £, np

V] - 2a'(6) 2 maxscy()(0(G — 5) — |S]):
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Zujunul] wthwjwuwpnipniit wywugnighint hwdwp tpwwljtup

d= Sg';a(g)(O(G -8 —ISD

Lt gnyyg mwip, np G qpudpnid gnynipinih nitih qniquljgnid, npp sh hwgbkgund 6 qpudh ny
wybih, pul d ququp:

Thwnwplkip 6 gqpudp, npt hpkthg tkphuyughmd 6 gpudh b Ky gpuadh (d qugquip
wuwpnibwlyng 1phy gpudh) gnidwpp (§ 1.3): 8nyg wwlp, np 6’ qpudbp wupnibwynd £ M’
Juwnwpu) gniquljgnid: Ljuwnkup, np uw juwywugnigh phopbdp, pwuh np tpk dkup 6
gpuwdhg htnwgubtup V(Ky)-t, wyw M'-h dbwugws Ynnkpp uqlti 6 gpudh qniquljgnid,
nnp sh huglgunid 6 qpudh ny wykih, pwt d ququp:

Thunwpykup guujugus S’ € V(G"), L putiwpykup htinlbyw) kpkp nhypkpp.

TYewyp 1: 5’ = @:

ULjwwnbkup, np gwiuugws ScV(6G) hwdwp |[V(G)|-u b o(G—-S5)—|S|
wnwppbpnipjniit niukt dhbiinygt qnygnipniup, hknbwpwnp, |V(6)|-h b d-h qnygqnipjniup
Lu hudpuund k, npuintinhg htinbinud &, np [V(G")|-p qnuygq phy k: Zwodh wnbkiny, np 6'-p
Juyulgus qpud £, junwbwip’

o(G'-S)=0(G)=0=|5

TYwyp2:S'FQUV(Ky) £ S":

‘Ljwunkup, np wju ghypnd 6’ — S’ gpudp juyuljgdws k, hbnbwpwp

o(G'-S)<1<|s'|:

Thwp 3: V(Ky) € §":

Lowtwlkup § = S'\V(Ky), b tjuwnkip, np § € V(G): d-h uwhdwunidhg htnlind L,
np

o(G—-5)—|5|<d,
npuntinhg hwpyh wnlkimy, np 0(6’ — §') = 0(G — S), Junwbwip
o(G'—-S)=0(G-S5)<d+|S|=1S"|:

Lutwpydwsd btpkp nhwypbph wpyniipnid wbuwbp, np gwijuguws S’ € V(G),
hwdwp o(G' — §') < |§']: Zwdwdwyt plinpkd 5.3.1-h, 6" gpudp Wupnibwlnid E juwnwpyuy
qniqujgnid: m

Uwnpl  jabwlbpybp b Juwwgnigkp § 5.1-nud wwwgnigyus Swjuhh
hwjwuwpnipjut §nnuyhtt muppbpuljp: Uyn btyuinwlng nnwtp vkl vwhdwinud:
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Yhgnip 6 = (V,E)-uqpud LU L € E:

Uwhdwind 5.3.1: Yuuklup, np L-p hwighuwund b fnguyhl swislhnype G qpudnud,
tpt 6 gpudh gubljugus ququip Yhg t L-ht uinfutng gnuk Ukl Ynnh:

Uwhdwimd 53.2: ¢ qpudnd wdbkbwphy UYnntp wwpmibwlnn Ynnuyhb
Swsynyputpht yutnwibup sjwqugnyl fnpuyhl Sushnyplbp:

G quudmu tjuqugnyt Ynnught Swsynyph hqnpmipmiip towbwykip B'(6)-ny:
Lwwnkup, np gpudpnid gnynipinit niith Ynnuyht swsynype wyt b dhwyt wyt nhypnid, Epp
gpudnid sjub UEniuugus ququpttp: Uw, dwubwdnpuybu, tpwtwlnd &, np B'(G)
wuwpwubnpp vwhdwiqws t dhuwyt wyt 6 qpudubph hwdwp, npnugnmd guujugus
ququiph wunh&whib wnifuqi UEY

Uplht ghnwpyip oY 5.1.1-nd wwinbpdws 6 qpudp, U GYunbip, np Gpubntd
Ynnbph  {v1v;, V304, VU6 vsv,) puqumpimip  hwinhuwbnd b ynquybt swshnyp,
un]ihl, ndwp sk huningyty, np wyn gpupnud B(6) = 4:

Phnpkd 534 (Qupuh): Ukinuugjus ququplbp syupnibmlng qguijugus 6
qpudnud nknh muh @'(6) + B'(6) = |V| hwuwuwpnipyotp:

Uwugnyg: ‘thgnip M-p G gpudh wou]tjugnij qmquijgnud E: Ljwnklp, np wj
dwdlnud £ 2|M| = 2a'(G) ququp: dtpgukup 6 qpudh dhwugws |V| — 2a'(6) ququpltphl
Uhg Ynntp (mpupwiynip ququpht Uty Yhg Ynn), b nhunwpltup 6 gpudh Yynntph N
puqunipinitp, npp unwgymd £ own Ynntpht dhunfnptim] M-p: Ljwntup, np N-p
Ynnuyht swsynyp L, b

B'(G) < IN| =a'(6) +|V| - 2a'(G) = [V| — a'(G),

Jud

B'(G) +a'(G) <|VI:

Ujniu Ynnuhg, nhgmp L-p 6 gpuph B(6) huwn Ynn yupmbwyng Ynnuiht swsynype
E: Ljuwnbip, np bpk uv € L, wyw htwpwynp sk, np u-u b v-u dhwdwdwbwl Yhg thuku
L\{uv} pwqunipjulip wuwnuing Ynntph: Ppnp,  hwlwewl phypnud  L\{uv}-u
Yhuwtnpuwbwp 6 gpudh B'(6) — 1 hwwn Ynn ywpnibwlng Ynnuyht swdynyp, hisp
Jhwlwubkp B'(6)-h vwhdwdwp: Ujunbnhg htnbnud k, np Epk ghunwpytup 6 gqpudh
H= VL) tupwgpupp, wwyw H-h Juyulgusmpyut punuiphsutpt hpkughg
ubpyuyugunid ku wunntp (§ 1.2): Gpk H-h juyugfusnipyut punungphsubph putwlp

tpwbwljkup k-ny, wyw, hmdwdwju pinpbd 2.3.1-h,
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B'(G) =I|L| = V| - k:

Thuwpllp 6 qpudph M’ qmqulgnuip, npp  uvnwggmud L tek  H-p
Juuuwlgudmpjul  pununphsitphg  jnipupubsmphg  bpgubup  dbkjufwb Ynn:
‘Ljwwnkup, np

a'(G) = |M'| =k =|V|-B'(G),
Jud
B'(G)+a'(G) = |VI:
B'(G)+ d'(G) < V| uB'(G) + a'(G) = |V| muthuwjuwuwpnipjniiitphg htntnud £, np
B'(G)+a'(G)=|V|:nm

§ 5.4. dwjnuinpukp b mwuppkp $wljinnphqughwtp

“Yhgmp 6 = (V, E)-u gpudp k, b H-p ipw gubljugus tupugpud E:

Uwhdwinuf 5.4.1: Ywukip, np H-p hwimhuwtnud £ 6 qpudh $uljmnp, bpk wii 6
qpudh Yuwupuyhti Eipwgpud E:

Thgnip f-p wpnwwywinytpnud £ npp pudjupupmu £ £:V(6) - Z, gquydwthb

Uwhdwind 5.4.2: Yuuklp, np 6 qpudh H dwljuuinpp hwinhuvwind E 6 qpudh f-
puljinnp, kpk gmuljugus v € V(6) hudwp dy(v) = f():

Yhgnip k € Z,:

Uwhdwtmd 5.4.3: Gpt guwujugws v € V(6) hwdwp f(v) = k, wyqu G qpudh f-
pwlunpht jutwbp k-puwfinng:

dwuwnnpkl, gpudh k-duljnnpubpp tpw uwjupughtt k-hudwubn Kipugpu$hbph

Et: Thunwpltup pEipjuws vwhdwinidubpp wupqupwinn ophttwyutp:
v, v, v, Vs,
Ve Vs Ve Vs
Ul. 5.4.1

Ul. 5.4.1-h dwju dwunid wunlbpjws t K¢ ytig ququp wqupnitwlnng |phy qpudn,
hul wo dwund tpw H bupugqpudp, npp hwinhuwimd b f-$ulpinnp, npnby f(vy) =
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fs) = f(vs) = f(ve) =2, f(v2) = f(v3) =3: Udliih, uwinpb phpjwé bl 5.4.2-nud
yunltpyuws kb K¢ gpudh F1 bt Fp, hwdwyunwuumbwpwp, 1- b 2-puljnnpibp:
Vv, v, Vv, Vv,
Vy b.‘ﬁ
Ve Vs Ve Vs
Ul 5.4.2

dbpguytu, tjwnkip, np tptk nhinwpljtup Fi-h b F2-h jpugnud gpudtbpp Ke-nud,
wyw tpwp jhwunhuwbtw K¢ gpudbh, humdwyunwujiwbwpwp, 4- b 3-dpwljnnpubip:

Spwdh 1-pwljninple hpkihg thpuyugtmd £ juwupughtt 1-hudwutn Eipugpud:
Ydup sk hudngyby, np wyn Eupugpudh Ynnbph puqunipymt ppkhg tkphuyugunid
quunupyuy gniquijgnd: Ugkiht, dhpwn b iwl hwhuewp. bpk mubip gpuph junwpyug
qmquignid, wwu tpk nhunwpltip gpuph Yuwpupught kipwgpudp, nph Ynnbph
puqUnippnitip wyn npfws juinwpyu] qniquijgnidt b, wyw dkbp juinwwbp gpuph 1-
$wljunnp: Uufushg htnlnid k, np phnpbd 5.3.1-p Yupkih E bwb ghnb npyu 1-$ulunnp
wupmbwlnng gpuiptbiph tljwpwughp:

Ujuintnhg wnwewimid £ phwljwi hwpg. htwpudnp b wewewplly kquiwl, npp
Yuupgh, pt npjuws gpudp wupmbwlnud b wpynp f-pwlnnp: Unnpl jujupugptip
Swuninh wignphpup, npp poyg) £ nwihu npfus gpudh f-puljinnp yupmbwlkine hwpgp
hwigkglly Ukl wy gpudh 1-puljinnp yupmbwljbim hwpght:

hgnip wpyws £ G gpudp b f:V(6) - Z, wpnwyunlkpnudp: Lufu bjunkip, np
tpt G gpudnud gnmipymt nih v ququp, nph hudwp f(v) > de(v), wyw G- sh fupnn
niubtw) f-dwlunnp, htnbwpwp, wpwbg punhwbpnipniip puwponbing, YJupnn bGup
tupunpk), np 6 gpudh gubljugus v ququph hwdwp f(v) < dg(v): Lywtwltup e(v) =
dg(v) — f(v) b tunkup, np e(v) = 0: Thnwplkup H gpudp, npp vnwugynud £ G-hg tpw
guitljugué v ququp thnpruphubing Ky, w),ew) -Inhy Epynnuuith gpudng (§ 1.2), nph uh
Ynnup’ A(v)-t, wupnibwlnud k dg(v) ququip, hulj Ui Ynnqup® B(v)-, e(v) ququip, b 6
qpudh guugws vw Ynnh hudwp A(w)-htt wwnjuing dkYy ququpe dhwgubup Yngny
A(w)-hu wwinjubing Ukl ququph htn wjtybu, np A-ququpttpp dwubwlgkt dhpn dky
wjnwhuh Ynnp dty:
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Uwnnpl pipdws uly. 5.4.3-h dwju dwunid wunipdws & 6 gpudpp b ipu ququpttph
puquUnipjutt Jpw  npnodws  f:V(6) - Z, wpunwyuwunlbipnudp, hull we  dwumd
wuwnlpjws t ¢ gqpudphtt hwmdwywnwupiwiunng H qpudp b Yhunwgstpny gniyg E mipdws
H-h uyu 1-dwljnnpp, nphtt hwdwywnwupwunid t 6 gpudh f-duljnnpp:

Uly. 5.4.3

Etnpbd 5.4.1 (Swwnwn): ¢ qpudp wupnibwlnd E f-dwljunp wy b Jhugt wybe
ntypnud, kpp Epp tpgws Enubulng jurnigjusd H gpupp yupniwymd £ 1-puljnnp:

Uwuwgnyg: Bpk G qpudp wupnibwynid b f-puljnnp, wyw H gqpudh wyn f-
pwlunpptt hudwyuwinwupwtng - Ynnkpp juqunud o gmquygnud, npp ¢ gpudh
gutjugws v ququph hwdwp A(v)-hg sh hugkgunud dhown e(v) ququip: Smpwpwlynip v
ququph hwdwp wyy qoiquijgdwit wfbjugubip Kggw)ew)-inhy tpiynnuwih gpudh
qniquljgnidp, npp hwgbgunmd E wyn shwgbgws ququputpp b B(v)-t: Uppniupnid
Yuuinwtiwtip H gpuiph 1-puljunnp:

Zmuowlp, tpk H qpudt nbh 1-pwlunp, wyw G qpudh jmipupumbgoip v
ququph hwdwp bpubhg htpwgubin] B(v)-ht yuunfwng ququptbkpht Yhg Ynnkpp,
dbp Juunwbuwtup H qpudh UYnnkph pwqunipiniy, npnug, nddup sk wbkubly,
hulwywinwujuwtnid £ 6 gpudh f-puljinnp: =

Uhgnip 6 = (V,E)-U qqwd £ U f-p wpnwgunltpnud E npp pujupupnd |
f:V(G) - Z, wuplwuiht:

Uwhdwtmd 5.4.4: ¢ qpudp Jubquubkup f-pwlmnphqugyng, tpl wjt htwpwynp £
wnpnhb| qnijq wn qnijq shwinynn f-puljuinpbph:

Upklip, np gqpudh f-puljuinpibph npnhdwh poih wpngbup hwgw wijubmd b f-
pulfunphqughw Yud, Ypdwwn, ulinnppqughur

thgmip k € Z,.: Uju nbwpnud, bpp 6 gpuuph gubljugus v € V(6) hudwp f(v) =k, f-
puljinnphqughwt dkup Yutnjwibup k-puwunppqughur:
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Uunpl yuwnlpws L snpu ququpwth K4 1phy qpudp b phpwsd £ tpwm 1-
puljinnphqughuyh ophlily:

IR P S

Ul.5.4.4

Uwnnpl jupklp 1-pujinnphqugynn gpuiptitiph nuuh oppliwy:

Ptnptd  5.4.22 Tuwdwjulwb  Gphynpdwih  r-hwdwubn (r€N) qpud 1-
duljinnphqugynn E:

Uwwgnyg: thgnip 6-u kpjynndwih r-hwdwubn qpud b Zwdwdwyh ptinpbd 5.2.4-h,
wjit wupmbwlnud £ F; Juunwupu) qniquljgnid: thunwplktup 6 — F; gqpudp: Lwmnkup,
np uwyt Epyynnwih (r — 1)-hwdwubn qpud b Zwdwdwyt phoptd 5.2.4-h, wjt
wupnibwlnd £ F; Juunwpju) qniquljgnid: thunwpltup 6 — F; — F, gqpudp: Ljwunkip,
np wjl kpyynnuwth (r — 2)-hwdwubn qpud b Logws puyitipp jhpwnking r whqud, dkup
Junwbwip ¢ Epyynnuuth r-hwdwubn gpudh Ynntph puqunipjutt npnhnd qnuygq wn
qniyg shwwnynn Juwnwpu) gqniquljgnidubiph, npnughg nddwp sk unnwbw) ¢ qpudh 1-
$ulunnphqughu: =

ULotup, np gpudlbph 1-pulunphqughwbphi wnisynn ny ponp jutighpubpt &a
nsjuws: Uwutwynpuytiu, sh jnwdywéd hwipwhwyn 1-dwljinnphqughwh hhwynptqp, npp
AwlEpyyuws k unnpl:

Zhynptq 5.4.1: thgnip G-u 2n ququp wywpnibwlnn r-hwdwubn quud b Ujy
npbypnid. tpk n-p Yhkumn E b r=>n Jud np qnyg £ b r=>2n-1, mym G-ul-
puljinnphqugynn t:

Zhdw Yahwlbkpybkup b juywgnighip Mhnbkpukuh phoptdp, npp Wyupugpniud k 2-
duljinnphquginn gpudpbpp:

Ptnptd 5.4.3: Npuytugh ¢ qpudp 1huh 2-pwljuinphqugynn, wihpwdbon L L
pwdwpup, np wyb 1htth qnyg hwdwutn:

Uwuwgng: thgnip 6 gpudp 2-pwljninphquginn k: Uy nlygpnid wyt htwpwygnp &
wpnhb] qnyq wn qnuyq shwwnynny Hy, .., H, 2-dwlunpubph: dbpgukp 6 qpudp
guijugws v ququp: Ljwunbkup, np i=1,2,..,k hwdwup dy, (v) =2, & htknbwpup
d¢(v) = 2k: Unt wpmtwlynid £, np 6 qpudp 2k-hwdwubn t:

Zujuprwlt wywgmghint hwdwp Eupwunpbup, np 6 qpudp 2k-hwdwutn k, k € N:
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8n1jg mwtp, np wyt htwpwynp £ wipnhb) k hwwn 2-puljnnpubph:

Ljwwnklp, np wupnudt wmywugnighint hwdwp pudulut k gnyg wwwy, np 6 qpudt
niuh 2-jwlunp: bpnp, tptk G qpudhg hbknwgubtup wyn 2-dwlunnph Ynnbkpp, wwyw
Junwbwip (2k — 2)-hwdwutn gpud: Unugdus qpudpp Yphht jyyupnibwlh 2-dwljnnp:
Uju Ypyhtt YhEnwgubup: UVjwpwuqpwé pwptpp k wbqud Ypluknig hbwnn, dbkup
Junwbwtp ¢ gpudh 2-puljrinphqughu:

ZEnbwpwp, pulut k gnyg g, np 2k-hwdwubn 6 qpudt niuh 2-pwljnnp: Uju
winnult wyugnighint hwdwp pudujut E wyugnigh] wjt juyulgus gpudutph
hwdwp: Pbpnp, Yykpgubind ¢ qpudh juyulgudnipjubt jnipwpwbynip pununphsnid
dbjulwb 2-pwljunnnp, dktp junwtwup ¢ gpudh 2-puljunnn:

Zbnbwpwp, Jupnn Eup twb Gupwnpb, np ¢ qpudp juwulgyws k: thgnip, G
qruwdh ququputpt Eu vy, vy, ..., v,-p: Puth np 6 qpudp juyulgws L b guijugus
ququph wuwnhfwup qniq phy k wwyw, hwdwdwjh pinpbd 4.1.2-h, 6 gpudnid gnjnipini
niih € bjkpyut ghl: Pwih np 6-mud guujugusd ququph wunhdwup 2k b, dkup, €
ghliny owpdybkinig, jmipwpwibynip ququp Jhwiunhwybup k wiqud, b wdkt whqud
npjus ququpp hwinhybnig dkup dby wbqud dninp Gup gnpdnid ququp, b Ukl
wiquud’ tpwithg nnipu quihu:

Thunwpytup odwunuly H qpudp, npunbn V(H) = {ug, uy, ..., upy, wy,wy, ..., w,} 1
w,wj € E(H) wju & dhwjt wyt nhypnd, Gpp € ghlny pwpdyknig dktp v; ququphg
wllhgwubu htwnn wignid kup v; ququp:

Ljwwnkup, np pun vwhdwbdwt, H qpudl Eplhynnuwih b, wdbkiht, pwth np G
gpudh pipupwisnip ququp dkup dninp kup gnpénid k wuquid, b ipwihg nnipu quijhu
k wiquu, wyw H qpudp k-hwdwubn b Zwdwdwjt phnpbd 5.2.4-h, H qpudp
wupnitbwlnd E F junwpju) gniquljgnid:

8nyg nmwtp, np H qpudh F Juwnwpu) qniquljgnithg dkup fupnn tup jurnigh) 6
gqpudh 2-Pwljnnp: Ipw hwdwp pwduwlwb k gnyg nwy, np F-h dhongny dkup G qpudp
gutljugws v; ququpht upnn up hwdwywnwupwmtgul) tpw §hg Eplnt Ynn:

Yhunwuplytup v; ququphtt hwdwwywnwupiwt H qpubh u; b w; ququptbpp: Lwth
np F-p juunwpju qniquignid £, wyw wyt jyyupmtuljh u; ququpht Yhg w;w; Ynn, b w;
ququpht Jhg u,w; §nn: Zudwdwyt H qpudh vwhdwdwl, vw tpwtwlnid k, np € ghljing
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owpdybtinig dkup vy, ququphg wtdhowybtu hknn whgimd Eup v; ququp, nphg htwnn
wbgunmu Lup v; ququp: 6 gpudh F juwnwpjuy qniqujgdwitip hwdwwywinwujuwing 2-
puljinnpp juenighihu Jtpgutup v; ququipht Yhg viv; b viv; Ynnbpp: =

Thinwpykip Yhpght pinpbidh wyugnygp yupqupwnng ophtwly:

u, Wi
u, w,
Vi Vs
Us W;
U, Wy
Us Ws
Vs v,
Vs
Vi V3
Vs v,
Y. 5.4.5

LY. 5.4.5-nud wuwnltpdws k K5 phy qpudp, npp 4-hwdwutn qpud £, b K5 qpudp
C = V1,V3,V3,V,,V5,V1,V3, Vs, V3, V4, V7 Ljiipjut ghljjhtt hwdwwyuwwnwupwb odwunuly H
Epyynnuwih gpudp: Lwb uly. 5.4.5-md yunlbkpjws t 6 qpudh gyt 2-pwljinnpp, npp
huwdwywunwupwtind £ H  qpudh  F = {uyawy, usw,, uyws, upawy, uzws}  Juunwpuy
qniquljgdwtip:

Uydd ghunwpljkup gpupttph vh wy whwh pwlnnphqughw: thgnp G- (n,m)-
grwd b Uy phypnd wupgq b, np 6-u Juphh L ukpiuyugul) Ynnbpnyg shwwndng

Jdwjupwihtt wbwnwnutph  dJhwynpdwtt  wbupny, ophtwy, 4Ytpgubiny 6 qpudh
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mipupwisinip §nn b dbwgws dbiniuwugqusd ququpttpp npybtu juwppuyhtt whnwn:
NMuwupq L twl, np wyu ghypnid dkup Junwbwtp ¢ gpudh tkpluyugnid m hwwn Ynnkpnyg
shwwnynn Juwhipuwjhtt wunwnubph Jhwynpdwt mbkupny: Unwowtnid E phwljut jutinhp.
upjud 6 gpudh hwdwp quniil) ifuqugniyt a(6) phyp, nph nhwypnd 6 gpudp Juptyh k
Ubplupugll] @(6) humn Ynnbpng shunndnn Yuwhipught winwnbbph dhudapdt
wkupny: Ujg a(6) phup Yuinjwibup 6 qpubh winwnblph wpnhdwl phy: Ophwy, htipwn
E mbutly, np a(Ky) = 2, hulj a(Ks) = 3 (ul. 5.4.6):

A :
@%
iy

Ul 5.4.6
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L. 5.4.7
Lwpu tjuunbup, np guujugws 6 (|E(G)| = 1) qpudh hwdwp nbnh niuh a(G6) =

E(H)|

Zoll| withunjwuwpmpymtup: Ppnp, bpk H € 6 U [V(H)| > 1, wwyw H gpudh

max Hce [|V|
VH)I>1

Judwjwlwi Jdwhipuwhtt wtnwnh Ynnbph pwbwyp dbs skt [V(H)| — 1-hg, hknbwpwp,

|ECH)|

wdbkuwphsp [IV = huwn Ydwppwht wuwnwe L wthpwdton H qpudbh Ynntpny

shwwnynn Ydwppuwjhtt whwnwntbpny ubpjujugdwt hwdwp, ntunh a(H) = [% :
Ujniu Ynnuhg ywupg L, np gmijugus H € 6-h hwdwp a(6) = a(H), hishg hiinbnud £, np

E(H)|

H)|— 1] Uoklip, np wju pwbwdlnid we dwuh wnwybjugnyu wpdtpp

a(G) = max Hcg, [Vl
W)>1 |

Jupnn E hwuwukjh (huh ny pt ¢ gpudh nbypnid, wy tpw Ynnkpnd hwpniun nphk H
Eupwgpudh nhypnid: Ujuybu, ophtiwl, ul. 5.4.7-muid yuwnljpws ¢ qpudp (10,15)-

|ECH)|
[V(H)|-1

qpud L, hul) tpw H (H = K5) tupugpudp’ (5,10)-gpud Ll a(H) =

2= [5ql = [F@mal

bPuswbu bk  Lup, guwilugws G gqpwdh  hwdwp  wbknh  nith

|- [21-s>

|ECH)I
[V(H)|-1

a(G) = max Hcg,
[V(H)|>1

qguwhwwnuljuup vhpnn hwuwbkh k.
Etnpkd 5.4.4 (Lip-dppyudu): Ywdwywlwi 6 (|E(G)| = 1) gpudh hwdwp nbinh niuh

|E(H)| l
[V(H)| -

] wihwjwuwpnipnitip:  NMwpqynud £, wju  uwnnphl

a(6) =
e

hwjwuwpnipniup:

Uwugnyg: Cupwnpbup hwjwnwlp, nhgnip gnnipinit nith 6" (|[E(G')| = 1) qpud,
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E(H)|

) 1] Pninp hwlwophtiwlutphg plunpkup wyh 6

nph hwdwp a(6') > max pegr [“/'
[V(H)[>1

E(H)|

(IE(@)|=1) qpudp, nph hwdwp a(6) > max peg [|V|(H)| 1

s o] V(6] + E(G)]-u
pupminud £ tjuqugnytt wpdtpp: Mwpq E np wyn phypnud 6-u (Wfuqugnib
hwljwophtwlyp) Yhth Yuuyulgiud gpud U alG — e) < a(6) withuwuwpnpinitp wknh
niuttw guwujugws e € E(G)-h hwdwp: Lwju wywugnigkup, np tpk G-u tuqugnil
hulwophtuy L, wuw guifwgud e € EG)-h hudup, G—e qpudh gublugud
utipuyugnid a(6) — 1 hwwn Ynnkpnd shwnynny juwjupughtt whnwetbtph dhuwdnpdwb
ntupny hpkthg tkpyuyugimd £ 6 gpudh Ynntpny shumjnn a(6) — 1 hun juwjupuyht
dwntph dhwynpnid: Gupwnpbip hwjunwlp. nhgnip gnjnipinit nith e = uv € E(G)-h, np
G—e gpudp miph tkpjuyugmud Ynntpnd  shwdnn  a(6) =1 hwwn Yuwfupuhi
wiitnwntibph Uhunpuwt nbupnd, nputn ny pojap Guuhipught witnwntbpp Ylahpuhi
dwnbkp btlw: Yhgnp E(G—-e)=E,U-UEyg-1 U G;=(V,E;), npnbn V;={x:x€
V(G) b jpg Fopltlngh E; — pg} UL Gi-u wbhunwun L (1<i<a(6)—-1): Unuig
punhwiipnipynitp pwuntine juipnn kup Eupwunpt], np 61-p 6 gpudh juwjupught dwn sk

Lwtth np 6-u WJwuqugnyu hwjwophtiwy k, ntunh G4 + e-t upnibwlnid £ ghly:
“thgnip T-U G4 gpudh wyb umgulgjudnipyub pununphst £ npp wupniwymd t e nnh
u b v ququplbpp: thgmp K = G[V(T)]: Twpq £, np e € E(K) b pwih np G1-p G gpudh
Yuwhipughtt dwn sk, nuwnh V(T) # V(6): Umniu Ynnuhg, pubth np 6-b junulgjus gpud
U E(G)\E(K) #®, muwnh E(K) = Ay U-~Udyg-1 U H;= (U, A), npubn U; = {y:y €
V(T) b jpg Fnpblfngh A; — pg} b Hi-u winue £ (1 <i < a(6) — 1): Uydd ghuiuplkup
hujuwpwdnibbph  htnlyw)  §  puqumipimbp.  ponp (EY, ..., Eggy_1.{€'}) wnbuph
hwjuwpwdnibpt, npntg hwdwp E(G) = Ej U UEyg 4 U{e'}-ut 6 qpudh Ynnhph
wpnhond © a(6) hwwn whwwebbph, nph nbwpnud 67 qpudh (wjunbn 63 qpudp
uwhdwyniud E tnyt duny, hisybu G1-p) juyulgduwsnipjut pununphsp hwunhuwind
k K-h Yuwppwyht swe b e’ € E(K): Zkpwn & wkully, np (Ey, ..., Eq)-1,{€}) € S, ntunp
S # @: Cuwnpkup S-hg wytt (Ey, ..., Eqeg)-1, {€}) hudupwdnil, nph plypnid

a(@)-1
Z |E; N Ayl
i=1
wpunwhwjnmpniip vnwind £ hp wowdbjugnyt wpdtpp: Lwth np e € E(K), niunh
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€c€d, nputn 1<t<a(G)—1: Mupq L np G +é gpudp (wuunbn G, gqpudp
uwhdwiynud k tnyuwbu, hisybu G,-u) wupnibwynwd £ € ghly) b e € E(C): Gpk t =1,
wwyw E(C) € E(K): Gph t#1 b E(C) € E(K), wyw qnnipjnit nith f € E(C), nph dh
ququpn V(K)-hg t, hulj Untup® V(G)\V(K)-hg k. (pwth np K-u G-h sujws tupwugpud b):
Lwlh np Gy gpudp hwinhuwimd t K-h Yuwppughtt swne b 64 + f-p whwnwn E, niunh
(Ey+f ... Ec+e—f, .., Eqq-1) hwjupwdniht hudwwywunwupwind £ 6 qpudh
wnpnhnd Ynntpny shwngng a(6) — 1 hwn Juwjpwjhtt whnwnttph, npp hwjuunipmnit
t: Ujuyhuny, dkup Jupny tup Eupunpk), np E(C) € E(K): Luth np H,-u wminnwn k, ntunh
qnnipinih niuh f € E(C)\A, € E(K): Ujdd nhniwpltup (Ey, ..., E; + € — f, ..., Eqe)-1, {f}) €
S hujupwénit: Mwpg k, np wju nhypnid |E; N A, < |(E; + € — f) N A;|, npp hwjuunid k
Z?g)_llf i N 4;| wpnwhwjnnipjut wpdtph wnwybjwgnyt (hukni: Ujuntnhg htnbnod
E, np Eptk G- Wjuqugnyt hwljwophtiwl E, wmyw gwuljugwsé e € E(G)-h hwudwp, ¢ — e
qruwdh guwiugws ubpjuyugnd Ynntpnd shwwndnn a(6) —1 hwn Ydwhpuwjht
whwnwnubph vhwynpdwt nkupny hpthg tkpjuyugunid £ 6 qpudh Ynntpny shwwnyng
a(6G)—1 hwwn Jdwpjpuht Swotph Jdhwynpmd: Ujdd phuwplip hEnljug
hwwuwpnipniup.
|E(6)| =1 =|E(G—e)| = (IV(6)| - 1)(a(6) - 1),

nputnhg unwgynid £ htnlju) hmjuunipiniup.

|E(G)]

16> ver-1

1 e
il = 4@

l:[a(a)—1

zEwnbwbp 5.4.1: Smujugus m b n phwljut pYtph hwdwp nknh niuku

) = [ k) = 2

m+n—-1

hwjwuwpnipniuutpp:
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Qniju 6
Uuwnhdwbughtt hwjwpwsdniubp

§ 6. 1. Nubnngpudutph b Unyjinhqpudputph wunhfwuwihtt hwwpwsdniukp

Thgnip G-t wulnngpud b b V(G) = {vy, ..., vu}-p win wulnngpudh ququpltph
puqumpniitt £ NMwpq b np pipupwbynip 6 wubungngpudbhtt jhudwywunwupuwih
d = (dy,..,d,) wdpnne ny puguuwlu pytph hwjwpwsdnil, npntn d; =dg(v;) (1 <i <
n): Uy d=(dy .., d,) hwjupwdnitt jwiuduubup G wulnngpudh wumpdwbuyhi
hwjuwpwéne: Zhpkup, np wulnngpudh jmpupwbyimp onuiljp wyn wWubyngpudh ququiph
wunhdwttt wybkjugunid £ Epyniuny: Ljwwnkup, np nuppkp wulnngpupubp jupny Eu
niubbwy tnyt wunhfwbwghtt hwjupwénit: Ujuwbu, ophtiwly, tly. 6.1.1-nid yuwnjpdus
wulnngpuubpp mwppkp kb, vwjuyt tpwughg ipupwtyniphtt hwdwwywnwupuwtinid
L (4,4,2,2,1,1) hwJupwsni:

e o o o

0000 ..

ul. 6.1.1
Ujdd GLupwnpbup, np wipjws t d = (dy, ...,d,) wdpnne ny puguuwlwt pytpp
hwjwpwsdniti: Yuuklp, np wyy d = (dy, ..., d,,) hwjwpwédnit ppwgynid Fwulinngpuipnid,
bpl gnnipnit niuh 6 wulinngpuwd, nph wunh&wwghtt hwjuwpwsniu d = (dy, ..., d,)-u k:
Ljwunbkup, np punn ghunnnnipniu 1.2.1-h, tpk d = (d4, ..., d,,) hujupwdnit hpugynid k
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wulnngpudmd, wuyw Y, di-t qoyg phy E Zwhhdht gnyg B by, np wju wupg
wihpwdbon yuydwip twb hwinhuvwinud E pudupup yuydwi:

Etnptd 6.1.1: d=(dy,..,d,) wdpnne ny puguuuliuid pdtph hwjwpwdnil
hpwugynid E yulinngpubnid wytn b dhwyt wyt phwypnd, Gpp Yk, d;-u qnyq phy b

Uwwugnyg: Puswhu k) kup, punn nphunnmipniu 1.2.1-h, Y%, d;-h qnuyq phy (hubkp
wihpuwdbon wuydwt £ wulinpngpudnmd d = (dy, ..., d,,)-h hpugybjhnipjut hwdwp:

8nyg wwp, np bpt Y, d;-u qnug phy £ wyw gnynipinit nith 6 ywulngngpuwd, nph
wunhfwbwiht hwjwpwsdnit d = (dy, ..., d,)-u k: Uktup Ylunnigkiup 6 yulnngpud, nph
hwdwp V(G) = {vy, ..., v} b dg(v;) = d; (1 £ i < n): Rubth np Y%, d;-u qnugq phy £ wyw
|{i:d; — & jknn ppy B| phyp Lu qnuyq b Spohtup {v;:d; — & fkbwm ppy B puqunipjul
ququpubkpp qnuygqbph b jnipuwpwisnip qnuygh ququpubkpp vhwgubktp Ynnny: Ujunithtnlh
mipupwbsnip v; ququpht wykjugubup [%J hwwn onuljutp (1 <i < n): Zhown £ wnbkully,
nn unwgjws ¢ wulinpngpuph wunmhfwbwht hwjwpwéniu d = (dy, ..., dy)-uk: =

Opphtwy, phwwpytup (5,5,3,2,2,2,1) hwjuwpwsdnit: Cuwnn phopkd 6.1.1-h, wyjl
hpugynud £ wulnpngpudnid: Yunnighup 6 wyulnngpud phnpbd 6.1.1-h wwywugnygnid
pipdws Enuwuwlny: Thgnip V(G) = {vq, v;, v3, V4, Us, V6, v7}: Uninpl wyuunftipdws k wyy 6

wulipngpudp:

0O o, 90¢

LY. 6.1.2
Tthgnip G-u Uniypunhqpud E b V(G) = {vy, ..., v} wyp Unyjnhgpudbh ququpbph
puquUnipjniit k2 Mwpq L np pipwupwbynip 6 dniyjnhqpudhtt jhudwywnwujuwith
d = (dy,..,d,) wlpnne ny puguuwlwi pytph hwjwpwsdnily, npntn d; = dg(v;) (1 <i <
n): Uy d=(dy,.., d;,) hujupwdnit Juiduubup G uUnijnmhgpudh wuwnmhdwbught
hwjwpwéne: Ljwwnbkup, np wwppkp dnyunhgpudubp Yupnn bh mbkbwp  bnygb
wunhfwbtuwhtt  hwdwpwénit:  Ujuwbku, ophtwl, ul. 6.1.3-nd wwwnlkpdws

136



Uniyinhqpudpubpp mwppkp kb, vwljuy iputighg jpipupwignipht hwdwwywnwuppwinid
£ (5,3,2,2,2) hwjupwdnil:

e o o o o

Ul. 6.1.3

Ujdd GLupwnpbup, np wipjws t d = (dy, ...,d,,) wdpnne ny puguuwlwt pytpp
hwjwpwsdnii: Ywublp, np wyy d = (dy, ..., dy,) hwjupwdniru ppwgynid Funiyjinpgpupnid,
tpt gnynipjnit nith 6 dnyynhgpud, nphp wmunhdwtwjhtt hwjwpwsdniu d = (dy, ..., d,)-u k:
Ljwunbkup, np pun ghunnnnipniu 1.2.1-h, tpk d = (d4, ..., d,,) hujupwdnitt hpugdnid k
Unyyinhgpudnid, wmuyw YL, d;-u qnuyq phy k ‘Upkup, np wju wuwydwip dniyynhgpudutipnh
nthwypnud sh hwinhuwinid twb pwduwpup yuwydwi: bpnp, tpt phuwwpltup (5,2,1)
hwwpwéni, www hbpmn E wbkubl, »np wju hwwpwdnmt sh hpugynd
Unijinhgpudubpnid:

Etnpkd 6.1.2 (U. Zwlhdh): d=(dy,..,d,) wdpnne ny pugwuwlwb pykph
hwjwpwénil, npnty dy > d; = - = d,,, hpugynud E dnyynhgpudpnid wytt b dhuybt wyh
ntwpnud, bpp XiL, di-t qnuq phy Euody < YL, di:

Uwugnyg: Pusytu ok kup, pun nhnnnnipnit 1.2.1-h, Yt d;-h qnuyq phy (hubp
wihpwudton yuydwt k dnyynmhgpudnud d = (dy, ..., d,)-h hpugdbjhnipjut hwdwp: 8nyg
nwtp, np withpwdbon wuydwi L hwinhuwind twh dy < Y7L, d; wthwjwuwpnipmniip:
bpnp, kpt tupunptiup hwjuwowlp' dq > XL, d;, wyuw htown E mbkull), np wyy nhypnud
vy ququpp, nph wunhdwip dq k Yhg Ewntfuq dh Ynnh, nph djniu ququipp nwpptp
vy, ..., Uy ququplbphg, hsp hwjuwunipinii k:

Ujdd gnyyg mwiip, np bph Xi, d;- qnuyq phy L dy < YL, d;, wmyw gnnipnit niih 6
Unynhqpud, nph wunhdwbughtt hwwpwdnit d = (dy, ..., d,)-ut k' Lwju Junnighup
odwunuly H dnyyinhgpudp, nph hwdwp V(H) = {v4, ..., v} W dy(vy) =YL, d;, dy(v;) =
d;(2<i<n)(uly.6.14):
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Ul 6.1.4

Ept dy =Y ,d;, wyu dtup Ykpgukup G = H: Gupwnpkup dq < YL, d;: 8nyg
wnwbp, np Y, d; = di(mod 2): bpnp, pwth np Yt d;-u qnuyg phy L, nwunp YL, d; —
2d, =) ,d; —dy =0(mod 2): Ujuntnhg htwlbnud Lk np X,d; =d;(mod 2): Gpk
dy <XY,d; b vy ququpp hwpbwb bt bpymt wwppkp v;, b v;, ququpukpht H
Unijinhgpudnid, wyw Yuemgkup Hy dnyunhqpudp hbnlywy Yepy. Hy = (H - V1V, —
771771'1) + v, v, Zhipnn E nkuliky, np Hy Unijinhgpudnid v; ququph wunpdwp Yit, d; — 2
E, hul] dbwgws ququptbph wunhdwubpp skt thojudby: Gph dy = YL, d; — 2, myw dkup
lJkpguklip 6 = Hy: Gph dy < Y11, d; — 2 1 vy ququpp hwplhwb £ Epynt mwppbp v, b v;,
ququpubphtt H; dnyunhgpudnid, wyw junnigkup H, dniyyunhqpudp htnlbyju; Yhpy.
H, = (Hl — V1Y), — 77177]'1) +vj, V5,0 Zwdwbdwb  dund  Jkup  YYwpmgkup Hy, ..., H,
Uniyinhqpudubpp: Mwpg k, np H; dnyunhgpudnd v ququph wunhdwup Y, d; — 2L L,
hul Jbwgud ququpibph wunhwutbpp sk hnpudb: Gph dq = YL, d; — 21, wmyw dkup
yytpgukup G = Hy;: 8nyg wmwp, np tpk H; dniyunpqpudmid vy ququpnp sniuh Gplnt
wnwnppkp hwplwt ququpttp, wyw dy = Y, d; — 2L bpnp, kpk H; Unyjunhgpubnid vy
ququpn snitth pine wmwppip hwuplwt ququpttp b dq <Y, d; — 21, wyu wy
Unijinhgpudnid gnynipjnit Yniukbw v, ququyp, npht Yhg b vy ququphg pnipu ting
pnnp Ynnkpp, b, hbwbwpwp, d; > dy, npp hwjuund | dy > d; (1 < i < n) gquydwh:
Ujunbnhg hbwnbnmd E, np, dtpgubing 6 = Hj-h, dkup Juunwbwbp dnijnhgqpud, npp
wunhdwtwjhtt hwjuwpwsnmu d = (dy, ..., d,)-uk: =

Ophuwl, ghunwpytup (5,4,3,3,2,2,1) hwjwpwsdni: Cun phopbd 6.1.2-h wyb
hpwgyniud £ Udnipinhgpudnid: Yunmgkup ¢ Udniynhgpud phnpbd 6.1.2-h wuyugniygnid

phipdws tnwbwlny: Thgnip V(G) = {vq, vy, V3, V4, V5, Vg, v7}: Uninpl wunljipuws £ wyny 6
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Unijinhgpudp unwbiwnt wdpnne ptpwugpn:

H
Vi
V) Vs Vy Vs Ve &
H,
Vi
H,
Vi
vV, Vs Vy Vs Ve &
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Vi
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§ 6. 2. Apwduwyhtt hujwpwdniukp

Tthgnip G-u qpud kb V(G) = {vy, ..., v} wyy qpudh ququptbph puqunipniut k:
NMuwnq L, np pipupwtynip 6 gpudhtt jhwdwyuwunwujuwh d = (dy, ..., d,) wdpnne ny
puguuwluit pdtph hwjwpwdnil, npunty d; =dg(v;) A <i<n): U d=(dy,..,d,)
hwjwpwsénit jutjuubip 6 gpudh wunmhfwuwghtt hwjuwpwént: Ljwwnbkup, np mmwuppkp
gpudubp Jupnn Lu mbbkuw) tnybt wunhdwbuhtt hwjwpwsdni: Ujuybu, ophtiwly, uly.
6.2.1-nid wuwnlbpdws qpudubpp wnwpphp bh, wvwuyt bpwbghg mipwpwbynipht
huwdwywunwupwind £ (2,2,2,1,1) hwjuwpwsdnti:

Ul. 6.2.1

Ujdd GLupwnpbup, np wipjws t d = (dy, ...,d,,) wdpnne ny puguuwlwt pytpp
hwwpwoénti:

Uwhdwimd 6.2.1: d=(dy,..,d,) hwjupwbmb Ywuuukup gpuwduyhi, tpk
gnnipjnil nith 6 gpud, nph wunh&wbwhtt hwdupwsniv d = (dy, ..., dy)-u k:

Ljwwnbup, np pun ghunnmpmoit 1.2.1-h, &pk d = (dy,..,d,) hwjwupwénil
qnuduyhtt £, wyu YL, d;-u qouyq phy k Zhown E wbulbk) twl, np bph d = (dy, ..., d,)
hwjwpwénitt qpqudwyhtt £, myw 0 <d; <n-1 (1 <i<n): Lokup, np wju wyuydwp
gpudutph nypnid sh hwiughuwiunid btwb pudupup yuydwi: bPpnp, Ept nphunwpltup
(3,3,3,1) hwdwpwdnil, wmyw htown k wbkubk], np wju hwjupwdnit gpubwyhte sk:
Unwowtnid k ptwljutt hwpg, ph n'p hwwpwsnibp ki gpuduyhlt b npnlip® ns, b kpk
hwupwsnit gpubuyhtt b, wuyyw husyb u fuenigh) wyn wunhdwbughlt huduwpusmb
niikgnn gpuipp: Unwght hwpgh wwwnwujuwbp wpgdk) b Epyngh b Suijugh Ynndhg, hul
tplypnpphtp” Zuwth b Zwhhuhh Ynndhg:
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Ehnpkd 6.2.1 (M. Epmynoh, S. Quyuyh): d = (dy, ..., d,) wdpnne ny puguuwlub
pYEph hwjwpwénil, npnty dy > dy = -+ = d,,, qpuduwghtt £ uyt b dhuytt wybt nhwpnid,
tpp XL, di-u qnuyg phy kb gmujugus k-h hwdwp (1 < k < n — 1) mbnh niuh

k n
D di<k(-1+ ) minkd;}
i=1

i=k+1
wuydwbn:

Ujdd dujEpytup b wmywugnigkp Zuygkjh b Zwulhdhh phnpbudp:

Etnpbd 6.2.2: Gpk n =1, wyw vhwl gpudpuyhtt hwjupwsni d = (0)-u L: Gph
n=>2 uayu d = (dy, .., d,) wdpnng ny puguuwlui pytph hwjwpwsdnil, npnky d; >
d; > -+ > d,, qpuduyhtt k wyt b dhwyt wyt nhwypnud, pp qpuduyht £

d=(d;—-1d3—-1,..,dg. 41— 1,dg 42, ..., dy)
hwjwpwénit:

Uwyugnyg: Lwfu gnyg tnwbip, npbipk d’ = (d; — L,ds — 1, ...,dg 41 — 1, dg 42, ..., dn)-D
grudwhtt hwdupwsdnt b, wyu d = (dy,..,d,)-t bu qpudpuwyhtt bk Ppnp, bpk d
hwjwpwébnmt qpuduyhtt k, wyuw gnmipmit mh 6 qpuwd, nph wunhdwbuwght
hwjwpwsénit d’-u t, b kphk dkup 6" qgpubht wybkjmgubup Ukl ququp b vhwugukup wjh
d,—1,d3;—-1,..,d4 11 —1 wunpdwbibp mukgnn d; hwwn ququpbbtph htwn, wyu
Junwgyh G qpud, nph wmunhgdutwghtt hwjwpwénit d-u k:

8nyg wwlp, np tpt d=(dy,..,d,)-u quuduyhtt hwjupwdnt k, wyu d' =
(dz -1,d;-1,..,dg 41— 1, dd1+2,...,dn) hwjwpwénit bu gpuduyhtt t: Lwth np d-u
gpuduwyhtt E, wmyw gnnipjnit niith ¢ gpud, nph wunhdwbughtt hwdwpwédniu d-u k:
thgnmip w € V(G) b dg(w) = dy: S-n lpwbwulkup G qpudh dy, ds, ..., dg, 41 wunhgwinbp
niukgnn U dy hwn ququp ywupnitwlng puqUnipniup: Gph Ng(w) = S, wmyw hton k
wbkutil), np 6 — w qpudh wunhdwwghtt hwjwpwsdni Yihuh d'-p: Cupwunpkup Ng(w) #
S: Uju nhiypnid dkup 6 qpudhg Jubgubup 6" qpudh, nph wunhdwiughtt hwjwpwdnit
d-u kb [Ng(wW)NnS|<|Ng(w)nS|: Gpk Ngy(w) =S, wmyu wupq £ np 6 —w qpudh
wunhfwbwiht hwjwpwénit Yhth d'-pp Gphk Ng(w) # S, wyw dkup G gpudhg
Jwugutkp 6" qpudh, nph wunhfwiwhtt hwdwpwdnitt d-u L b [Ng(w)nS| <
INg#(w) NS|: Mwupq L np hwdwidwi wignidubp Juunwpknyg, dkip wdktwownp dq
pwyjlhg YYuenigkup ¢* qpud, nph wunh&wbwihtt hwjwpwsdni bu Yihh d-u, b Ng-(w) =
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S, hu] 6" —w gpudh wunhfwbuyhtt hwjwpwénit Yihuh d'-p: Ujdd gnyg wnwbp, np
wynuhuh wugnudubpp hbtwpunp G Gph Ng(w) # S, wyw pwtth np dg(w) = dq = |S],
niunnh G qpudnid gnnipinit niukt wjutywhuh x €S Wz € S, np wx € E(G) L wz € E(G):
Cunn S-h uwhdwtdwh. dg(x) = dg(2): Yhgnip T = {w, x,z}: 8nijg wwlp, np G qpudnud
gnnipinit nith wjuwhuh y ququp, np y€T b xy € E(G), yz¢& E(G) (ulj. 6.2.2):
Uwhdwtkip € phip htwnlbju Yhpy.

_ {0, hkpk xz ¢ E(G),
1, hwjwnwly nlupnidt;

S

/
/
/

z
Ul. 6.2.2

Ujdd y ququph gnmipjniup 6 gqpudnid hknbind t tpwthg, np x ququpn T-hg
nnipu quniynny dwunid niuh dg(x) — € hwn hupliwt ququpttp, z ququpp T-hg noipu
quniynn dwunid niuh dg(z) — 1 — € hwwn hwplhwb ququpbp b dg(x) = dg(2): G gpudhg
wtigubp ¢ gqpudh htnmlyw) YEpy. 6¢' = 6 —wz — xy + wx + yz: Zkown L wbutb], np G’
qpudh wunhfwiwht hwjupwdnit bu d-u kb [Ng(W) NS| < |[Ng(W)NS|: =

Etnptd 6.2.2-p htwpwynpnipnit £ mmwjhu wowewnll) wignphpd, npp pnyp L
wnwhu jurnigh] ipjuws hwjuwpwénih hwdwp tpubt hwdwwywunwuhut gpudp ud
wnw]hu E puguuwljut yunwupwl, Epk wyn hwjuwpwdnit gpudwghtn sk:

Ujgnphpd

TYhgnip wipws b d = (dy, ...,d,) wdpnne ny puguwuwluwi pyYtiph hwjwpwsnil,
npunbndy; >dy, = - > dy:

Luy 1: d hwjwpwsnih hwdwp Jupnigh] pun phnptd 6.2.2-h d’ hwjwpwéni:

Luy 20 Twuwynpl)] d hwjupwdnith wwppbpp swddwt Jupgny b unnwugdus
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hwupwsdnit wiquitk] d@:

Ly 3: d hwjwpwdnih hwdwp Jupnigk) pun phnpkd 6.2.2-h d” hwjupwsnt :

Luy; 4 Twuwynpl) d’ hwjupwénih wmwppbpp swddwt jupgny b unwugus
hwjwpwdni b wijuik) d®:

Luyy; 5: Quwuwpl] wdwbwwnhwy pwytp dhtsh sqnidh puguuwljub  wmwpp
wupnibwlnn hwdupwédnt (hwdupwsdnit qpuduwyhtt sk) Jud hwdwpwénih pnnp
wnwppbpp (hukb qpoutp (hwjupwénit gpubwyhti b):

Ophuwl, ghwwpltup d = (5,5, 3,3,2,2,2) hwjwpwdniti: Yhpunkup tjupugqpus
wqnphpup wupgbint hwdwp, gpuduyht £ wpgnp (5,5, 3, 3,2, 2, 2) hwjuwpwdntl, ph ns:
Tpw hwdwp  wgnphpdh  wpliwwnwiph  pupwgpnid  unwgynn  jnipupubisnip
hwjwpwénih hwdwp wuwhkup htwnbjw nhuyh wnnruwlp.

V1 L] V3 V4 Vs Ve V7

d 5 5 3 3 2 2 2

Lu] 1-hg htnn junwbwip hbnbjuw) wnniuwlp.

!
V 12} U3 V4 Vs Vg vy

d 4 2 2 1 1 2

Luyy) 2-hg htilnn Junnwbwbp hknlbjw] wnniuwlp.

v v, vy vy vy Vs Ve

dD 4 2 2 2 1 1

L) 3-hg htilnn Junnwbwip hknlbjw] wnniuwlyp.

1
V VU3 Uy vy Vs Vg

d’ 1 1 1 0 1

L)) 4-hg htilnn Junnwbwip hknlbjw] wnniuwlp.

v® Vg vy vy Ve Vs

d® 1 1 1 1 0
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Lu] 5-hg htinnn Junwbwp hbnbjw) wnniuwlp.

V' vy vy Vg 2

d" 0 1 1 0
Lu] 6-hg htilnn Junwbwp hbnbjw) wnnruwlp.

17482 v Vg Vy Vs

d® 1 1 0 0

Lu] 7-hg htnin Junwbwip htnbjw) wnniuwlp.

VIIII

Vg

Vy

Vs

dllll

0

0

Lwuh np 4" =(0,0,0) hwjwpwdnith pnnp wmwppbpp qpoubkp u, ntunh d =
(5,5,3,3,2,2,2) hwjwpwdnit qpuduyhtt k: Ujdd Ywomgkup d = (5,5,3,3,2,2,2)

hwjwpwénihtt hwdwywnwupwt gpudp: Ywnnignidp junwpynd £ 4kpohg (. 6.2.3):

4% @ ()
Vi V)
J% @ )

o o
V3 Vy
e —©
V3 Vy
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Ujdd ghuwpltup wyt hwpgp, pt bEpp d = (dy, ..., d,) qpudughtt hwjwpwdnih
hudwywunwupwiund £ juyulgus gpud b, dwubwynpuy b, Swin:

Quuklp, np d = (dy, ..., d,,) hwqupwénit ppwgynid b juuulgyus qpupnid, Lph
gnnipjni nith 6 juywlgdws gpud, nph wunhfwbwghtt hwjupwsnit d = (dy, ..., dy)-u
|

Etnpbkd 6.2.3: Epk n > 2, wyu d = (dy, ...,d,,) qpudpuyhtt hwjwpwdnili, npunkn
dy >d; > >d,, hpuwgynid E juyulgus gpudpnid wytt b dhuyt uyt nhwypnid, Lpp
d, > 0 L wnknh nuh Y, d; = 2(n — 1) wuydwp:

Uwuwgnyg: Lwiju gniyg wmwbp, np tpk d = (dy, ..., dy,)-u gpuduyghtt hwjupwsdne E,
npnbkn dq > d; = - = d,;, hpugynud £ juyulgdws qgpudpnid, wmyw d,, > 0 b mbnh nip

t1d; =22(n—-1) wuydwip: bpnp, pwih np Juwyuwlgyuws qpudp sh wuwpnibwlnud
Ubyntuugqusd ququpubkp, junwuwbp, np d, > 0: Umniu Ynndhg pwuh np guujugus
Juyulgws qpud ywupnibwlnid £ juwpupuyhtt swn pun pnpbd 2.3.4-h, ntunh puwn
phnptd 1.2.1-h junnwbwp, np YL, d; = 2(n—1):

8niyg wwp, np bpk d = (dy, ..., dy)-u gpuduyhtt hwjwpwsdnt k, npnty dy > d, >
o 2dy, >0 b wnbnh niuh Yt d; = 2(n — 1) wuydwip, wyw wyy hwduwpwsnit hpugynid
E juyulgwus gpudnid: Uywgnygp junwpbip dujusdwt tnubwlny pun n-h: Gph
n =2, wmyw wuwpq k np wyn gquydwbubpht padupupnng hwjuwpwsénit Jhwljn £ b wy
d=(1,1)-t t npht hwdwywunwupwind E bpine hpup hwplwt  ququptbp
wupnibwlnn juyulgqusd qpudp: Gupunpbip, n = 3 b wunnudp hon £ guujugws
d = (dj, .., d) gpuduyht hwjwpwdnih hwdwp, tpp n' < n: Yhnwpytup d = (dy, ..., d,,)
gpuduwyhtt hwjuwpwénit: Spnhbp wywgnygp Gplynt ntwph:

“Thuyp 1: d, = 1:

Lwitth np n = 3, nlunh dy = 2: thnwpykup d’' = (dy — 1,d,, ..., d,_1) hwjupwdnil:
Ydunp sk gnyg g, np tph d = (dy, ..., dy)-t gpudwght E, wywu d’ = (dq — 1,dy, ..., dy,_1)
hwjwpwdnmb bu Yhuh gqpubughi: Ljwwnbip, np dp_q >0 b Y td;=Y",d;—2 >
2(n — 2): Ujuntnhg, pun dwwsdwt bupwunpnipjui, htnbnwd k np d'-p hppugdnud £
Juyulgqus qpudnid: thgnip 6'-p Juyulgyuws qpud L npp wunhgdwbught
hwwpwdnmt d' = (d; —1,d,,...,d,,_1)-u kE Ywomgkip juwyulgjws G qpud, nph
wunhfwtwghtt hwjwpwdnit d = (dy, ..., d,)-u &, hbnlyw) Yhpy. 6" gpudhtt wbjugubup

unp ququp b vhwguktp wyt dy — 1 wunhdw niiignn ququph htiwn:
146



YMYwyp2:d, =1=2:

QYhunwpytup d' = (dy —1,d;, —1,...,d; — 1, ...,d,_1) hujupwdnil: Fdjup sk gnyg
wnw), np kpk d = (dy, ..., d,)-u qpudbuwypt &, wmyw d’' = (d, —1,d, —1,...,d;—1,...,d,,_1)
hwjuwpwénit bu Yihuh gpudpwght: Ljunkup, npd,,—; >0

n—-1 n

Ddi=) d-21znl-21=1@n-2) > 2(n-2):
i=1 i=1

Ujuntnhg, pun dujusdwt tupunpnipjui, hbnbnd E, np d'-p hpugdnud £ juywulgus
qpudnid: thgnip G'-p juyulgqus qpud L, nph wunhfwbwihtt hwjuwpwsdnit d’ =
di—1d,—-1,..,d,—1,..,d, 1)-u L Yuwomgkip Juyulgus G qpud, nph
wunhdwtwjhtt hwjupwsdnit d = (dy, ..., d,)-u L, hbnlyuw) Yhpy. ¢’ gpudhtt mdbjugubup
unp ququp b dhwgubup wjt dy —1,d; —1,...,d; — 1 wunhdwt niukgnn ququpltph
htn: =

YQuuklp, np d = (dy, ..., d,,) hwdwpwdniu ppwgynid I Swenid, bph gnnipjniu niuh T
dwin, nph wunmhfwbwhtt hwjupwdnit d = (dy, ..., dy,)-u L @lnpbd 5.2.3-h wwywugnygh
ntup 1-h puunnnnipinibubpp Yplhukny, jupkh Euygugnigb] hbnlyuw) pnpbdp:

Etnpkd 6.2.4: Gpl n = 2, wyw d = (dy, ..., d,) hwjwpwsdnrl, npntn d; >dy > -+ >
d,, hpugynwd £ swonid wyt b dhuytt wyt nhypnud, Epp d, > 0 b wkinh nith Y, d; =
2(n — 1) wuydwp:

§ 6.3. Spnhynn gqpudubnh b juwnwpyuy gniquljgnid wupnitiulng
qpuditph wunhdwbughtt hwjwpwdniutp

Uwhdwbinmd 6.3.1: ¢ qpudn Ynsynid b wpnhyng, tpk wn qpubh ququpttph V(G)
puqunipniip Jupbih £ wpnht] I b € Gupwpwuqunipnibubph wyjtybu, np G[I]-u
wupniwlnud £ upuyt dkyniuugus ququipbitp, huly G[CT-u" ippy gpud E:

Ptnptd 6.3.1 (M. Zwddkp, £. Uhdbnbk): Gpt d=(dy,..,d,)-u qpuduyht
hwupwént k, npuntn dy > d; = -+ > d,,, b G-t gmuljugwd qpud k, nph wunhgwught
hwjupwdnit d = (dy, ..., d,)-u E, wmyw G-t mpnhynn gpuwd £ uyt b Jhuys wy nlwypnid,
tpp inknh nih
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Jary

£
wuydwip, npunkn k = k(d) = max {i:d; > i — 1}

Uwwgnyg: “hgnip 6-u wpnhynn gqpud bk Spnhtup 6 qpudh ququpubtph
puqumpniup I b € Eupwpwuqunipniuuibph wjtytu, np 6[C]-u yupnitwlh wdkuwown
pwuwlnipjudp qnuyq wn qniyq hwpbwt ququpubp: Mwupq L np wyn phypnud, bphk
velL,ueCu|C|l=1I wyw dg(u) 21—-1 b dg(v) < l: Ujuntnhg htwnlunud k, np I = k:
Lwih np G[C]-u 1phy qpud k, huly G[I]-1 wiljwpu puqunipjnil b, niunh &hon £ YE  d; =
k(k—1) + Xy i1 d; quydwp, npntn k = k(d) = max {i:d; > i — 1}

Ujdd Eupunnptup G-u gpud L, nph wunhfwiwght hwjwpwsdnit d = (dy, ..., d,)-u L
Yhgnip V(G) = (vq, .., v}, €= {vq, .., v} U I = {Vpyq, ..., v,}: Spnhbup Y5, d; gqnudupp
kpynt dwuh. ¥%, d; = A + B, npintn A-t wyn gnidwph dkg v;v; (v;, vj € C) wkuph Ynnkph
ukpnpmudt E, huly B-u' wyn gnudwph ke v;v; (v; € C,v; € I) mkuph Ynnbkph tkpnpnudt E:
Zkpwn t wnkutbk), np A< k(k—1) U B < Y% ,,1di: Uynu Ynnquhg wupg k np ¥, d; =
k(k—1) + X1 d; quydwip mbnh nith wyt b dhuyte wy ghwypnud, tpp A = k(k—1) b
B = Y 111 d;, hul] qu wpwbwlynid E, np G[C]-u 1phy qpuwd k, G[I]-t wijuu puqunipnil k
i, htnmbiwpwp, G-t uipnhynn quud k: =

Etnptd 6.3.1-hg htwnlmd E, np bEpk d = (dy,..,d,) qpuduyhtt hwjwpwdnih
huwdwywunwupmtt  qpudp  wpnhyny  qpwdp L wwyw wyn  hwdupwdniht
hudwwwwnwuiwbng pnjnp qpudutipp tipnhynn Gu:

ZEknlbjw) phnpbuh wungnudt wowewplyt) t npybu hhwynptq 1970-ht pnitpunidh
Unnuhg b wuyugnigyk) Yniunnih Ynnuhg 1973-htt b Lnjwuh Ynnuihg 1974-hi:

Ftnpkd 6.3.2 (Unitunni, Lndwu): Yhgnip dy, ..., d,-p wdpnne pytp G Npuykugh
gnnipjnitt nitkbw Juunwpyu qgniqujgnid wupnibwlnng 6 gpud, nph wunhgdwughe
hwdwpwdni d = (dy, ..., d,)-u k, wmuhpwdbon k b pwdupwp, np n-p {huh qnyg, b d =
(dy,...,dy),d = (dy—1,..,d, — 1) hwyupwdniutpp (hukl gqpubwyhte:

Uwuwgnyg: Gupwnpkup, np ¢ Juuwpuw] gniqulgnid wwpnibwlnng  gqpudh
wunhdwbwjhtt hwjupwsdnit d = (dy, ..., dy)-u k, U nhgnip M-p 6 gpudbh nplik juwnwpyuy
gniquljgnid E: Ljwunklp, np wyn nhypnd n-p qnuyq &, d = (dy, ..., d,)-p gpudwyhtt £ b
G—-M qpudh wunhfwtughtt hwjwpwsmtu d'=(d;—1,..,d,—1)-u L npunknhg
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htnlnwd E, np gpuduyhte E twl d’ hwdwpwsdnit:

Zphdw Eupwnpkup, np n-p qnuyq &k d=(dy,..,.d,) b d=d;—-1,..,d,—1)
hwjwpwénitpp qpudughtt &, b gnyg wwbp, np wyn pnhwypnid gnnipnit nith
Juunwupu] qniquijgnid wwpnibwlnng ¢ gpud, nph wunhdwbwhtt hwdupwénit d =
(dq,...,dp)-uL:

Lwth np d = (dy, ..., d,;,) hwjwupwdnit gpudpwyht E, myw gqnynipinit nituth 6 gpud,
nph wunhdwbwihtt hwjwpwému d-u b Gupwnpbkup, np V(6) = {vy, ..., v,}: Lulih np
gpuwduyhtt t bwlb d’ hwjwpwdnih, wyw gnmipjnit nith ¢’ gpud, nph wunhduught
hwjuwpwsénitt d'-u k: Unwlg pughwipnipniip pwjunbing, Jupnn tup Gupunpl), np
V(G =V(G) = {vq, ..., v}

Thunwpltup Jpnhhojw wuwydwtbphtt paupupng ponp 6 b 6’ gqpudbtbpp, b
upwbghg plnpkip 6 b 6" qpudllph wibgbu, np [(E(G\E(G)) U (E(G)\E(G))]
wdkbwthnppt E: 8nyg nwbp, np wjuyhuh punpnipyut ghypnud 6¢' € G, wyuhtipt 6'-p G
gnuwdh Eupwgpud b Ljwunkip, np Jipohtiu juwwgnigh phopkdp, puwth np ket 6’ € G,
www E(G)\E(G")-p Yhth G gpudh junwpyuy qniguljgnud:

Gupwnptup, np ¢’ € 6 b nhunwpytup V(G) puqunipjuip wunjwing v ququpp,
npp Yhg b wrwybjugnyt pyny Ynnkph E(G")\E(G)-hg: thgnip wyn phyp r-: Uiy nhwpnd,
wluhwyn k, np v-u Yhg &t r+1 Ynnh E(G)\E(G')-hg: Thunmwupykup V(G) puqunipjuip
yuwnljuing guijugws z ququpe, nputn zv € E(G)\E(G), b puwnpkup npuk w € V(G)
ququp wjiytu, np zw € E(G)\E(G"): Ljwwnkup, np wynuhuh w ququp gnnipynih nibh,
pwth np dg(w) = dg,(w) + 1:

8nyg wnwlp, np guijugws y € V(G)\{v,w} hudwp, tpt vy € E(G)\E(G"), wuyu
wy € E(G)\E(G'): Lwju gnyg wwlup, np wy € E(G): Gupwypkup, np wy & E(G):
Thunwplkup H qpudp, nplt unwugymd k 6-hg htnlyu) YEpy. hinwgutup vy b zw Ynntpp
G-hg, UL wykjmgutup vz b wy Unntpp: Ljwwbtiup, np H qpudh wunhdwutbpp
hundpuljunud B ¢ gqpubh wunhgwtitph htwn, puyg

|(ECH)\E(G") U (E(GH\E(H))| < |(E(G)\E(G") U (E(GH\E(G)|,
hsp hwjuund E 6 qpudh ptnpnipjutipn: Zkwmbwpwp, wy € E(G): Zhdw gnyg nwtp, np
wy € E(G"): Bupwunptup, np wy € E(G"): TYhunupltup 6" gpudp, nptt uvnwgynud k G'-hg
htnlywy Yhpy. htnwgukup vz b wy Ynnkpp G'-hg, b wykjmgutup vy b zw Ynnkpp:

Ljwwnkip, np 6" gpudh wunhfwtbpp hwdpujund tu ¢ gpudbh wunhgwitbph htw,
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Fujg
I(E(G\E(G™)) U (E(G\E(G)| < [(E(G\E(G)) U (E(GH\E(G))],

hugp hwuwunid & 6" gqpudh pnpnipjutp: Zknbwpwup, wy € E(G") L wy € E(G)\E(G"):

Ulunnkp, np E(G)\E(G") puqumpjuip wyunljubng uwyh §ngtph pwbwlp, npntp Yhg
tu w ququpht, wytiht E, pub tnyt puqumpjuip gunfwing wjt nnkph pubwyp,
npnbp Yhg kb v ququpht: Ppnp, gutlwugws vy € E(G\E(G) Ynnh hudwp wy €
E(G)\E(G") (y # v,w): Uytjhl, Uklup niukup twl zw € E(G)\E(G") Ynnp (vw Ynnp Jupnn &
yuwnuilk] jud syqunuil] E(G)\E(G")-ht, puyg wytt dplitinyt tkppunidt | niukund
dg(v)-nud b dg(w)-nud EpYynt niypnid k): Uw hwljuunid £ v ququph punpnipjuib, htsh
wywgnigniu E phnpbdp: =
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Qniju 7

Zupp gpudubtp

§ 7.1. Zwipp qpudutph ywupqugniy hwwnlnipniuutpp

TYhgnip G = (V, E)-t qpud k:

Uwhdwtnmd 7.1.1: ¢ gpudp Ynsymd £ Awppe, bph wyu Junpkih E ujuybu wunlbpbp
hwppnipjut Ypw, np guijugus Ynn sniuktw puiptwhwnnid b guujugus Gplynt Ynnkp
sntubktwt punphwunip Yhnbkp, pugh ququpttphg:

Ul. 7.1.1

Thunwuplytup uly. 7.1.1-nid quultpyws 6, H U F gpudutpp: Zkown L wmbutk), np G-u
hwpp qpud k: Zwdnqytup, np H b F qpubtbpp bu hwpp tu: Ppnp, nhunwpltup uly. 7.1.2-
nd tpdws H b F qpudibiph wuwnlbpnudubpp: Zkow E wnbkutk), np wyn yunbpnudubpp
wjuyhuhtt &b, np gwtjugwsd Ynn snith huptwhwwnnid b gutjugwsd bEplnt Ynnkp
sniiktwt punhwinip Yhnkp, pugh ququpttphg: EEL phnwupydus gpudputpp huppe b,
uwljuytt gnynipinit mbukt twb qpudutp, npnug httwpwynp sk wuwltpk] huppenipjut
Ypw wjtybu, np Ynnbpp shwunbt: Mwpqymd £ npoppy Gpliynndwth K33 gpudp
httwpunp sk quwnlkpk] hwppnipjut ypw wjiwybu, np §nnbpp shwngb: Ujh, np Kj 3
qpwdp hwpp s, Uktp Juuugnigkup phy wig, hulj widd gniyg nwlip, np gubljugus gpud
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Uhorn  htwpuynp E wjbybu wuwwnlbpl R3-nd, np guwbjugwds Ynn smbbbw
huptwhwwnnid b gwulwugwé bplynt Ynnbp sniubkbwb  punhwinip  Yhnbp, pwgh

ququplbphg:

Uy.7.1.2

npkd 7.1.1: Ywdwyuljut ¢ qpud Jupkh L wbybu gquunlbpl] mupusnipjut
Uky, np gutjugwsd Ynn smubkbw htiptwhwinnmd b guijugws Epynt Ynntp sniubkbwb
punhwunip Yhwnkp, pugh ququpttnhg:

Uwwgnyg: Unyugniygh hwdwp nhnnwplkup Ox wnwugpp b tpkup Ox-h ypw hpwphg
wnwpplp [V(6)| hwwn Yhnkp: Ujdd ghunwpltup Ox-nd wugunn hwuppnipjniuubpp b tpuig
Uk dhputyp [E(G)|] hwwn hwppnipmnii: Uy hwppenipmibttpp hpuljniyg hbwun
nipwpwiginip hwppnipjutt Jpu mwtkup dEjulwb Ynn Jhuwoppwh wkupny: 2town L
wnbkutl), np wyy yunipdwb nhypnid pinptdh wugnudp nununud £ wljutpl: =

“thgnip G hwipp qpudp yuwnpgws L huppnipjut ypu wytybu, np gutjugws Yng
sntith huptwhwunnid b gubjugws btpint Ynnbp smubkbu punhwinip Yhnbkp, pwugh
ququpltphg: ¢ qpudbh &puwr Ynsynid E hwppnipjut wyit dwpuhdwy mhpnypep, npunbn
guuugws tpynt Yhwn Jupnn b dhwgdlb] gpudbh Ynntpp shwwnnn wuptnhwwn gény:
Uhuntphg dkip wbhuwhdwbwihwy k, npp btwb wjwind Bu wégkpe thuwn, djnuutkpp
vwhdwbhuhwl Gu: Vhunh fgp Juwiudwtbup wyny thunmhtt qquuljwiunng ququptbph b
Ynntph puqunipiniup: Gplnt thunbp jubdwubup Awplwé, bpbk tputp niukt puinhwinip
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Inn: Yhwnwpykup Y. 7.1.3-md phpdws ¢ qpudp: Zkown E mbutily, np wyn qpudh f1-hg fg
uhuwntpp vwhdwbwhwy By, hull fo' whuwhdwbwhwy b Lokup twl, np wyn gpudh f, b
f3 thuntipp huphw Gy, huly f5 b fg-p' hwplhwb sk

/o

Uy 7.1.3

Mupqnud £ np gutjugus juwywlgus hwpp gpudnud wyn gpuph ququptbph,
Ynntph b thunbph pwbwlubph thol Juy gnmnipinit nith, npp hwyntwpkpdby | Bykph
ynnuhg b hwjnth £ npytu Ejjkiph putiwdbl:

Etnptd 7.1.2 (L. Eytp): Gpt 6-u juyulgyus hupp (n, m)-qqud k, npt niuh 7 hun
uhuwn, wyw nbknh nith

n-m+r=2
hwwuwpnipniup:

Uwugnyg: Gupwnpkip, np wpdws £ 6 juwywulgjus hwpp qpudp, npp
wuwnlipjws t hwuppnipjut Jpu wybybu, np guijugws Ynn snith huptwhwwnnd b
gutljugws kplynt Ynnbkp sniukb punhwtnip Yhnkp, pugh ququptphg:

Ljwwnklup, np guujugws swn hwpp qpud b, nptt muh dhuyt whuwhdwbwthuly
thuwn: Bph G-u sh wupnibwlmd ghly, wmyw wyt dwn £ (r = 1) b pun phnpbd 2.3.1-h
n=m+1, niunh n—m+r = 2: Ujuntknhg htnbmd Lk, np phnpbdp £&hpwnn E dwnkph
hwdwp:

Ujdd Eupwnpkup, np G-u dwin sk: Cuwn phnpbd 2.3.4-h G-t niuh T juwjupujht Swin:
Lowimjkup wyn T dwnh Ynntph pwbwlp my-ny, hull thuntph pwbwlyp’ ry-ny: Lwh np
T-u Ydwppwyhti dwn Lk, ntunh my =n—-1 b ry = 1: Ujn juwjupuyhtt dwnp unwbiwne
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dudwbwl dkup G qpuwdh ghlhkiphg hbnwugumd Gup UYnnkp, wwhywubng
Juwyuwlgwénipiniup: Swjugus wynuwhuh Ynn hinwgubinig mbnh nith htwnbjuwp.
1. ququpubtph pwtuwlp sh thnjpuynud,
2. Ynnkph putwlp dkny ywuljwunid k,
3. uhuwnbkph pwbwlp dkyny wwlwund k, pwuh np Ynnp hkpwghbinig htnn wyn
ynnhtt hwphwb Gplnt thunbpp dhwdnynud ku:

Ujuntnhg htninwd E, np m — r = my — rp: Upnu Ynnuhg, hswbu ol Lup, my =
n—1lury=1,nmunhm-r=my—rr=n-—204 htnbwpup,n-m+r=2: =

Zkunbwup 7.1.1: Tphy tpyynndwih K3 3 gpudp hupp sk:

Uwwugnyg: Ppnp, kupunpbup hwjunwlp. K33 qpudp hwppe b Ljwwnbup, np K33-p
Juwyulgqus (6,9)-gpud b Uy phwypnud, hwdwduyi phopbd 7.1.2-h, wyb Yniubiw
r =2 -6+ 9 =5 uhuwn: PLwth np K33-p tpljynnuwih qpud k, ntunh tpw jmupupwbignip
thunh bqp wuwpnibwynud £ wntjwuqu snpu Ynn: Ujunbnhg, hwodh wnubnyg, np
mipupwbgnip §nn dwubtwlgmd £ wdbuwowwnp Gplnt thunnud, junwbwbp, np 9 =
|E(K33)| = %5 = 10, husp htwpuwynp sk: =

Zhkwntwbp 7.1.2: Tphy Ks gpudp hwpp sk:

Uwwgnyg: bpnp, Gupwnpbtp hwlwnwlp. Ks qpudp hwpp L Ljwwnkup, np Ksn
Juwyulygqus (5,10)-gqrwd Lk Uy phypnid, hwdwdwyt phoptd 7.1.2-h, wyt Yniubiw
r =2 -5+ 10 = 7 uthuwn: Lwuh np K5 qpudp jnipupwignip thunh kqp wqupnibwlnud £
wnujwql tpkp Yng, b hwpygh wnubny, np jnipupwignip Ynn dwubulgnd £ udbiwpwnp
tpYynt thunnd, junwbwp, np 10 = |[E(Ks)| = 32—7 > 10, hugp htwpwynp sk: =

Thuinnmpnit 7.1.1: Fbnpbd 7.1.2-hg twb htnbnwd £, np gubijugus juyulgdus
hwpp (n, m)-gpubh hwdwp thunbph pwiwlp Jupws sh thth hwuppnipjut Jpu wyy
gpudh wuwwnpdwbh duhg, tpk guujugusd Ynn sniubtw huptwhwwnnid b guuljugws
Epynt Ynnkp smkbwb punphwunip Yhwnkp, pugh ququptubphg: Ywdwywlwt wnuhuh
wuwwulbpdwb ke thunbph pwbwlp jjhth m —n + 2:

Zupp qpudubph Juplnp hwnlnipnitubphg £ wn qpudubpnid ququputph b
Ynntph pwbwljutph Uhgh wnljw gduwyht juwyp:

Etnpkd 7.1.3: Gph 6-u juyuwlgyus hupp (1, m)-qpuwd L (n = 3), wyw nknh niuh
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m < 3n — 6 wthwjwuwpnipniiup:

Uwwgnig: bpnp, pwth np jnipupwisnip thun vwhdwbwthwljws L wntjuqb tpkp
Ynntpny (pugunnipjudp wjt nhwph, tpp G-t tpkp ququp niukgnn dwn t, nph nhypnid
m < 3n— 6 wihwjwuwpnipjniip wnknh nith) b jmpupwbtynip Ynn dwubwlgnd k
wdkuwpowwnn tplnt thuwnnud, junwbtwp, np 37 < 2m: Ujniu nnudhg, hwdwdwyu pnpbd
7.1.2-h, vnnwtunwd Eup hEnlbyuyp.

2 :n—m+rSn—m+2Tm:n—§,
npuntnhg unwugynid Em < 3n — 6 wthwjwuwpnipniup: =

Zbwnbwup 7.1.3: Swuljugué hupp gpudnid gnnipjnit niith ququip, nph wunmhfwup
hpughg wty sE:

Uwwgnyg: bpnp, Eupunpbip hwjunwlp. gnnipnit nith wyjtyhuh hupp 6 qpud,
nnh guujugws v € V(6)-h hwdwp dg(v) = 6: Ujunntinhg b pinptd 1.2.1-hg htwnlnud E, np
EG)| = 2 Syer6) de(¥) = 3IV(6)], hiusp hujuund & phnpbal 7.1.3-ht:  m

Uwhdwtind 7.1.3: ¢ hupp qpudp Ynsyynud b dwpupduy huwpp qpud, tpk wyy
qpudht gmujugws unp §nn wykjugutinig unwugynn gpudn hwpp sk:

Zbow £ mbutiky), np 6-t dwpuhdw) hwpp qpud L uyt b vhuyb g nhuypnud, Epp wyn
gpudh nipwpwisnip thun Enwulynit k:

Uwnnpl wuwnlbpywsd £ dwpuhdwy huppe gpudh ophtiwly:

Uy.7.1.4
Upklp twlh wpwbg wuywgnygh Nihwnuhh phinpbdp dwpuhdw) hwpp qpudubph
dwuht:
Btnpkd 7.1.4: Unujuqt snpu ququp wwpnibwlnn guuijugws dwpuhdw) hwupp
qpud 3-juyulgiws t:
Zuynth E np hwppmpyut Yhnbkph b udbbpuwgh Ytwnbph dholti gnnipjnit nith
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thnjudhwupdtp hwdwywwnwupwinipinit: Mupqynud k, hwpp gpudpubph b udkpugh Jpw
wwwnltpynn qpuptph dhol bu gnymipimit mbh fuu: Ujunbn hwulwinod Gip, np
qrudp wuwwnlbpynn b oudbpugh dpw, btpk wn qpudh ququpbbpht jupnn Gup
hudwwywinwuumbtguly upbpuyh Yhnkp (nwpptp ququpbtpht wwupptp §entp), b bph
bpint ququp Guqund b Ynn qpudnid, wyw bpuig hwdwywnwujub Jhnkpp
Uhugynud ki whpighwn §opn] wewbg hiptwhwinnudubph, npp sh whghnd Uk wy
ququpht hwdwywunwupwt Yhwnny, b wwppbp Ynnbpht  hwdwywunwuhiwing
wiptnhwn Ynpkpp ynikt pighwbnp Yentp, pugh ququpttphg:

\> v'
ul
UY. 7.1.5

Bnpkd 7.1.5: Spudp ubbpuyh ypw wquunlkpyny £ gyt b Jhuy wyb nhwpnud, Gpp
wyt hupp

Uyugnyg:  Uju  phoptdp  wwywugmgbne - hwdwp puduiul £ ghuwplby
uinbptingpudhly wpnjklghwb (. 7.1.5): thgmp 6 gpudp yunftipywd £ udbpuygh Jpu
Swukltp wyy ubbpuyhtt onpowthnn P hwippnipintt wjtyhuh fEnnud, nph mpudwgénpk
hwlunwly N Ytwnp (<hjniuhuwghte phtopy) squnifh 6 gpuph Ynnh Jpur jund hwtinhuwbu
wjn gpudh ququip: Uydd nhinwpljkup 6" gpupp, npp uinugyty £ N Yhinhg P hwppnipniu
ypw G gpuph uwnbptingpuphl wpnjtlghugh dpgngny: Lwlh np gnjnipmit nibh
thnjudhwpdtp hwdwwywnwupuiwtnipnit ubtpuyh N jEinhg wuppkp Yhnkph b uputg
untpngpudhly wpnjkyghwubph dhol, muwnh 6" gpudp yunljpjws t P huppnipjub
Jpw wyligku, np guiljugus Ynn sniith hiphwhwinmd b gmbljugus kplynt §ngbp sniuki
punhwimp Ynkp, pugh ququptbphg: Ujuntnhg htnbnwd &, np 6 gpudp hwppe £ b
hqnunpd £ G-hu:

Zudwudwt duind wmywugnigymd £ hwjunwly wyunnidp, hwpygh wntbing Jtpp toqus
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thnjudhwpdtp hwdwwywwnwupiwiunipjniup: =

Ptnptd 7.1.6: Gpt G qpudp wuwultpjuws bt hwppnipjubt Jpu wybybku, np
guuugws Ynn snith puptwhwunnd b gwuljugws tpiynt Ynntp snitkt punhwtnip
Jtwntp, pugh ququputphg, U E-u wyn gpudbh nplk thunh tqph Ynnkph puqunipmiut L,
wyw 6 qpudp Jupkih b wjbybu yuunltpl] hwppnipjut ypu, np gwuljugws Ynn
sntibkw hupttwhwwnnid b gwmijugus Epynt Ynnbp sniukuwt punhwunip Yhwnkp, pugh
ququplbtphg, b E-u hwunphuwtw whuwhdwbwthwly thunh Eqph Ynntph puqunipni:

Uwwgnyg: Ohnphdt wywugnighint hwdwp puuljut £ nphunnwplb] unbpingpudhly
wpnjklghwi:

“thgnip E-u f thuwnh kqph Ynnbph puqunipniut b Gpt f-p whuwhdwbwhwl thun
E, wyu wluhwyun kE np E-ut whuwhdwbwhwl thunh tqph Ynnkph pwqunipnit b
Bupwnnpkup, f-p vwhdwbwthwl thuwn k: Cuwnpbup wyn f thunh npbk tkpphtt N §hn b
wiuubkiup wyt <hjniuhuwghtt pibin»: Ujunithbnb quwntpkup 6 gpudp udtpugh Jpu ypp
wJws tnutwlny: Swubkip wyn udpbkpuyhti snowthnn Q@ hwppnipnit wyt Yhwnnwd, npp
npwdwgdnptt hwjwowl E «<hjpiuhuwhtt pibnht»: Ujdd ghuwpltiup 6" qpudp, npp
uinwgyty £ N tinhg @ hwppnipjut Jpw 6 gpudh uintptngpuiphl) wpnyklghuwyh dthongn:
NMwpq L np 6@ qpudp hgnunpd b G-ht: Lwuh np gnmipnit nith thnjudhwpdtp
huwdwywunwupiwtnipnit ubtpugh N Jhnhg mwuppbp Jhnkph b tputg unbtpbngpudhly
wpnjkighwtph dholi, ntunmp ¢’ gpudp wquunlbpdws £ Q huppnipjut Jpu wyytu, np
guujugwsé Ynn snith puptwhwunnd b gwuljugws tpiynt Ynntp snitbkt punhwtnip
Jtwnkp, pugh ququputphg: Ujuintnhg htnmbnwd £, np 6" qpudp hwupp b Uniu Ynndhg,
htown E wnkulily, np wyn yunljkpdwt nhypnid f-p jhwinhuwbw whuwwhdwbwtuly thun,
hulj E-u’ wyn thuwnh tqph Ynnbph puqunipnii: =

Uoklp wnwig wwyuwgnigh bu dh phopbd, npit wmywugnigdlky £ dwphh Ynnuhg b
hwjnuh k tpw winiuny:

Bnpkd 7.1.7: Swuljugwsd hwpp qpud Jupbh £ wjbybu gquunlbpk] hwppnipju
Jpw, np guijugws Ynn hwinhuwbw hwndws b guuljugws tpint Ynnbp sniubbwb
punhwinip Yhwnkp, pugh ququpttphg:

Uju wwpwugpudbh Ybkponid piptup hwynuh 3-, 4- b 5-hwdwubn hwpp qpudutph
ophtwjutn (Y. 7.1.6):
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§ 7.2. Zupp qpuduiknh tjupugpmpiniiip. Mntinpjughti-UYnipunnyuljn
L Jwqukph ptnpEdutpp

Ythgnip G = (V, E)-u qpud L

Uwhdwbinmd 7.2.1: Yuuklp, np H qpudp hwughuwiund & ¢ qqudh Eépuwwnpnhnid,
tpt H qpudp uvnwgymd E 6 qpudhg Ynnh wipnhnid gopénnnipjutt hwenppuljut
Yhpwnnidutnh dhongny:

Ept 6(6) >3 U H qpudp G qpudh Lupwwnpnhmd E, wyw H qpudh wyb v
ququplbpp, npnug hwdwp dy(v) = 3, ywiwubup ppwfuwi ququphkp: Ujunkup, np
hpujut ququpttpp hwinhuwund tu 6 qpubh ququpttph wwnlbkputp H gpudnud:

LY. 7.2.1-nud wunljipqus tu 6 U H qpudubpp: Zhown E wbuubk, np H qpudp
hwiunhuwinud £ ¢ qpudh tupwwnpnhmd: Ljwwnbup twl, np H qpudh uy,up,uz b
W1, Wy, W3 ququptbpp hpuljut Gu:

H G
U, U, Uj U, U, Uj
o
[
o
Wy w, Wy Wy w, Wy
Uy 7.2.1

Uwhdwtmd 7.2.2: Quubklp, np H qpudp hwinhuwinud £ 6 qpudp dpbnp, tpt H
gpudp unwugynd £ ¢ qpudh Eupwugpudhg Ynnh hoynid gnpénnnipjutt hwenpnuljut
Jhpwnnidubph dhongny:

Ul 7.22-nud yuunlbpjws Eu 6 b H gqpudubpp: 8nyg wnwbp, np H qpudp
hwinhuwinud £ 6 gpuph dhunp: Ppnp, nhuwplbup 6 gpudp b wyn gpudh
UV, UV, U3 V3, U4V, L UsVs Ynnbipp: Ugn Ynnbph hwonpnuljut Ysynidubinh wpnniupnid
Jupwgwbwt H gpudh wq, wa, wi, wy Ut Wy ququplitpp, hulj unwgjus gpuipp yjhuh H-p,

npp hqnunpd k K5 |phy gqpudhi:
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<

U, U,

LY. 7.2.2

Uju wuwpugpudmd dbp hhdbwljub tywwnwlp Yihth ww] hwpp qpudpubph
ujupugpmipinitp: Lwh np Ynnh mpnhdwb gnpénnnipjniup sh pwpunnid qpudh hwppe
1hubnt hwwnlmpiniup, ntunh dkup Ythnpdkup quuil] wyt ninyninghwljut dhtthudw) ny
hwpp gpuwdubpp, npnup skt hwunhuwiunid wy) ny hwpp qpudpubph Gupwwnpnhnidukp:
Uniu Ynnuhg wupq k, np gubijugws qpud, npp wqupnibwynwd £ Gupwugpud, npp K3 3-h
jud Ks5-h Bupuwwnpnhnid k, hwippe 1htl] sh jupnn: Zknwqunud, wupgqnipjut hwdwp, 6
qpudh wyt Eupwgqpudp, npp K3 3-h Jud K5-h Gupwwnpnhnd E, jututkup 6 qpudbh PK -
kbpwgpup. Upbpilwy ny hwpp gpud Juinfubbup win 6 gpupp, npp hwpp sk pugg
guujugws e € E(G) Ynnh hwdwp 6 — e qpudp hwppe b NMwpq k np dhthdw) ns hwppe
qpudp Juyulgyws gpu k:

Ujdd wgukp odwunuly jkddwtbph wuywugnigdwiin:

LEddw 7.2.1: Swtljugusé dhuhdw) ny hwpp qpud 2-juwyulgdus k:

Uwwgnyg: thgnip 6-u Uhuhdw) ny hwppe qpud b Lubh np 6-u juyulgdus qgpud
E, ntunp (kddwt wmyugnighint hwdwp puduljub £ gnyg nwy, np 6-u sh yupnibwlnid
dhwlgdwt Ybkwnbp: Thgnip v ququpp 6 qpudph dhuljgdwt Yhn L Gupwunpbkup
H{, H,, .. Hy-u G —v qpudh Juuyulgdws pununphsubtpt E: Thuwplbup 6 qpudh
Gy, Gy, ..., G Lupwgpudubpp, npnbn G; =GVH) U} 1<i<k): Lwuh np G-u
dhuhdw] ny hwpp gqpud L, ntunh Gy, Gy, ..., G Lupwugpudubpp huppe b Zwudwdwjt
ptopbd 7.1.6-h, G4, Gy, ..., G} Eupwugqpudubpnp Junpkh b wjiybu quunlipk] hwppnipjut
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Jpw, np gutjugwsd Ynn snibkuw hiptwhwnmd b guuljugws tplnt Ynnbp sniubbwb
punhwinip Yhwnkp, pugh ququpubphg, b v ququpp hwinhuwiw wiuwhdwiwtuly
thunh bEqph ququp wy pnnp Bupwgpudubtpnid: Mwwnbplind wyny Eupwugpudubpp
%Oo—hg thnpp swthh b v-u npwbtu dhwly punhwunip Y mubkgnn k hwwn wwppkp
wllnitiph  tbkpunwd, JdEup Juunwbwbp hwppnipjutt Jpu ¢ qpudh  wjyhuh
wuwwultpnd, nph ghwypnud gutjugws Ynn smuh htptwhwinmd b guuljugws tplnt
Ynntp snitukb punhwtnip YEnkp, pugh ququpubphg: Ujuintinhg hkwnbnd £, np 6 qpudnp
hwpp L, htisp hwjwunipmniu b: =

LEddw 7.2.2: Yhgnip G-u qpud L, § = {x,y} b ¢(G — S) = 2: Gupwnptup, G; L G,n G
qpudh tupwgpudutp b, npnug hwdwp V(G,) NV(G,) =S b E(G,) U E(G,) = E(G): Ujy

_ (Gy +xy, bpk xy ¢ E(G), _
ntuypnid, tpk 6 gpudp hwupp sk, wyu Hy <H1 = { Gy, kpk xy € E(G) ) L H, (Hz =

G, +xy, kpk xy ¢ E(G), .
{ G,, Epk xy € E(G) ) gpudutinhg wntijuq Uthp bu hwupp sk:

Uwwugnyg: Gupunpkup, H; U H,-p huppe L Uy nhypnid, hwdwdwyt plinptd 7.1.6-h,
H; b H; gpudubpp jupbkih E wyjbybu wqunlbpl] hwppnipjut Jpw, np guuljugws Ynn
sntibkw hupttwhwwnnid b gmiljugus Epynt Ynnbp sniukuwt punhwunip Yhwnkp, pugh
ququpltphg, b xy Unnp hwinhuwbw wbuwhdwbuwhwl thunh boqph Ynn wyn
gpudubpnid: Mwwnbtpting H4 b H, qpudubpp, tnyuwgubup wyn wuwnltpubph xy Ynnp,
L, tpk xy € E(G), nku uknbkup wyn Ynnp: Ukup junwbwip hwppnipjut ypu 6 gpudbh
wjuyhuh ywwwnlpnud, nph ghypnud gujugws Ynn sniuth huptwhwwnnid b guuljugus
Epynt Ynnkp sniubb punhwinip Yhnkp, pugh ququpubphg: Ujuntnhg hbwnbnd k, np 6
gpudp hwipp L, hull pu hwjuwunipmit k: =

Lhddw 7.2.3: Gphl 6-u wdkwphs Ynntp wupnibwlnn wjtyhuh gqpud k, npp huppe sk
b sniuh PK-Eupuqpud, wmyu 6-u 3-juyuljgus k:

Uwwgnyg: Lwju ujuwnkip, np ¢ qpudhg Ynn hinwgubint wpyniupnid gpudnid sh
wnwowlnid  PK-tupwgpud: Lwh np guwijugws e € E(G) Ynnh hwdwp G -—e
tupwgpudp hupp k ntunh G-t dhuhdw) ns hupp qpud b Zudwdwgu (kddw 7.2.1-h, wyy
G qrudp 2-juwyulgqus b Yhgnip S ={x, ¥} b c¢(G —S) = 2: Lwih np G-u hwpp sk
niunh, pun (kddw 7.2.2-h, Hy b H, qpudubphg wntujuqt dkyp hwpp sk: Gupunpkup, np
Hq{-p hwpp sk: Lwth np |[E(Hy)| < |[E(G)|, ntunh Hq{-p wupnibwlnud E PK-Eupwuqpud:
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NMupq k, np wyy upugpudpp twb dwubmljgmd £ 6 gpudpnid, pugh, vh gnigk, xy Ynnhg:
Ujniu Ynnuhg, putth np ¢ qpudp 2-juyuljgdus k, ntunh H;-nid gqnjnipinit §nibiktu
(x, y)-dwtwwwph, npp 6 gpudh PK-tupwugpudnid jhuwdwyuwnwujwih xy Ynnht:
Ujuntnhg hbtwnbnd E np ¢ gqpudp wupmbwlmd L PK-Bupwqpud, hull pu
hwljwunipmiu k: =

LEddw 7.2.4: Gpt G/e-u (e € E(G)) wupnibwlnud E PK-Eupugpud, wyw G-u hu
wupnitbwlnmd £ PK-Eupugpud:

Uwwugnyg: thgnip e = xy b ¢’ = G/e: ‘thgnip bwlb H-p 6’ qqudh PK-Lupwuqpud L,
pun npnud z-p G gpudh e = xy Ynnh Yshdwb wpyniupnid nnwugus ququpt b Gph zn
H qpudh hpuwlwbt ququp sk, wyuw wljuhwjn k, np 6 qpudp bu qupnitbwlymd £ PK-
tupwgpud: Gpt z-n H qpudh hpujut ququp kb wn ququphtt jhg wdktwownp Ukl
Ynnt t Yhg x ququpht 6 gpudnid, wmyw z ququphg Ukup Jupnn kup wugubk] xy Ynnh G
gpudnid b wyy nphypnid y ququpp jhwiunhuwbtw 6 qpudh PK-tupwugpudh hpulju
ququp: Ujuyhuny, wju nhypnid bu 6 gpudpp wupnibwlnid £ PK-Eupwugpud:

U, u,

N

HcEG'

Uy.7.2.3

Uhwl] ntwpp, npp dkup skup nhunwnpll), wyt k, np H-p hwighuwtnd £ K5 gqpudh
Eupwwnpnhnid, z-p H qpudh hpwjub ququp kb x b y ququpttphg pipupwsnipp 6
gpudnmid Yhg t z ququphtt Yhg snpu Ynntphg tpyniupe (Wly. 7.2.3): “hgnip uy b u,-p H
gpudh wytt hpwlwbt ququphtpt bu, npnup z ququpny ujuyny b 6 gpudnid x ququpht
Jhg Ynnny wugunn dwbwwwphubph djniu Swypulbntpt Gy, hull v4 b v,-p° H qpudh wy
hpwlwt ququpttpt L, npnup z ququpny uljuynn b ¢ gpudnid y ququpht Yhg Ynnny
wlgunn Swbtwwywphubph dniu sSwypwlbnbpt G Uy ghypmd, kb tbnbnd H qpudhg
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(uq, up)-dwtwyuphp b (vq, vp)-dwtwwywphp b wigutng z ququphg xy Ynnh, dkup
Junwbwip ¢ qpudnid K33 qpudbh Eipuwwnpnhnud, npnkn y, uq, uz-p vh Ynnudh hpuljub
ququpukp U, huly x, v4, vo-p° Unru Ynndh (Uly. 7.2.3): =

Lwjunpy wuwpwqpunid dkup uok) Gup dwphh phopbkdp, npp wunmud E np
gutljugws hwupp 6 gpud Jupkjh £ ujbiybu yunlbpt] hwppnipjut Jpw, np guuljugus
nn hwunhuwbw hwnguws b guuljugws tpyne Ynnbp snitbbwb punhwbinip YEntp, pugh
ququputphg: Bpk twb wwhwbekup, np jmipupwbynip vwhdwbwihuwl] thun wyy
wuunlbpdwi nhypmd hwtnhuwbw ninnighl puquutlni, wyw Juukup, np ¢ gpud
niuh nienighl yuwwnlbkpnid: Ujuy by, ophtiwy, . 7.1.6-nud pipdws Eu npny 3-hwdwukn,
4-hwdwubtn b 5-hwdwubn hwpp qpudputinh ninnighll yuwnljtpnudukp: Lokup, np ny pnjnp
hwpp qpudubpp niikt mnnighl wwwnlbpnidubp. ophtwl, hkpwn L wnbkuuk), np 2-
Juwywlgws hwpp K, qpudp smbh wypwhuh wwnhbpowd, tpp n = 4: Uwfuyb,
wupqynud E, np pnnp 3-juyuwlgus hwupp gpudutpp nitubkt wynuhuh guwnbpnud:
Uklp Yphpkup wyn thwunh Sndwuubkih wuyywugnygp vhwdudwbul] wyugnigking hupp
qpuduitph thwpugpmpimbp:

tnpkd 7.2.1 (Swwnwn): Gph 6-u 3-juyulgus qpud L b wyb sh yqupnitbwlnd PK-
tupwugqpud, wyw 6 gpudp niuh ninnighll yuwwnlkpnid:

Uwyugnyg: Uwwgnygp juunwpbip dwjwsdwt tnuwtwlynd puwn [V(G)|-h: Lwju
ujuunkup, np snpuhg ny wykjh ququp niutkgnn qpudutph hwdwp phinpbdh wunnuip
&how k: Ppnp, wyn wwydwtht pujupupng dhwl 3-juywlgfus gpupp Ka-u E, huly wyy
qpudh nipnighly wuwwnlpnudp phpdus k uly. 7.1.7-nud: Gupwnptup, |[V(G)| = 5 b phnptuh
wunnudp £hown E guljugws 3-juyulgus 6" gpubh hwdwp, npp sh wqupnibwlnd PK-
tupwgpuwd, tpp [V(G)| < [V(G)|: Yhunwpltup 3-juyulgus ¢ qpudp: Zwdwduyl
phtopbd 3.3.6-h, G gqpudnid qnjnipjnih nith e = xy Ynn, np G/e qpudp bu 3-fuyulgdus
qpwd E, pug npnud z-p 6 qpudh e = xy Ynnh §shdwt wpyniupmd uvnugusd ququpt k:
Zudwdwyt (Eddw 7.2.4-h, G/e qpudn bu sh yupnibwlnud PK-Lupwugpud b, hbnbwpwnp,
pun dwjusdw Gupunpnipjul, 6/e qpudp niih ninnighll wwwnlkpnid: Thunwplbup wyn
wuwwnlbtpnudp: Mwpg k np 6/e — z qpudbh quunjtpnid gnynipinit nith thuwn (wyn thuwnp
Jupnn k {htl] twl whuwhdwbwihwly thuwnp), npp wupnibwlynd £ z ququpn: thgnip

wn thunp vwhdwbuwhwljws £ € yupg ghlyny:
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a b c
Uy.7.24

Lwtth np 6/e gpudp nith ninnighll wuwwnlbkpnud, ntunh z ququpnp vhwugyws k hp
hwplwt ququputph htiin hmwnjwsubtpny: thgnip x ququpeh huplhwb x4, ..., x, (k= 3)
ququpubpp € wupq ghlh ypuyny owpdytjhu hippwlwuinptit hwinhwynid tu htug wyn
hwonpnuljwinmipyudp: etk y ququph pninp hwpbwbh ququpbtpp yunijuwind Bu €
wunq ghlyih npbk (x;, x;41)-Ewbwwyuphh, wyw dbup jupnn Gup uvnwbw) 6 gpudbh
ninnighl yuwwnlkpnid, mknunpling x ququpnp z ququph YJhnnd 6/e gpudh ninnighly
wuwunlbpdwb nhypnud, hul] y ququpn nknunpkiny x ququpht dnn jennd® xx; b xx;,
Unntph wpwupnd (uly. 7.2.4 a): Zwjunwl nhypmd® x b y ququpubpp niubkb Epbp
punhwtnip hwpbwt ququptkp (Wy. 7.2.4 b) jud y ququpn nituh Eplint v b v huphwb
ququputp € wwpq ghyh Ypw, npntp wuujuwiund tu € —x; — x4, Lupwgpudbh
Juyuwlgwbnipjutt wnwuppbp pununphsubpht (uly. 7.2.4 c): Unwohti nhypmid hbown k
wnbull), np ¢ qpudp upnibwlmd £ K5 gqpudh Gupwnpnhnud, hull bplipnpng nhwypnud®
C-u, uyv, x;xx;;, Swhwuyuphubpp b xy Ynnp juqunid &b K3 3 gpudbh Gupuwnpnhnid: =

Ujdd dkup Jupnn Gup dbwltpul) hwppe gpud jhukint hwjnwihon.

Btnpkd 7.2.2 (Mnbwnpyught, Ynipwnnguyh): 6 qpudp hwupp £ uyu b dhuyb wyb
nbwpnud, tpp wytt sh uwpnibwynud Eupugpud, npp K3 3-h jud Ks-h Gupwwnpnhnd E:

Ljwwnkup, np wju phnphdh wywugnygp pluntd £ hbnbwp 7.1.1, 7.1.2, (kddw 7.2.3 b
ptnpkd 7.2.1-hg:

Lokp il mnwig mywgniygh hwpp qpudbubtph bu vh tjupugpnud:

Ptnpkd 7.2.3 (Qwqubkp): ¢ qpudp hwppe t uyt b dhuyb uwyh nhwpnud, &pp G-t sh
wupnibwlmu K3 3 jud Ks npuytu dhtinp:

Ljwwnklup, np Epk 6 qpudp wupnibwlmd b Eipwuqpud, npp K33 Jud Ks-h
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Eupuwwnpnhnud £, wyyw wljuhwyn E, np wyt twb juyyupnitwlh K3 3 ud K5 npuytu dhinp:
Ujniu Ynnuhg wupqynud k, hwjunwl ywunnudp bu ghown b Gpl 6 qpudp qupnibwlnud |

K33 jud K5 npybu dhtinp, wyw wyn gpudp twlb juyyupnibwlh Gupwugpud, npp K3 3 Jud
Ks5-h Gupwwunpnhnud E: Ujuyhuny, ptnpbd 7.2.2-p b 7.2.3-p hwdwpdtp Eu:

§ 7.3. Upwwppht hwupp gpudpubpp b Zwpwph-2wpunpwunh pinptdp

TYhgnip G = (V, E)-t hupp qpud t:

Uwhdwtnmd 7.3.1: ¢ hwpp qpudp Ynsynid b wpumwphl hupe qpud, bpht wyt jupkh
E wyjuybu wuwwnlbpt] hwppnipjut ypw, np gujugwsd Ynn sniubbw htiptwhwwnnd,
gutjugws btplynt Ynnbp smubbuwbt punhwtnip Yhnbp (pugh ququpubphg), b pnnp
ququplbpp yunjuibh dhhitnytu thunht:

Ljuwwnkup, np phnpbd 7.1.6-hg htwnlnud E, np dkup dhpwn Jupnn Eup Eupwnpk], np
wpunwphtt hupp qpudnid poinp ququptbpp wupnibwynny thunp wbhuwhdwbwtuly
uhuwn k:

G H F

Ul. 7.3.1
Yhunwuplytup uly. 7.3.1-mud wunltpjws G, H b F gpudubipp: 2kon | mbuuk), np 6, H L
F gpudubtpp wpunwphtt hwpp kb, pwlh np wyy hwpp gpupbph poinp ququptbtpp
wuuuind it whuwhdwbwihwl thunpt: Quwyws ul. 7.3.1-nud  wuwwnlbpdus
gpudubpht, gnnipnit niubkt twb qpudubp, npnup wpuwphtt hwpp sk: Ujuwkbuy,
ophtiwmly, hkown £ mbutiky, np tly. 7.3.2-mud yuwnlpywsé Eplnt gpudptpp wpnwpht hwppe

skt
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LY. 7.3.2

Uwnpl  jadbwlbpybup b YJwwywgnighip wpuwphtt hwppe qpudubph dh
ujupwgpnid:

Pnptd 7.3.1: 6 qpudp wpnwphtt hupp £ uwyt b dhuyt wyt ghwypnud, tpp 6 + K4
qpudp hwpp E:

Uwwgnyg: Lwh tupwnpbkup, 6 qpudp wpunwphtt huppe k£ b wyb yunlbpdws k
hwppnipjut ypw wjuybu, np gwujugwsd Ynn sniuth htiptwhwwnnud, guujugws tplnt
Ynnbp snitkt punhwbnip Yhnbkp (pugh ququpttphg), b pnnp ququptbpp yunuimid
Eu wuwwhdwiwithwly thunht: Uy gbhypnud, wbknungpbind v ququpp (v € V(G))
whuwhdwbwihwl thunh npbk jEnnmd b dhwgibing wyn ququpep 6 qpudh pnnp
ququpubph htnn wjuybu, np dhwgdwt wpyniipnid swpwowbiwt Ynnkph hwwndwb
Ytwnkp, dkup junnwtwp, np ¢ + K, qpudp hwpp L

Ujdd Eupwnpbup, np 6+ K; qpudp hwpp bk Uy phypmd 6+ K; qpudp
wupnibwlmd kv ququp, npp hwplhwt £ 6 qpudh pnjnp ququpttpht: thgnip 6 + K4
hwpp qpudp ywuunlpjws bt hwppnipjutt ypu wjbybu, np guujugws Ynn sniuh
huptwhwwnnid b gmijugus Eplnt §nnbp sniukt punhwtnip YEnbp (pugh ququptbphg):
Zknpwgubny wyn wuulkpdwt by dwubwlgnn v ququpp b tput Yhg Ynnkpp dkup
Junwtwtp, np G gpudh pninp ququpttpp yunuind kbt Jhtitnyt thunhi, ntunh 6-u
wpwphl hwpp gpup k-

busytu ok Bup, K, 3 bt Ky gpudltinp hwppe kb, puyg wipunwpht hwppe sku (uly. 7.3.2):
NMupqynud  E, wyn gpudubtpp Juwplnp pbhp okt wpuwphtt hwpp  gqpudubph
ujupugpnipjut Ubke:

Ehnpbd 7.3.2 (Zwpwunph, Qupupuin): ¢ gpudt wpnwphtt hwppe £ ugi b dhwyt wyb

nbwpnid, tpp wytt sh uwpnitwyniud Eupugpud, npp K; 3-h ud Ky-h Gupwnpnhnd E:
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Uwwgnyg: Lwju btupwunpbup. ¢ gpudp wpunwphtt hwpp £ b wwpnibwlnd H
tupwgqpuwd, npp K, 3-h Jud K4-h Gupwwnpnhmd b Zwdwdwyu ptnpbd 7.3.1-h, 6 + K4
qpudp hwpp k: Lwh np H + Ky qpudp hwunhuwinid k£ K3 3-h ud Ks-h Gupwwnpnhnid,
niunh G + Ky qpudp juyupnibwlh Eipuqpud, npp K33-h jud Ks-h Gupuwnpnhmd L,
hEnbwpwp, pun ptnpbd 7.2.2-h, ¢ + K; qpudp hwupp sk, hulj pu hwljwunipnit

Ujdd Eupunpbip, np gnynipinit nith 6 qpud, npp sh wupnibwlnud Eupwugpud, npp
K;3-h ud K;-h Eupwwpnhmd b, puyg G-t wpunwpht hwppe sk Zwdwdwyt phnpbd
73.1-h, 6 + K; gqpudp hwpp sk b, hbnmbwpwp, pun phnpbd 7.2.2-h, ¢ + K; qpudp
Jywpnitwlph Gupwugpud, npp K33-h jud Ks-h Eipuwnpnhnid b ZEon E wmbutly, np wyy
ntupnid ¢ qpudp jyyupnibwlh upwgqpud, npp K3 3-h jud K4-h Eipuwnpnhnud E, husp
hwljwunipmu k: =

Lokp il mnwiig wmuywugniygh wpunwphtt hwippe gqpudbutph bu vh tjupugpnid:

tnpbd 7.3.3 (Zwpwph, 2Qupupuin): 6 gpudp wpnwphtt hwppe L i b dhuyb wyt
nbwpnud, Epp G-b sh wupnibwnud K, 3 jud K4 npybu dhtinp:

Uwhdwunid 7.3.2: 6 wpunnwpht hupp gpudp Ynsynid £ dwpuhdwy wpunwphtt hwpp
qpud, tpt wyn gpuphtt gutjugws unp Yoy wjbjugikinig vinwgynn gpuipp wpnwpht
hwpp sk

YdJup sk hwdnqyb], np ulf. 7.3.1-nid wqunlbpquws 6 0 F gpudubpp dwpuhdwy
wpunwpht hwuppe gqpudutp tu, hul H-p° dwpuhdw] wpunwuphtt hwpp qpud sk: Zbkown k
wnbkutl) twl, np 6-ut dwpuhdw] wpunwphtt hwpp qpud L wytt b dhuyt vy nhwypnid, Epp
wn gpudh nipwputiynip thuwn tpwulnit k, pugh, dvh gnigk, wmtuwhdwbwthwl thuwnhg:

Ujdd wmuyyugnigkp vh odwinuly (Eddw:

LEddw 7.3.1: Yudwjuljut wpunwphtt hwpp gpudpnid gnynipnit nith ququp, nph
wuwnhdwlp kpyniuhg wykih sk:

Uwuwgnyg: Lwp tjuwnbup, np (kddugh wunmdu wljuhwyun t snpuhg ny wykjh
ququp nitubkgnn wpunwpht hwupp gpudutpnid: thgnip G-u wpunwphtt hwpp gpud kb
V(@) = 5: Uy gqpudhtt wybkjmgubp Ynntp wjiybu, np vnwgus 6" qpudp (huh
dwpuhdw) wpunwphtt hwpp qpud: Mwpg L, np wyy ghypniud whuwhdwbwihwly thunh
Eqpp Jhwughuwtw hwdhjpnntyut ghly: thgnip wyn hwdhjuniyut ghyp C-u E
Thuwplkip € ghljh ponp xy qupbpp b punpbbp wyb dklp, nph glypnud € ghlyh (x,y)-

Swiuwwyuwphny b xy Ynnny vwhdwbwhwljjuws hwuppnipjutt whpnypp yupnibwlynud k
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wjuqugnyt pwtwlnipjudp vwhdwbwthwl] thunbkp: thgnip wyn jupp uv-u b Zhow k
wnbkutk), np wyy nhypnid thunbph pwtwlp hwjwuwp k dbyh: Ujuntnhg htwnbnud k, np
wyn thuwnp tqpp yywpnitwlh w € V(6') ququp, nph hwdwp dg/(w) < 2 b, hEnbwpwp,
de(w)<2: =

busybu hwpp qpudtph nhwypnid, wnuybu k| wpunwphtt hwpp qpubttph nhupnid,
qnynipjnil niith juw gpudh ququptitph b Ynnkph pwbwljubph dheb:

Ptnpbd 7.3.4: Gph G- wpuwpht hwupp (n,m)-qqud t (n = 2), wmyw nknh niuh
m < 2n — 3 wthwjwuwpnipniup:

Uwwgnyg: Chnphdh wwywgnygp juwnwpbip dwljusdwbt Enwbwlny pun n-h
inphdh wunnudp wjthwyn £ n < 3 nghypnid: Bupwnpbup, np n = 4 b phnpbup £hpn k
guujugus ¢ wpunwpht hwupp qpudph hwdwp, tpp [V(G')| < n: Yhnwplkup 6 wpunwpht
hwipp (n, m)-gpudn: Zudwdwyt (Eddw 7.3.1-h, G gpudnid gnynipinit nith v ququp, nph
hwdwp dg(v) < 2: Yhnwplkup 6" = 6 — v qpudp: Mwupg £, np ¢’ gpudp wpunwphts hwpp
Eu [V(G')] =n-1: Cun dujuddwb Lupugpmpjut, |[E(G)| <2(n—-1) -3 =2n->5:
Ujunbinhg htnwimd E, npm = |[E(G)| < |[E(G')|+2<2n—3: =

§ 7.4. Gpwdubkpp dwlbpunypubph ypw, gpudbh utnp b pusnidubph phdp

‘Lwhunpr yupwqpudubipnud dktp hhdtwwunid nhnwpynud Ehtp hwipp qpudubp,
hisytu twlb tpkghtp, np gnynipinit niuku gpudltip, npnup hwppe skt (ophtiwy, K, 1nhy
qpudp, kpp n = 5): Ljwmnkghup twl, np hwupp qpudbutpt wyt b dhuyb wyb gpudtpt b,
npnup htwpuynp bt wwwnlbpl] wdbpuyh Jpu wybybu, np wwppkp Ynnbkpht
hudwwwwnwupwng  wbupunhwwn  Yopbkpp  smbkbwb  pighwtnip Yhnbkp, pugh
ququpubphg: UJkh punhwinip dind Jupnn Gup wub), np 6 gpudp Jupkih £ yunlbpkp
S dwljiplnyph Ypw, Ept wn gpudh ququpttphtt jupnn Eip hwdwywnwupwikgut)
S-h twnbp (muppkp ququpubpht wwuppbp YEnkp), wjybu, np Gpk Eplint ququpe
Juqunid Eu Ynn gqpudnud, wyw nputg huwdwyuwunwupmt Yhnbpp dhwugynd Eu
huptwhwwnnid sniukgnny wupunphwwn Ynpny, npp sh wbgind JdEY wy ququpht
huwdwywwnwupiwt fEnny, b nwuppbp hnnbphtt hwdwyuwwnwupiwinng wupinhwwn Ynpkpp
sniukt punhwunip Yhwnkp, pugh ququpttphg: Fuwjut hwupg £ wunwewnud. hitupunjn p
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Ewpnnp ny hwpp gpudubipp wwnfbpby wy dwltpbnygpubph Jpu: Uy hwpghtt gpufjub
wunwufuwb by 8nuhgh nndhg: dpu hudwp guijugws gpudp wunljtpkip
udtipuh Jpw, pny) wuym), np Ynntpp hunbl, pugg poy) sy, np kpkp Ynn hungbu
dhliunytu Yhwnnwd: Ujunithtnb Ynnbph mipwpuibgnip hwndwt hwdwp wyny udpbkpuyghte
wytjugubklp poiwy b huwindnn Ynntphg dklp wighugtup pptwyh qpugyny, huly dniup®
peiwlh  wwl: Mwpg E - onp wpymbpnud dbup  juywnltpkup  gpudp  npnpwlh
pwuwlnipjudp pruwljutp nmbbgnn uwdbpuyh Jpu: Phwpllk, wnyhuh wuulibpdw
nhypnid Ukup Joquuugnpstp wykjh pwwn pruwljutp, put wihpwdtown k, b, hknmbwpwnp,
plwjub b nhnwpll) gubljuguwsd gpuph hwdwp pptwljutph tjuqugnyt pwlwyp, npp
wihpwdton k wyy gpubh quunkpdwt hwdwp ppuwfjubp niikgnn uptpuyh Jpu:

Yhgop k € Z,: Sp-m wowhwlbp k poéwl nibkgny uplpué: Unnpl yunlbp]us
Lt Sy, Sy b Sgq:

LY. 7.4.1 (Uju mupuswjut wquwnlkpukpp tjuptkg Uupnhpnujw Zuglp)
Uwhdwinwd 7.4.1: G qpudh y(6) vkre juuduukiup wjiu tjuqugny k-, nph nlypnid
wyn gpurbp uipbih Ewyuinlbpby Se-h dpu:
Ptnptd 7.1.5-hg httmlnwd k, np y(6) = 0 wyt b dhuyl wytt nypnud, tpp G-t hupp
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gnwd b Ujunbnhg b hkwnbwbpbp 7.1.1, 7.1.2-hg plumd & np y(K33) =1 b y(Ks) = 1
Uniu Ynnuhg, uly. 7.4.2-mud pipdwsé kb K33-h b Ks-h wwwnlkpnudubpp S4-h (nnph) Jpu:
Zenbwpwp, y(K33) =1 b y(Ks) = 1: Ujt qpudlbipp, npntp htwpuadnp sk wunnljtpty
uptpuyh (Se-h) Ypw, uwlwjt htwpwynp b wunlbpty wnph (S1-h) pw, Ynggnud tu
unpnhrju) gpuidpikip: Ophliwly, wynwhupl b K33 b K5 gpudubpp:

Uy, 7.4.2

Zujnuh Lk, np gqnnipinit nith Bjkph pwtwdbh punhwtpugnid judwjulut ubn
niikgnn ¢ juwwljgjws qpubh hwdwp: Ljwwnkup, np ¢ juwwlgws qpudp S,6)-h Ypu
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wuwunlibpdwt phypnid  wyn  dwlbplnypp  Yupnhyh  wvwhdwbwihwl dJwpuhdwy
nhpnypubph (wjunbn pugulunid b wbuwhdwbwiwl whpnypp, npp wnlu Ep
hwppnipjut Jpuw wunbpdwt nhypnid): Umntu Ynndhg, Lnuhgp gnyg L wdk), np wyn
whpnyplbtpp Yihtkt juyulguws nhpnyputp (wn whpnyputph gutjugus tpym
Jtwnkp Jupnn Bu dhwugdt) gqpudbh Ynnbpp shwwnnng wiptinhwwn gény), ntunp dkup Jupng
kup wtdutk] wyn nhpnypubpp 6 Yuuywlgyws qpubh Zhumnkp S, -h YJpu yunlbpdwb
nhupnid:

Ehnpkd 7.4.1 (L. Enbp): Ept 6-u juwwlgdws (n, m)-gpwd k, npt nith r hwwn thun
Sy6)-h Ypw wuwnlkpdwt nkypnid, wmyw nbknh niuh

n-m+r=2-2-y(G)

hwwuwpnipniup:

Uwnnpl dkup wnwbg wwywgnygh Yuokup qpudph ubnh htn juwdws npny

wnniupukp:
ftnpbd 7.4.2 ({Fhugl), Bwuqu): Swujugws n = 3 ptwlwb pyh hwdwp nknh niup
_|n=3)(n—-4)
Y(Ky) = 12
hwwuwpnipniup:

tnptd 7.4.3 (fFhugh)): Swujugus m = 2 b n > 2 ptwlwt pytph hwdwp mknh nith
_|m—=2)(n-2)
B 4

Y(Km,n)

hwjwuwpnipniup:

tnpkd 7.4.4 ([*hughk], Pujuklk, Zupwph): Swijugus n = 2 phwlwb pyh hwdwnp

wntnh niuh
y@) =1+m—4) 2"
hwjwuwpnipniup:

Uoklp twl, np wpjwés 6 qpudh hwdwp y(6) wwpudbnpp qubbkne utnhpp
wwnjubnd £ gpupbph  nbumpjut  pwpn  pebnhpttph guupt [35]: Swppbp
dwlbkpunyputph Jpu mpdwsd qpudubphtt wykh dwbpwdwub jupbh £ Swinpubuyg
Unhwph b Sndwuubkuh qppnud [28]:

Uwhdwimd 7.42: ¢ qpudh cr(G) fuupnmdbbph phy Juujuiubkip wyn gqpudh

hwppnipjul Yypu wunlkpbnt piypnid Ynntiph hwnnidubph tduqugny pubwyp:
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Zbiow L wbutl), np er(6) = 0 wyt b vhuytt wyt ghwypnud, tpp G-t hupp qpud k:
Ujuntnhg b htwnlwbpubp 7.1.1, 7.1.2-hg punid &, np er(K33) =1 b er(Ks) = 1: Upniu
Ynnuhg, ulj. 7.4.3-nud K33 b K5 qpudubipp quunljipdus tu wjuwybu, np wyn qpudubph
Ynntpp hwnynid ka §hown kY whquud: Zknbwpwp, cr(K33) = 1 b er(Ks) = 1:

Uwnnpl dbup Yahwlhbpybup b Juwywgnighup qpudph pwsndutph pyh dh
wupquqgnyt uinnpht guwhwwnuljui:

Phnpkd 7.4.5: Gpk 6-u (n,m)-qpud k (n = 3), wyw wnknh nivh cr(6) 2m—-3n+6
withwjwuwpnipjniup:

Uwwgnyg: bPpnp, nhunnwpyktup hwppmipjut Jpu ¢ qpudph Ynntph hwwnndubph
tJuqugnyt pwtwlng wunitpnudp: Gpk 6 gpudp hwuppe E, wyuw hudwdwju ptnpbd
713-h, m<3n—-6, nlumh m—-3n+6 <0: Gpk G qpudp hwpp sk wwyw Ynnkpp
nipupwtgnip hwndwt nhypnid wyny hwnnudp wnwewgunn Ynnbtphg dklp hinwgukup
qpudhg: NMunpqg L, np wpyniipmid Ynittkbwbp ¢ hupp qpud, nph hwdwp, pun phnpbd
7.1.3-h, unnyq k m — ¢cr(6) < |[E(G")| < 3n — 6 wthwjwuwpnipniip: Ujuntnhg hknbnud

Eoper(G) 2m—-3n+6: =

Ul 7.4.3
Uwnnpl dktp Yupktp pp b ippy tplynndwbh gpudtitph ppewgnidttph pytph tpht

quuhwwnwljwuibp:
Enpbkd 7.4.6 (Quy): Swujugws n puwljut pyh hwdwp mbnh nith

e <3P

wihwjwuwpnipjniup:
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Zwjnh k, np wju yipht quuhwwnwlwup d&ogphn k, tppn < 12:
Y

.

s
V

Ul 7.4.4
tnpkd 7.4.7 (Qupuiljlihs): Swuljugus m 1 n puwljut pytph hwdwp wnknh nith

cr(Kpn) < [?J lmz_ 1J EJ ln ; :

//<A\

wihwjwuwpnipjniup:

Uwugnyg: Yhgnip V(Kpn) = Uy, o U 01, ) 0 E(Kpy) = {uiv]- :1<i<
m,1<j <mn}:

Stnunpkip u; ququpp hwppnipjub (i- (—1)% 0) Ynnpphtwnikp niikgnn YEnnd,
nputn 1 < i <m, hulj v; ququpp” (0,j - (—1)) Ynnpphtwnbibp niikgnn Yhwnnud, npuntn
1 <j < n: Ujunithbkunl u; ququpp dvhwgukup v; ququph htwin ninhn gény, npntn 1 <i <
m,1<j<n YJup sk wnkubk], np wyu Yuuibkpdwt niypnd Ynntph hwwnndukph

173



b Yihuh busdusap ][5 [7] %57 mlbts, mwah er(Knn) < [3] 7] 5] 557 @

Ul. 7.4.4-nud yquunltpjws b phnpbd 7.4.7-h wmywgnygnmd jurnmigjus wyuwnljkpp
K45 qpuph nbypnud:

Zwpnth b np wyu Jbpht ghwhunwlwbp &ogppn k, bpp min {m,n} < 6 Juu, kpp
7<m<8L7<n<10:

Fpwdubph juwgnudukph ptph htwn b juuws gpupttph nkunipjub hupnth o
puipn tplynt hhwynphqubpp, npnip diwltpuy by £ Quputlhsp:

Zhunphq 7.4.1: Swiljugus m b n phwljub pbph hudwp wknh nip

er(iema) = 5175 1 5

hwjwuwpnipniup:
Zhuynptq 7.4.2: Swijugws n ptwlub pyh hwdwp ntnh niuh

cr(K,) :%EJ l";lj ln;ZJ ln;3

hwjwuwpnipniup:
‘Lokip twl, np judwjuljut 6 gpudbh hwdwp cr(6) yupudtnpp qunuknt juughpp
wuwnuwiunwd E gqpububph mbunipju pupn punhpubkph nguuht [15]:
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Qniju 8

Qpudubph ukpyndutp

§ 8.1. Gpwdubkph ququpuyht ukplynidubp

TYhgnip G = (V, E)-t qpud k:

Uwhdwimd 8.1.1: ¢ qpudh ququpuyhi k-tbphnid Ynsynd L a:V(G) - {1, ..., k}
wpunwywwnlbpnwdp, huly® 1, ..., k pYtpp Ynsynd Bu gnyéép:

Uwhdwinmd 8.1.2: 6 qpudh a ququpuyht k-ukpynudp Ynsynid t dpowm ququpuyphi
k-akphnid, tipt guujuguws uv € E(G)-h hwdwp unnyq L a(w) # a(v) yguydwip: Uj
Jtpy wuws, dhonn ququpuyhtt tkpynudt wytyhuh ubkplynud £, nph phypnid hwplwh
ququplbpp ubplnud kb inwppbp gnyubpm]:

Uwhdwtnmd 8.1.3: 6 qpudn Ynsynid k k-akplkyp, tpt gnnipinit niih 6 qpudh £hown
ququpuyht k-ubpynid: Uju iJuqugnyt k-u, nph nphypnwd 6-u k-ubkpybth E Ynsynd & 6

qpudh ppndunpl phy x(6)-n tpwtwlhkup 6 qpudbh ppndwnhly phyp:

G 1 | H ) | F )
1 ) 2/. /

2 1

2
1
2 3 3 2
1 2
Ul 8.1.1

Thunwplkup . 8.1.1-nud wuwwnlkpyws 6, H U F qpudubipp: Zkown E mnbubky, np wyy
Wyupmud phipdws £ 6 gpudh ququipughte 3-ukpynudp, npp, vwluyt, &hpin ququipwght 3-
ubtpynud sk: Upniu Ynnuhg, hbown E mbutil) twl, np . 8.1.1-mud quwnlkpdws ku H gpudbh
&hown ququipwyht 3-ukpynd b F gpuiph hpwn ququipwyhte 2-tkplynid: Uy, nddup sk
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hwdnqyty, np x(H) =3 b x(F) = 2:

Luwwnkup, np ¥(6) = 1 wyu b Jhuyt wyt phypnd, pp 6 gpudbh pnnp ququptbkpp
dbyntuugdus tu b x(6) =2 wyt b Jhuyb wyt phwypnud, Epp G-t wnujuqu dkl Ynn
niukgnn tpyynndwih gpuwd b Lwuh np YEuwn Gpupnipinit niukgnng wwupg ghlyp, pun
ptnpbd 2.2.1-h, sh hwunhuwind Bpjynndwuh gpud, ntunh wytt dhon ukplbnt hwdwp
wihpwdbtown E wntjwqt kpkp gnyt: Upniu Ynnudhg htipn E junnigh) fEun bpljupnipiniu
niubgnn wupq ghlh dhon ququpwiht 3-ubkpynid: Ujuyhuny, unnwinid Gup htwnbjup.
gujugws n = 3-h hwdwp mbnh niuh

_(2,Epkn— pqnyqk,
x(Co) = { 3, kpk n — p Yklun E,

hwjwuwpnipniup:

Ujdd nhniwpltup |ppy gpudbipp: Lwth np K, 1ppy gpuph gujugwus kphne
ququp hwplwt b, wmyw y(K,) = n:
Uwhdwimd 8.1.4: 6 qpubh w(6) fuwnipiniiap wyt wdkbwdbs n phyu L, nph hwdwp

G qpudl niuh n ququp niukgnn 1phy Eupwugpud:

Ul 8.1.2

Thunwpykup . 8.1.2-nud wuuwljtpqws 6 qpudp: Zkow E wkutbky, np 6 qpudh
G[{v2,v4, V6, Vg}] Kupugpudp ynpu ququp mikgnn phy gpudp £ nunh w(6) = 4: Ujnwu
ynnuhg, ndyup sk huningyby, np wyny gpudp sh wupnibwymud hhiig ququip niutgnn ;phy
Eupwgpud, htnbwpwp, w(6) = 4:

Zwyinuh &b gpudh ppndwnpl pUh nwppkp quuthwnwljwbubp: Lykup npuiighg dh

pwthup:
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npkd 8.1.1: Swujugws ¢ gpudh hwdwp mbnh nith
w(G) < x(6) <AG) +1
wihwjwuwpnipniup:

Uwwgnyg: Lwth np G- ywupnitwlnid £ w(6) ququpe niukgnn |phy tupwugpud,
nitunh wyy kupugqpudh ququphtpp whwnp L ukpydkt nupptp gnyubkpny b, hbnbwpwp,
x(G) = w(G):

8nyg wmwlp, np ¥(6) < A(G) + 1: Uwwgnygp Juunwpkip duljuwsdwt Enutwlng
puwn |V(6G)|-h: Gpt [V(6)| =1, myw x(G) =1 b A(G) = 0: Bupwnpkup, ¥(6¢') < A(G) +1
wiwhwuwpnipniip §hpn £ guwijugws 6 qpudh hwdwp, tpp [V(G)| < [V(G)|:
TYhunwplkup 6 qpudp: dbpgukup ¢ qpudh nplk v ququpe b ghunwpytiup 6¢' =6 —v
qrudp: Cunn dwuwdsdwt Eupunpnipjut x(6') < A(G') +1 < A(G) + 1: Ujniu Ynnuhg,
puwth np dg(v) < A(G), ntunph 1,..,A(G) +1 gnyukph dby Ygquudh dklyp, npp sh
oquugnpéyk] npytu v ququph hwpbwbt ququph gnyu b, htnbwpwp, v ququpnp
Yupbh ubpyl) wyn gnyuny: Ujuyhuny, x(6) < A(G) +1: =

‘Uokp, np phnpbd 8.1.1-nud pipdws unnpht b iphtt gpwhwwnwljuutbpp hwuwbb h
tl: Ppnp, nphunnwpltup wetjuqu Ukl Ynn niukgnn Gphynpdwih 6 qpudp. hwdwdwjh
ptnptd 2.2.1-h, wt sh wwpnibwlnd bEpwilni, nunh x(6) = w(6) = 2: Ujdd
npunwpytup K, ppd gpudp b Y Epjupmpymb nbbgnn  Cppeq wwpg ghlip.
guujugus n puwlwut pyh hwdwp nbnh mubh ¥(K,) =AK,) +1=n b x¥(Czy+1) =
A(Czp41) + 1 = 3 hwjuwuwpnipniutbpp: Untu Ynndhg, gnnipnit niukt gqpudttp, npnig
hwdwp phnoptd 8.1.1-nmd phpjws wuhwjwuwpnipmnibubpp juhun u: Ujuybu, ophtiwl,
htipn E wmbutby, np 3 = y(Cs5) > w(€5) =21 2 = y(Cy) <A(Cy) +1 =3:

Uokip twli, np phnptd 8.1.1-h uwnphtt b Ybkpht quuwhwwnwlwuubph dhoht
pYupwtwljuth htn juydws b qpudpubph nbunipju hwjnth b pupn hhynptqubphg
Utlp, npp dbwltpwly £ (Ehnp:

Zhynptq 8.1.1: Smujugwus ¢ gpudh hwdwp nbnh nith
w(G) + A(G) + 1}

x(@) < [ >

wihwjwuwpnipjniup:
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Enpkd 8.1.2: Swuljugwsd ¢ gpudh hwdwp mbnh nith

B < X© < V)| - al@) +1

wihwjwuwpnipjniup:

Uwwugnyg: Thunwpltup 6 gpudbh nplik £hownn ququpuyhtt y(6)-ukpynid: Mwpg k np

V(G) = ViUV, U UV VNV, =0, tpp1 <i#j<x(6),
npukn Vi-u i-pn gnyunyd tkpydws ququpttph puqunipniut £ (1 < i < x(6)): Luth np
utipynudp dhonn ququpuyhtt ¥ (6)-ubkpynud E, ntunh jnmipwupwibsnip i-h hwdwp Vi-u
wiwju puqunipnit k (1 < i < ¥(6)): Zkwnbwpwp, guujugws i-h hwdwp (1 <i < x(6))
unniq k |V;] < a(6) withwjwuwpnipniup: Ujuyhuny,
x2(6)

V@] = ) Vil < (@) - (B,
i=1

V()|
a(G)’

niunh x(G) =

“thgnip S-p ¢ qpwdh nplk wnwybjugnyt wulwh puqunipnit b Mwpq E np
S| = @(6): Ythwwplkup G —S gqpudp b ubphkbp wyy gqpudh ququpbbpp x(6 - S)
gnyubpny wjuwbu, np hwplwbt ququpubpp ubkpygws (hubkt wmwppbip gnyubkpny:
Ujunithtwnll 6 qpudh S-h ququpubpp ukplykup unp qnyuny: NMwpq b np Ynibkbwbp
hEwnljuyp.

XG) < xG-S)+1< V@G| —-IS|[+1=|V(G)| —a(G) +1: =

Ujuntn unyuwbu, hisybu b phnpbd 8.1.1-nud, gnynipinit niukt qpudtbp, npnig
hwdwp ptnpbd 8.1.2-nud phipjwé unnpht b yEphtt qowhwnwlwtbtpp hwuwubh G, L
twl gomnipmnit nitbbkt qpudubp, npnug hwdwp wyy  phopbdnid phpgud
wihwjwuwpnipjniuibpp fuhuwn Gu:

Uwnpl Juwpwgpbip qpudpubph &hon ququpuyhtt kpynd Jupnighnt dh

Wwpqugnij wignphpd:

Lbpljuwlb ywpquignyt wignphpd

“thgmip npws tu 6 gpudp b tpw ququiptbtph vq, vy, ..., v, hwgnpruljubimpynip:
Zbppmy ukpltup G qpudh vy, vy, .., v, ququptbpp, Jpugpbim] v; ququpht wu
wubklwthnpp gnijup, npp sh dwubwlgnud wyn ququiphtt hwpbw tkplpjws ququpttph
Jpu
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Uignphpuh ujwpwgpnipniithg htnbnwd E, np tpu wpowwnwtph wpyniupnd
unwugynid £ ¢ gpudh ghon ququpughtt ukpynid: Uk ht, tjunkup, np hpunking wju
wgnphpup guujugws ¢ qpudh b tpu ququpubph npulk hwenppuwlwiunipjut hwdwnp,
htown £ unwbw) phnpkd 8.1.1-nud pipdws x¥(6) < A(G) + 1 guwhwwnwlwip: bpnp, putih
nn G qpudh ququptbph hwonppuljuinipyut Uky guuljugws ququp nituh wdkuwywwnnp
A(G) huwn ubkpydws hwplwb ququptbp, wyw ubpidwt yupqugny wignphpdh
wphuwnwiiph wpyniupnid oquugnpdynn gnijubiph pwtwyp Uks sk (A(G) + 1)-hg:

Ul 8.1.3

Phpkup ubplhuwt wupqugnyu wignphpdh woiwnmwipp yupqupwing dh pwth
ophtwutp: TYhnnwupykup uy. 8.1.3-nd yuwnkpdws ¢ gpudn:

Ul 8.1.4

Ul 8.1.4-mud yuwnipgws k ¢ gqpudh dhon ququpwyht 3-ukpynidp, npp unwgyk) b
G gqpudh b tpw ququpubph vy, vy, Vs, e, Vg, V7, V3, ¥, hwgnppuljwnipjut tjundwdp
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ubpyuwt wupqugnytt wgnphpuh Yhpwndwt wpynibipnid: Lwth np wyn 6 qpudh
hudwp w(6) =3, wyuw x(G)=3: Ujuwhuny, G qpwdh ququplkph
Vq,V4,V5,V6, Vg, V7, V3,V hwonpnuljuwimpju phypnid  tkphdwt wwpqugniyu
wgnphpup junnignid E G gpudh dhown qugupuyht x(6)-ukpynid:

Ujdd nhunnwplkup uyy. 8.1.5-md wumwnlkpduws H qpudn:

Ul. 8.1.5
LY. 8.1.6-nud wuwnpdws £ H gqpudh £hpwnn ququpuyht 5-ubpynidp, npp unnwgyby b
H qpuwdh b upw ququpubph vy, vy, V3,04, Vs, Ve, V7, Vg, Vo, V1o hwonppuljutinipjuty
tjundwudp tkpdut wqupqugnyt wignphpdh Jhpundwt wpnpniupnid: Uniu Ynndhg,
pwih np H-p tpiynnuwih gpud E wyw y(H) = 2: Ujuyhuny, H gpudh ququpbbph
V1, V3, V3, Vy, Vs, Vg, V7, Vg, Vg, V19 hwonpnuljmiimipjutt nhypmd ubkpldwt wupqugnyt
wqnphpup junnignid £ H gqpudh ghon ququpuyht (x(H) + 3)-ubkplnid:
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Zbow k wbkubb], np ubpidwt wupqugnyt wignphpuh wohiwwnwuph wpnniupp
tuwbu Juhdws L qpudh ququputph hwonpnwlwunipinithg: Phwuplk, gnyukph
wjuwqugnyt pwtwlny tbkpynid qunubnt hwdwp Jupkih B wowewpll] hwwnwupyuwi
tnulwyp:  Opptwl, Ywpkh E nhuwpll) gpudh  ququptbtph  popnp htwpuddnp
nbnuihnjumpnitubipp npybu  ubpdwt  wwpqugnyu  wgnphpudh ququptbph
hwonpnuwlwinipnitubp: Zknmbwpwp, tpt qpudh ququpubtph pwiwyp n L, wyuw,
nhunwplbingd n! hwn wnwppbpulutp b pipupwtyniph hwdwp Jhpunking ubkpydwi
wwpqugny wignphpup, jupbih £ qnit) wn gpuph ubpljuut yuwpqugnijb wignphpedny
unnwgynn pnjnp dhownn ququpujhtt tbkpynudubpp: Ujunithtnl, qpudh pninp unugdus
&hown ququpwjht ubkpynidubphg puwnpk] gnyubph tJuqugnyt pwbwlnipjudp nplk
ubplnud: Uuljuy whwp E tok), np wynputt gnpénnnipinit junnwnpkip, tnytthull n-h thnpp
wpdtpubph pbhypnd gnpstwlwiunid wthuwp bt Umpiu Ynnuhg, gnnipmnit niukb
gpudutph nuubp, npnig hwdwp huwynth b ququpttph hwenpnuwljwtnipmnitutpp,
npnig nphypnd ubkpyuwb wupqugny wignphpup jupnignid k gnyubph tjwuqugniy
pubwlmpudp tbpynud: Ujpuyhuhtt G, ophttwl, § 1.5-nid vwhdwtiws dhowljuypkph
qpudbpp:

Phnphd 8.1.3: Gph 6-u Uhgwluwyptph gpud L, wmyw ¥(6) = w(6):

Uwwgng: Lwth np G-t dhowljwyptph gpud k, wmyw hpwlwb pytph R puqunipjui
Jpw gnipnit niuh § = {I4, I, ..., I,} hwl] hwndusubph punwthp, nph hwnndukph
2(R, §) gqpudp G-t k: Yhnnwplkup 6 gpudh ququpttph wyt hwonpywljwunipniup, npp
unwgymd Lt Iy, 1, .., I, thwl] hwnjwsubpp pun dwpn sSwypultnh hwinhuydwb
nuuwynpbny: Ujunithtnb wyny gpudh hwdwp Yhpwnktp  tkpldwbh wwpqugniy
wignphpup: Fhgmp wyn wignphpuh wjwpnh ywhhl v ququpen uinugt] £ unwbjugniju
k gnyup: Rwuh np v ququpnp wignphpdh wohwmwnwiph pipwgpnid sh unwgt) 1,...,k—1
gnyutp, ntunh v ququpht hudwyuunwupwt Jhowluwph dwpjn a Suypuljtwnp
wuuluwiunwd £ bwb 1, ..., kK — 1 gnyubpt wppbb niubkgnn ququptbphtt hwdwywnwuhiw
dvhowuyptpht: Fninp wyn dhowljuypbpp wupnibwlnud b a Ewnp, ntunh v ququpn b
tpw 1,..,k —1 gnyubp nukgnn hwphwb ququptubpp juqumd Eu phy tipugqpud 6
qpudnid: Ujuyhuny, w(G) = k = x(6): Umniu Ynnudhg, pun phnpbd 8.1.1-h, x(6) = w(G)
, htnbwpwp, ¥(6) = w(G): =

Ujdd dujbpytup b wmyugnigkup 9Eoh b Mwnybyh plnpbdp:
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Etnpkd 8.1.4: Bph G-u qpwd k, nph wunhfwwght hwjwpwsniv d = (dy, ..., d,)-u L,
npntnd, = - > d,, wyu ¥(6) <1+ max,.;,, min{d; i — 1}

Uwwgnyg: Bhnpbup wyugnighint hwdwp dkup Yihpwunkup ukpydwbt yupqugny
wgnphpup  dy,..,d, wuwnhdwuttp niubkgnn ququpttph  hwenppwuljwunipju
tquundwdp: Zkon L wbubbk], np i-pnp ququpp ubphbme dwdwbwl tpw hwplwb
ququpltnhg ny wykh, pwt min{d;, i — 1}-p wppkt vnwgl) Bu gnyubp: Zkmbwpwn, i-pg
ququph goyup wydkh sk 1+ min{d; i - 1}-hg: Ujuwhuny, ubkpljdwb wwpqugnyl
wgnphpUh wojiwnwph wpyniupnid ogurnugnpdynn gnyutinh putiwlp sh gipuqugnid
1+ max ., min{d;i—1}-p: =

Uwhdwbnud 8.1.5: Gpt ¢ qpudh hwdwp nmbinh muh x(6) = k hwjwuwpnipniup,
wwjw G qpudbp Ynsynud £ k-ppodunpl gpaad:

Uwhdwimd 8.1.6: Gpt ¢ qpudh hwdwp nmbnh muh x(6) = k hwjwuwpnipniup,
uwluwyt 6 qpudh G-hg nwuppkp gutjugws H tupugpubh hwdwp nknh nituh y(H) < k
wihwjwuwpnipiniiup, wmyw 6 qpudnp Ynsynwd k k-fppunpluluwi qpud:

Ljwwntklup, np guujugws k-ppndunhl] qpud nmiuh k-Yphunhjulut tupugpud:
Lottp gpudh ppndwinhly pyh dp Jbpht guhwnwfwb, npp vnwugynd £ wyy gpudh
Uphnpjuljut  Eupwgpudubpp numdbwuhpbint wpyniupnud: . Uwnnpl dbkup
Jatwltpytup b juywgnigtup Uktptoh U 9hidh plnpbdp:

npkd 8.1.5: Swuljugwsd 6 qpudh hwdwp mbnh nith

x(G) <1+ max 6(H)
withwjwuwpnipjniup:

Uwwugnyg: thgnip k = x(6) & H'-p G gpudh k-Yphnhjuljut tuipugpudt b Luju
gnig wwwtp, np §(H') = k — 1:

Lwuh np H'-p 6 qpudh k-Yphnhjuljui tipuqpud b, ntunh guujugus v € V(H')
hwdwp H' — v qpudp nith £hpn ququpuyhtt (k — 1)-ukpynid: Gpt H'-nud gnjnipinit
nuhv' eVH'), npdy(v') <k —1, wmyu H' — v' gqpudt niih £€hpnn ququpuyht (k— 1)-
utpynud, nph nypnid v’ ququph hwdwp gnynipnit Yntuktw 1, ..., k — 1 gnyjukphg Ukp,
npp sh ogumwugnpdynid tpw hwpbwt ququpibph hwdwp b, hbnbwpwp, v ququpp
Jupbkih b ubpll] wyp gnyuny: Ujuwhuny, y(H') < k-1, husp hwwund L H'-h k-
Yphunhjulwh gpud (huknit: Ujuinknhg htnbind &, np 6(H') = k — 1: Zknlhwpwp,
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X(G)—1<6(H) <maxyc; 6(H): =

‘Lwwnkup, np plinpkd 8.1.5-hg bu htwnlinid k phnpbd 8.1.1-nud pipduws x(6) < A(G) +
1 quwhwwnwlwp, pwth np guijugws ¢ gpudh hwdwp nbnh nith maxycq §(H) <
A(G) wuhwjwuwpmpiniup: Umpie  Yondhg, wppbt ok Gup, np wyy  dbpht
qguwhwwnwljuwbtbpp hwuwbbh o K, 1phy qpudh b jhun Gpupnipnit niukgnn €544
wwpq ghlh hwdwp, pwth np x(K,) =AK,) +1=n b x(Czp41) = A(Cany1) +1=3:
NMupqynud E wyy gqpuwdubpp dhwlt tu, npnug hwdwp wyn JEpht quuwhwwnwluip
hwuwtbih k: Unyt hwunt wnwehtt wbhqud tipyt) £ Bpnipuh Ynnuhg:

Etnpkd 8.1.6 (Ppnipu): Bpk G-u juywlgws gpud k, npp 1phy gpud fud Yhuwn
tpupnipinin niubkgnn  wwpq  ghlp sk, www  wbknh mup x(6) < A(G)
wihwjwuwpnipniup:

Uwuwgnyg: Lwju tjuunkip, np bpk 6-u juyulgus qpud kb AG) < 2, wyw
ptnpEdt whthwyn k:

Gupwnpkup, G-u juwulgdus qpwd L b A(G) = 3: 8nyg wwbp, np Lpk G-u
Juyuygduws qpud E b oph] gpud sk wwyw  wbnh mbh x(6) < A(G)
wihwwuwpnipnitp: Gupwnpbup hwlwpwlp. gonipmit mbkt H juyulgdus
gqnwdlbp, npntp |phy skb, ACH) =3 b x(H) = A(H) +1: Cunpbup wyn gpudlikphg
tjuqugnyb pwbwljnipjudp ququptbp ntukgnn ¢ qpudn:

Jdtpgutup ¢ qpudh nplk v ququp b nhuwpybup 6" = 6 —v qpudp: 6 qpudh
punpnipnithg htnbnud L, np 6" qpudt muh &hon ququpuyhtt A(G)-ubpynid:
ZEnlwpup, dg(v) = A(G) (kphk dg(v) < A(G), myu G’ gpudph &hpn ququpuyhtt A(G)-
utipyuwt nhypnid v ququph hwdwp gnynipnit Yniuktw 1, ..., A(G) gniyyutphg dkyp, npp
sh oqgunnugnpéynid upw hwplwb ququptbph hwdwp b, hEmbwpwp, tkplhtny v ququpn
wyn gnijuny, dkup Juunnwbwip 6 qpudh £hown ququpuyhtt A(G)-ukpynid, husp hwjuunid
Ex(6) = A(G) + 1 wuydwht): Uk ht, Yupkh E wugl) hbnbywp.

Zunnipnil 1: ¢’ qpudh guujugus £&hon ququpughtt A(G)-ubkpydwt nhypnd v
ququph hwuplwbh ququpubph gniyubpp qnyq we qnyq nwppkp Eu:

bpnp, tpt gqonmipjnit nitkbwp 6" qpudh &hownn ququpuyhtt A(G)-ukpynid, nph
ntypnid v ququph hwplwt ququputph gonyubtpp Ypliynd G, www gopnipnib
Yniukuwp 1, ...,A(G) gnyukphg dkYp, npp sh oguuugnpdynid tpw hwplwt ququptkph

hwdwp b, htnmbwpwp, ukplknyg v ququpp wyp gnyuny, dkup uinphg junwbwup ¢ qpudh
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&hown ququpuyhtt A(G)-ubplynid:

TYhgnip A =A(G) b Ng(v) = {v1,v;,...,va}: Unwlg pughwupnipmniip juwponbne
Jwupnn kup Eupwunnty, np ¢’ qpudh a £hpn ququpuyht A-ubkpdwt ghypnid vy, v,, ..., v,
ququplkph gnyubkpl tu 1,2, .. A Tthgnip Gij = G'[S], npukn
S=wweV@) b(aw) =ijudaw) =j)}(1<i+j<A):

Ujdd wmuyyugnigtup htwnlbjup.

Zwnmpmb 2: v; b v; ququpbbkpp wwnlwind i 6; qpudh dhbinygh
uywlgqws pununphsht (1 < £ # j < A):

Ppnp, tpk v; U v; ququpubpp wwunlwiukt G;; qpudh wnwppbp juyulgus
pununphsubpht, www  Jhpubbpiim]  v;  ququpp  wwpnibwlnn juywulglus
pununphsnud & gnijuny ubplfws ququptbpp j gnijuny, huly j-n ubplfws ququptbtpp” i
gnyuny, junwbwip ¢ qpudh a’ ghpn ququpwihtt A-ubkpynid, nph phypmd v; b v;
ququpubpp thpldws Gu tnyb gnyyuny, husp hwlwunid £ hwnlnipinit 1-ht:

Tthgmp Cy-u G qpudh v; b v; ququplbkpp Wupmbwlnn juwyulgws pununphy

Zuwwnlmpini 3: C;-u v; b vj ququpbkpp vhwghnn wupq fwbwwyuph E(1 <i#j <
A):

Clupunpkup d¢, (v;) > 1: Mwupq L, np wyy ghypmid v; ququpp hwuplhwb | wetququ
tpynt j-nd ubpydwsd ququputph hbw: Lwuh np dg(v;)) <A -1, ntunh v; ququpp
Jupbkih £ Jipuubplyl) k gnyuny, npnbn k # i, j, wjuybu np vnwbwup 6 qpudh a” £hon
ququpuhtt A-utpynud, nph nhypnd v; b vy ququpttpp tkpldws Lu utnyh gnyuny, husp
hwljwunud Ehwinlnipynit 1-ht: Zudwindwb dim] Yupth £ gnyg iy, np dg, (v]-) =1:

Ujdd hwunqykup, np C;-h dbwgws pninp ququpbbph wuwnhdwtbbpp 2 kB
Gupwnnptip hwlwpwlp, U nhgmp u-u Cy;-md vi-hg v; ququplbpp Jdhwgunn
dwmwywphh wrwght qugupl £, nph hwdwp dc,; (w) > 2: Gpt a(u) = i, myw u ququpp
hwplwt E wntuqu tpkp j-nd ubpydws ququpubpht, hul tpt a(uw) =j, wyu u
ququpp hwplwt E wetquqt tpkp i-nd ubpyws ququpubpht: Lwth np dg(uw) < A,
nunh u ququpn Jupbh b JEkputbkpyt k gnyuny, npntn k # i, j, wjuygbu np unwbwbp
G' qpudh a”’ &hpnn ququpuyhtt A-ukpynud, nph phkypmd v; L v; ququplbpp
Juuinfjuiklt G5 gpudh wwppkp juwwlgws pununphsubpht, htsp hwluunud E
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hwwnlnipjniu 2-ht:

Zuwwnlmpinit 4: C;; b Cy wupq Swbwwyuphtbpt niukt dhwyt v; pinhwinip ququp
(ijk=12, . ,A0i+j+k=+i):

Cupunpkip hwlwowlp, b nhgmp u-u vi-hg wwppkp €; b Cy wupq
Swhwwwphubph puinhwinip ququpt b Mwpg b, op wyn phypnd a(u) =i b u ququpp
hwplwt £ wnuuqt Eplnt j-ngd b tpyne k-ng ukpduws ququpubpht: Lutth np dgr(w) <
A, ntunh u ququpp Jupbh b Jbpwbbpyl] | gnyuny, npnbn 1 #ijk, wjuybu np

nrr

unwbwtp ¢ qpudh a”” hoin ququpwghtt A-ukpynid, nph nEwypnid v; b v; ququpttpp
Juuinjuiklt G5 gpudh wwppkp juwwlgws pununphsubpht, htsp hwluunud E
hwwnlnipjnit 2-ht:

Lwtth np 6-u juywlgws qpud kb 1phy qpud sk, ntunh gnynipnit niubku Epynt
ququplbkp, npnup hwplwb skh, puyg nitukt puphwunip hwpbwt ququp: Unwig
punhwipnipniip pwponbnt jupnn Gup Eupwnpb], np wyn ququputpp vy b v,-u G
“Thunwplkup €1, wupg swbwwwphh u (4 # v;) ququpn, npp hwphwhb £ v4-ht: Lwth np
A>3, nunh G qpudnid gnnipnit muh €3 wwpq whwwywph: Ujp phypnud
JEpwubplytny €413 wupq Swuwyuphh 1 gnyuny tkplydwsd ququputpp 3 gniyjuny, huly 3-
ny ubpidws ququpbpp’ 1 gnyuny, junwbwip ¢ qpudh a”””’ ghon ququpuyhtt A-
tukpynud, nph nhwpnid vy ququpp bkplyyws £ 3 gnyuny, hulj v3-p* 1 qgnyuny: Ujunnknhg
htnlinwd E, np unp wnwowugus €y, b €3 juwyuljgyws punungphsubpp niukb pughwinip
u (U # vy) ququp, husp hwjwunid £ hwnlnipnit 4-ht: =

Utlp wpnkt ok Bup, np gnynipini niukt 6 gpudutp, npng hwdwp x(6) = w(6):
Uniu Ynnuhg wupqynud £, np ¥(6) b w(6) wupudbnpbph dhol tnwppbpnipiniup jupng
b (hub] dbs guujugus twhwwybu ipdws pdhg: Uyn unhpp wnwehtt whqud npyty &
“hpuwlh Ynnuhg. gnnipjnit nith wpynp bowinit swwpnitwlnng 6 qpud, nph
ppndwwnhly phyt huspwtt wubp Uks L Fpuljut wunmwupiwbp pungpht vipdt) £ Shyndh,
Swwnnnh b Uhghjulnt Ynnuhg: Ujuwnbn dJktup [Jwbq Ywnuktup Uhgkjulnt Ynnuhg
Yupmgjus wynuhuh gpudubkph Jpu:

Thgnip G-u qpud L b V(G) = {vy,v,, ..., v, }: Uwhdwbup 6 qpudbh Uhgljuln: p(G)
gpudp htnlyu) Ypy.

V(u(6)) = (v, v, ..., Uy Uy, Uy, ..., U} U (W),
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E(u(®)=E@ u{uw;: vje N¢(w),1<i<m1<j<nju{wuy;:1<i<n}

Ophuwl, uy. 8.1.7-nud wuwunltpyws k €5 qpudph Uhghjulne pu(Cs) gpudp, npp bwl

hwjnuh t @pnpop gnuwp winiuny:

C, V) u(Cy) V2

QA}
5

Vs Vy Vs Vy
Y. 8.1.7

Uwnnpl dktp fabwlbpybup b juwyugnighp Uhghjulnt pnpbdp:

Etnpbd 8.1.7: Gpk G-u tnwiynit sywpnibwlnn k-ppndwnhly gpud &, myw p(6)-u
Enwilnit syyupnibwlynn (k + 1)-ppndwnhly gpud t:

Uwwgnyg: Thgnip 6-u towllnit syupnibwlng qpud k x(6) =k L V(G) =
V1,2, ..., Vp}: Hhinwupliltip p#(6) gpuidp: Lwtth np p(6) gqpudh ququplbiph {uy, uy, ..., uy}
puqunipniit wbuwh E ntunh u; ququpp wwpnibwlnn towblmniup ybwnp E Gplno
hupbwh ququp mukbw V(6)-hg: Cun pu(6) gpudh jurmgdwb, wyn kplm ququpbbtpp
Yupnn kb (hukp dhuyh v; ququpht hwplwb ququpttphg: Ujuntnhg htnbnwd E, np bph
G-t brwtiln i supupniilnn qpuid E, wuyw p(6) gpuidp bu sh wwpntbwynud bewbln:

Uydd gnyg wulip, np x(u(6)) = k+ 1: Thgmp a-b 6 gpudh &hown ququpwhle k-
utpymud E: Uwhdwbbip u(6) gpudh B ququpught (k + 1)-ubpynudp htnbjury Yipy.
Bw) =Bw) =a;), tpp1<i<n, b B(w) =k+1: Zkpn L wbkulk], np B-u G qpudh
&hpwn ququpuyhtt (k + 1)-ukpynud k, nunh x(p(6)) < k + 1: Zudnqykup, np x(u(6)) =
k + 1: Gupunptp hwlijwewyp. #(6) gpudh muh £hon ququpughtt k-tbkplnud: thgmp
wyy Ukpynudp y-u b Unwlg pughwipnipmoiip jpwjunbne upnn Gup Gupwnplk), np
y(w) = k: Ujuntnhg htwlnwd b np y(u) € {1,..,k—1}, tpp 1<i<n: Yhgmp 4=
v y(w) =k 1<isn}: Quomgkip G gqpudh &hpin ququpuyhtt (k — 1)-ubkplnulp
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htunlywy Yhpyw. jnupupwignip v; € A-h hwdwp Jepwubpytup wyny ququpn y(u;) gnyund,
npntn 1 <i<n: Lwth np y-u &hopnn ququpujhtt tkpynud E, ntunh A4-u wluwju
puqunipinil b Ujuyhuny, pinptidt wywugniglint hwdwp pudulwi £ gnyg vy, np v;v’
Ynnh Yhg v; b v ququpttpp tkpius tu mmwuppbp qnyubpny, npunkn v’ € V(6)\A: Gph
vv' € E(G), wyuw, punn p(6) qpudh Junnigdwh, w;v’ € E(u(6)) b, hknbwpwp, y(w,) #
y(@'): Ujdd, hinwguting pu(G) qpudhg uy, uy, ..., u,, ququptpp b w ququpp, junwbwip
G qpudh &hpnn ququpuyht (k — 1)-ubkpynwd, npph gonipniup hwjuwumd £ x(6) = k
wuyUwitht: Ujughuny, x(#(6)) = k + 1 &, hknbwpwp, p(6)-u kpwiljnih syywpniiwlnn
(k + 1)-ppndwwnply gpud b =

Suippbp quwhwwnwlwuubp qpudubph b tpwtg jpugnudubph ppndwwnhly pdtph
gnidwiph b wpunwnpyuh hwdwp wpwehtt wbqud wnpdl] B Unpphwniu bt Gunnudwgh
Ynnuhg:

Ehnpkd 8.1.8: n ququp nibikgnn gubugws G qpudh b tpw 6 pugdwt hwdwp
wnbknh nitku

2V n < x(6) + x(G) <n+1

2
n< 2@ 2@ <2

wihwjwuwpnipniubbpp:
Uwwugnyg: Thunwpltup 6 gpudbh £hon ququpuyght ¥ (6)-ubpynudp: Mwupg b, np
V(G)=V,UVu-uV,ouV;nV;=0,kppl <i+j < x(G),
npukn Vi-u i-pn gnyunyg ubpqus ququptbtph puqunipmiut £ (1 < i < x(6)): Ujuntinhg
htwnlnud E, np

x(6)

n=V@l =) Vi
i=1

niuwnnh

n
max |V;| = ——
1sisx(6)| 3 x(@)

Pwlh np V-t wijwp puqumpmb k, nunh G-nmid gnmpmb mbh |V;] ququp
wuwpnibwlnng ;pphy Bupwugpud (1 < i < ¥(6)): Ujuntinhg b phnpbd 8.1.1-hg htwnlinid k, np

— — n
G)=>w(G) =2 max |V;| = ——
X( ) ( ) lSiS)((G)I l| X(G)

Ujuyihuny, x(6) - x(6) = n:
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Ujniu Ynnuhg, putih np
(X(@ + x(@®)" = 4x(®) - x(®,
niuwnnh
(X(@) +x@®)" = 4x(6) - x(©) = 4n:
Ujuintnhg htninid E, np x(6) + x(G) = 2v/n:

Ujdd gnyg wmwlp, np x(6) + x(6) <n+1: Uyugnygp Juwnwpkip dwlusdub
bqulblny pun n-h: Bpk n = 1, wyw winnidt whihugn b Gipunpkip, whgnup Shown b
qutijugud 6 qpuadh hudwp, kpp V(67| < n: thinwplklp n + 1 ququp niikgny npbt 6
qpwd: Thgnip v € V(G): thinuplykup H = ¢ — v gpudp: Mupq £ np x(6) < y(H) +1 L
x(6) < x(H) + 1.

Gpt x(6) = x(H) Yud x(6) =x(H), wuyw, pun dwhusiwh Lipunpnipul,
Yniuktwmtp

X&) +x@ <y(H+y(H+1<|VH)|+2=n+2:

Ujdd Lupunpbip, np ¥(6) =x(H)+1 b x(G)=y(H)+1: Pubth np H W H
qpububphl v ququpt wykjugutinig ppndwnpl php dkswumd  niunh de(v) = x(H)
L dg(v) = x(H): Ujuintnhg htinlnid E, np

x(H) + x(H) <d;(v) + dg(v) = m:
Ujuyhuny,
@ +x@) =xy(H)+xy(H)+2<n+2:

Ujniu Ynnuhg, wwpqg £ np

X@+x©)° _ @m+1?,

2(6) x(G) < XOx@L o

‘Uokp, np phnpbd 8.1.8-n1d pipdwsé unnpht b Ytipht guwhwwnwljuwuttpp hwuwikh
tu: Ppnp, nhnwpltup Ky, nhy gpuipp, snpu bt hhtig tpljupnipinit niukgnn €4 b €5 wwipg
ghyikpp. htown £ wnkulbk], np wbknh mukh y(K,) + x(K,) =n+1, x(K,) - x(K,)=n &
x(Cy) + x(Cy) =4, x(C3) - x(C5) = 9 hwjuwuwpm pjnibbibpp:

Lokup il wnwg wwwgnygh, np hwynth £ hwdwpjw pninp gqpudutinh ppndwnhly
pyh wpdtpp:

tnpkd 8.1.9 (U. Unponitiny): n ququpe niutkgnn hwdwpu pninp 6 qpudubph
hwdwp ntnh nith
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n

G)~
x(6) 2log,n

wnusnipjnilp:

Uju wqupugpuwdh Jtpenid winpununbwip twb hwpp qpudputinh ppndwnpl pyh
quitnt funpht: Uyn fpunhpp hwynvh & snpu gnybdkph Ahunplq majudp b nith onipe 150
nupju wguudnipni: vungph wnwehtt hhpwwnwlnidp juwyyws £ dpkuvhu Ininphh
htwn, npp Unnuwynpuybu 1850 pYwljutihtt wyn jutnhpp dAbwlbkpwl) E nt Unpquiht: Ujn
huunhpp juywunud E hEnbjunud.

2nnu gnyjutph hhwynpetq: Zbwpwynp £ wpynp wdkt vh wopnuphwgpujut pupunkq
ubkplk) snpu gnyubkph dhongny wjtiybu, np jnipupwbynip piph nwpwsp ubpluws 1hup
Ukl gnyuny, hull pughwinip uwhdwb mbbgnn Ephputpp tbpygwsd (hukt wwppkp
gnyutipny: Ujunkn hwuljubunwd tup, np jnipupwisinip Epyph mwpwspp juqudws L Ukl
Juyuwlgjus wnhpnyphg b tpynt Ephhp hwdwpnid Bup hwpbwb, Gpk tpubp nibku
punhwinip uwhdwb géh wnkupny, ns pk Yhwnh:

Swiup wyn hugph dwpbdwnphluljub Abwlbpynudp. Epk woluwphwgpujut
pupuntqht hwdwwywunwupiwtkgutup gpud, nph ququputpp pupntqh tpypubpt B,
hulj Ynntpp' punhwtnip vwhdwb niubgnn Eplputph gqnuygbpp, wyw vnugdus qpudnp
Yihth hwpp U snpu gnyubtph hhwynpbtqp phpgnud £ hwpe gqpudh dhon ququipwyh
ubpydwt punphtt snpuhg ny wybkh gnyubph dhongny: Ujuwhuny, «2npu gnuyukph
hhuynptqp» Yniuktw htnbjw) dbwlbtpynudp. Epl 6-u hwppe gqpud Lk, wyw x(6) < 4:
ULjwwnkup, np gnmipinit niubkt hwpp gqpudubp, npntg dhonn ququpuyhtt ubhpydwi
hwdwp wthpwdbtown k snpu gnyu. wynuhuh gpudh vh ophtiwly E hwunhuwunid Ky 1phy
qpudp:

«Qnpu gnyubph hhynptqny» qpunyt] tu own dupkdwnhynutp b wyy hhynptqh
wnwohl, ujuw] Wupnibwlny wwywgnygp, wnpyb] B Ykdwbkh [22] §nnuhg: Uwwugnygnid
ufuup hwyntwptpt) tp Zhgninp (18], npp phy wig gnyg wnfbg, np tpk 6-u hupe gpud
www y(6) < 5: Uy hhynptqp Jepptwjut nisnid gquuwy 1976 pquljuuht Uwywkh b
Zulkuh woliwwnwbtpubpnid [2,3]: Upklp, np wju hhwnptqh wwwgnygh hwdwp
hinhtwlubtpp oquudty Eu «hgptkph pEptwpuwthdwt» bEnwbuwlhg, nph  phuypnid
wihpwdbtown tnwy phwwplt] 1400-hg wdbih pépyng naphgnipughwitpn 1 npnug
unnignidp Juuwpyl] B hwdwlupghsh oqunipjudp: 1996 pdwluwuht (knpkpuunth,
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Uwunbpuh, Ukjuniph b Sndwup Ynnuhg wnpdtg wyp phioptidh bwybu wdbh wupg
wuyuwgniyg [31], npp bu wwhwignd £ hwdwlwpgsh dwubwlgnipnit, vwluyt wju
nhypnid nhwnnwplyby Eu 633 pipynn Ynudphgnipughwibp:

Etinptkd 8.1.10 (Uwy ), Zwlkl): Bpk 6-u hupp gpud |, wmyw x(6) < 4:

Ujdd muyugnigkp Zhyninh pnpbup hhtg gnyjutph dwuht:

tinpkd 8.1.11 (Zhyniy): Gpt G-t hupp gpud k, wmyw x(6) < 5:

Uwywugnyg: Qhgnip |[V(G)| =n: Ehnptdh wwwugnygp juwnwpbip dwlwsdwb
tnutwlny punn n-h: Gpk n <5, wyuw phnpidh Wunnmudt wlthwyn E: Gupwungpkup,
phnptdp unnyg k guijugus 6 gpudh hwdwp, tpp [V(6)| < n—1: TYhnwpykup n
ququp ntutgnn nplk 6 hwupp gpud: 8niyg mwp, np ¢ qpudp niuh ghon ququpuyh 5-
utpynud: Gupwnpkup, np 6 hupp qpudp huppnipjut Jpu quunltpjws t wjuybu, np
gujugws Ynn sniubuw hiptwhwwnnd b gmujugws tpynt Ynnbp sniubbwt punhwinip
Jtwntp, pugh ququpubtphg: Zwdwdwyt hbnbwbp 7.1.3-h, 6 gpudnmid gnjnipnit niuh
ququp, nph wunhfwbp hhtighg wybih sk thgnip wyn ququpep -t E: Fhinwpykup
H = G — u qpudp: Cunn dwljwsdwt Eupwunpnipjut, H gqpudt nituh dhownn ququpwght 5-
ubipynud: Gpt dg(u) < 4 jud wyy ubkpidwb phypnid u ququph hwpbhwt ququpttph
gnyubpp Ypliynd B, wyw gnymipinit Yniukbwp 1,2,3,4,5 gqnyubkphg dbYyp, npp sh
oquuuugnpséynid u-h huphwb ququpubph hwdwp b, hbnbwpwp, ttplhtng u ququpp wn
gnyuny, Udkup Yuunwiwip G qpudh &hpwn ququpuyhtt 5-ukpynid: Yhgnip Ng(u) =
{v1,V2,v3,V4,v5}: Unwlg punhwipmipniip juwpunbint Jupnn Gup Gupwnpl), np
gnnipjnit nith H qpudh a dhownn ququpughtt 5-ukpynud, nph nphwypmd v4, v;, V3, V4, V5
ququplkph gnyubtpp 1,2,3,4,5-u kil “Tthgnip G;j = H[S], npukn
S={wweVH) b(aw) =ijudalw)=j)}(1<i*j<5):

“Thunwplup Epynt nhup:

Qtwp 1t ¢ gqpudbh vy b vz ququplubpp wuunijuind B 63 gpudbh wwppkp
Yuwwlgqws pununphsubph:

bpnp, tptk vy b v3 ququpitpp yunjuiund tu G413 gpudbh nuppbp juyulygus
pununphsubpht, www, Jhkpubbpim] v, ququpp wwpnibwlng  juywulglus
pununphsnid 1 gnijuny ubkpyywsd ququpubkpp 3 gniyuny, huly 3-ny ukpywsd ququpubpp’
1 gqnyuny, junwbwip H qpudbh a’' ghonn ququpuyht 5-ukpynud, nph ghypmid v4 b v3

ququpubkpp tkpiyuws tu 3 gnyuny: Uyn nhypnid tkplkup 6 qpudbh u ququpn 1 gniyjuny:
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Ul 8.1.8

Thuyp 2: 6 qpwdh vy b vz ququpubpp wunuind ko G643 qpudh dhlhbnygh
Yuyyuljg]wd pununphsht:

Zbow kL nkutity, np wyn nhypnid ¢ gpudnid gnynipjnit hnrubkuw v4 b vz ququptbkpp
dhwgunn Py3 wupq Swbwyuwph, nph ququptbpp tkpiws kb 1 b 3 gnyutpny: Lwth np
G qpudp hwpp £, muwnh 6 gpudh v, b v4 ququptitipp juyuinjubkt G4 gpudh nwppkp
Yuuulgfus pununphsutph: bpnp, hwfunwy phypnud, v; b v, ququptbpp dhwgung
Py, wupq Swbwwwphp b Py3 wupq Swbwwywphp jhundku 6 gqpudbh nplk ququpntd,
hull yu hwjuunid k tpwl, np wyp dwbwwywphutph ququpubpp tkpdws o vmwuppkp
gnyubpny (ul. 8.1.8): dEpwukplytup v, ququpp wwpnitwlnn YJuyulgdus
pununphsnid 2 gnijuny ubkpyywsd ququpubkpp 4 gniyuny, hul 4-ny ukpyuwsd ququptbpp’
2 gnyuny, junwiwup H qpudh a” dhon ququpuwjht 5-ukpynd, nph ghypnid v, b vy
ququptbkpp tkpyyuws tu 4 gnyuny: Uyn nhypnid tkplkup 6 qpudbh u ququpn 2 gniyjuny:

Eplnt nhypnid £ unwgwp, np 6 gpudp niuh dhonn ququpuyhtt 5-ubkplnid, ntunh
x(G)<5: =

Uoklp tml wpwbg wuwwgnygh Gpnpoh phnpldp Enwulnit syywpnibwlnny hwpp
qpudbiph ppndwinply ph dwuhb:

fFtnpkd 8.1.12 (Fpnpr): Gph G-u tnwlulmt sywpnibwlnn hwpp qpud L, wyw
x(G) < 3:

Zupp qpudubph ppndwnhl pyh htn b juyuws twb qpudubtph nbunipjub

hwjntih b pupn hhynptqubphg dkyp, npp dbwlbpul) E Zupdhgbpp [16]:
191



Zhwnptq 8.1.2 (Zup]hgkp): Swijugws k-ppndwnhly 6 gpud wupnibwlnd k K
npubu Uphtnp:

Zuynth E np wyu hhwnpbqp dhon & k < 4-h phypnud [13]: Gph k=5, wyw
Zurplhgbph hhynptqh hudwdwyb, gmuljugws 5-ppodwnhl 6 gpud yupmbwlnud £ Ky
npyhtu dhunp: Uniu Ynnuhg, ptnpbd 7.2.3-hg vnwugynmd L, np wyn 6 qpudp sh Jupng
{htik] hwpp, muwnh Zwplhghph hhynptqh k = 5 nhwphg hnlmu b phopkd 8.1.10-p:
Juqutpp [37] gnyg E wdl), np hpuuwind phoptd 8.1.10-p hwdwnpdtp Lt Zwunghqgbtph
hhynptqh k =5 nhwph: Ujuintinhg htnbnud E np Zwnpdhqbph hhynphqp dhpn b iwl
k = 5-h nhwypnmid: 1993 pwlwihtu (npkpununth, Ukjdniph b Sndwuh Ynnuhg wnpydkg
Zumplhqliph hhynphqh wuwgnygp k = 6-h plgpnd [32]: 2nustws ki dinud Zwyhghph
hhunptqh k=7 nbwpbpp: Zwmplhgiph hhuynptqh dp pbghwipugnud ghuwplty
Zuynph Ynnuhg b hwynth £ Zwynoh hhynptq wdudp:

Zhynpkq 8.1.3 (Zwyny): Swulwgws k-ppndwwnpl 6 gqpuwd wwpnibwynd E
kupugpud, npp Ky-h Gipunpnhmd k:

“Thpulyp gnyyg £ unjby, np wyu hhynptqp dhpn bk < 4-h nhwpnud [13]: Uyniu Ynndhg,
Quunihtip htipplg Zwyngh hhynptqp guujugws k = 7-h nhypnid [10]: Ujuyhuny, Zwynoh
hhuynptqp dunwd £ pug k = 5 b k = 6 nhyplpnid:

§ 8.2. Gpudubph Ynnuyht ukpynidutp

Yhgnip 6 = (V, E)-u gpuwd k:

Uwhdwimid 8.2.1: ¢ qpuwdh fnguyhl k-Gkplhnid Ynyymd Lt a:E(G) = {1, ..., k}
wpunwywwnlbpnudp, huly® 1, ..., k pYtpp Ynsynwd Gu gnyasp:

Uwhdwimd 8.2.2: ¢ gqpudh a Ynnuyht k-ubpynudp Ynsymd b dhpowr fnpuyhl k-
Okplhnid, tpt guujugws e, e’ € E(G) huphwt Ynntph hwdwp unnyq L ale) # a(e’)
wuydwbp: Uy YEpy wuws, &hpn Ynnuyghtt tkpynidt wjtyhuh tkpynud k, npph nhwpnid
hwphwt Ynnkpp tkpynud Eo nupptp gnyyubpny:

Uwhdwtmd 8.2.3: ¢ qpudp Ynsynwd Lt fnpuypl k-akplkip, tph qnnipinit nith 6
gpudh &hpon Ynnuyptt k-ubkpynud: Uyt wjuqugnyyu k-, nph phypnid 6-u Ynnuyht k-
ubphtph £ Ynpnud £ 6 qpudh ppndwnply phplbpu: ¥'(6)-n tpwbwlkup G qpudh
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ppnuwwnhl hunkpunp:

G

Ul 8.2.1

Thunwpkup Y. 8.2.1-nud wuwwnltpyws G, H 1 F gpudubpp: 2kown | wkutky, np wyy
wjupnud phipqus | 6 qpudh Ynnuhl 4-ubplnud, npp, vwljuyl, £hown Ynquyht 4-ukplynud
sk: Ujnu Ynquhg, htiown t inbull) twl, np bl 8.2.1-mud wunlkpdus ko H b F qpudubph
&hown Ynnuyjht 4-ubkpynudubp: Udtht, ndjwp sk hudngyly, np x'(H) = x'(F) = 4:

Luinklp, np guiljugwé ¢ gpudh hudwp ¥'(6) = A(6): bpnp, pwith np G gpudh
&how Ynnuyht tkpljuwt nhypnd guljugusd ququpht Yhg Ynntpp bkpywsd b qniyq we
qnijq nwpplp gnijutpny, nunh wyy tkpuwb nhypmd oquiugnpsynn gnijubph pwwyp
sh Jupnn thnpp {huh A(G)-hg: Umiu Ynnuhg, guljugus ¢ = (V, E) gpudh hwdwp dkup
Jwpnn Eup nhunwplyty § 1.5-nd vwhdwtdws 2(V, E) hwunnwdubph qpudp: 2Zhokgubp wyy
Ynnuyht gpudh vwhdwinudp: 6 gpudh Ynnuyhts L(6) gpudp vwhdwinmd © htnbyug
Ybpy. V(L(6)) =E(G) L E(L(G)) ={ee:e,e’ € E(G), e be' — phwpbwh kh}: Zkyn L
wbulby, np guiljugud 6 gpubh hwdwp wknh nuh ¥'(6) = ¥(L(6)) hwjwuwwpmpynip:
Ujuintnhg, hwpydh wntbkng A(L(G)) < 2(A(6) — 1) wihwwuwpnipniip b hudwdwy
phnpb 8.1.1-h, unwnd kup htnlyup.

X' (6) =x(L(®) <A(L(6)) +1 < 2A(G) — 1:

Uju Jbpht quuwhwinwluip hwuwbbih £ ywupq ghykph nwypnud: bpnp, puth np
L(C,) = C,, tipp n = 3, ntunh x'(C,) = x(C,): Ujuywhuny, uvnwinmd Lup, np guijugus
n = 3-h hwdwp mbnh niih

ey | 2 bpln—pqnyg L,
X' (€ ‘{ 3, kpk n — p [ktun £,
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hwwuwpnipniup:

NMupqymud E, ppndwnhly huntpuh dogphwn wpdtpp hwynuh E bwb Ephinndwih b
I gpuptatiph nlypnud:

Ehnphd 8.2.1 (. Rynuhg): Bph G-t tpyynndwh qpud b, wyu x'(6) = A(G):

Uwuwgnyg: Pusyhu ok Eup, wknh niuh x¥'(6) = A(G) wuhwjwuwpnipiniup: 8nyg
wnwlp, np tphynndwth 6 gpudbnp niuh gdhown Ynnuyhtt A(G)-ubpynud: ‘Lwju wwwgnigkup,
np guujugws tphynndwh ¢ qpudbh hwdwp gnnipjnit nith wjtyhuh A(G)-hwdwukn
tpyynnuwh H gpud, np 6 € H: Gph 6-u hwdwubn kpyynnlwih gpud k, wmyw Jepgukup
H = G: Zujunwl nhypnid, vwhdwbup G, qpudp htnbywy YEpy. Jpgubup ¢ qpudp
Eplnt ophtiwl b vhwgubkup Ynnny wnwghtt G gpudh nipupwtisnip v ququip, nph hwdwp
d;(v) < A(G), unyu ququph htwn Epypnpy 6 gpudhg: Zhpwn k mbutl), np vnnwugdus G4
qpudp tpyynnuwih kb 8(G1) = 6(6) + 1: Gpl 6G1-p hwdwubn tplhynndwh gpud £, myw
Jtpgukup H = G4: Zujunwl nhypniud, dujusdwt tnuiwlny vwhdwubup G;4, qpudn
htwnlbyw) Yhpw. yipgukup 6; gqpudh tpynt ophtiwly b dhwgukup Ynnny wnweht 6; qpudh
mmipupwiynip v ququp, nph hwudwp dg,(v) < A(G), unyu ququph htwn tphypnpn G;
qpudhg: Ujuuthuny, Jbpgubiny H = Gyg)-s(6), Ukup Junnwbtwip wthpwdbpn hwdwubn
tplyynnuwh gpudp:

Lwth np H-p A(G)-hwdwubn kphynndwth gpud k ntunp hwdwdwyu plnpkd 5.2.4-h,
wju wwpnibwlnud £ M; juunwupu) qniquljgnid: thunwplbup 6 — My gpudp: Ljwwnklp,
np wjit (A(G) — 1)-hwdwubn Epyynndwih qpud bk Zwdwdwy phoptd 5.2.4-h, wyl
wupnibwlnud £ M, Juuwpuw) gqniquignid:  Ythuwwpykip 6 - M, — M, qpudp:
‘Lwwnklup, np wy (A(G) — 2)-hwdwubn tpyynndwih gpud k: Lodws puyipp Yhpwunkng
A(G) wlqud, dkup Yuunwtwip H A(G)-hwdwubtn bEpyynnuwih qpudh Ynnkph
puqunipjutt mpnhnid qniyq wn qniq shwwnynn juunwpyu qniquljgnidutph. E(H) = M4y U
M; U - U Myg): Ujdd M;-pny qniquljgdwtt Ynnkpp ubkplkup i-pn gnyung (1 < i < A(G)):
Ujuntnhg htunntinwd k, np H-p niup §honn Ynnuyhtt A(G)-ubpynud b, hbnmbwpwp, bwb G
gnudp niuh ghow Ynnuyhtt A(G)-ubkpynid, pwh np 6 € H: Ujuyhuny, ¥'(6) < x'(H) =
A(G): =

Ptnpbd 8.2.2 (4. 9pqhlg): Swujugus n = 2-h hwdwp nknh nith

, _(n—1,kpkn—pqgnyqk,
X (Kn) ‘{ n,  Epkn—plEnF,
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hwwuwpnipniup:

Uwwgniyg: Lwiju nhunwplktp n-h qnuyq phy (huknt nhwypp: thgmpn =21 (1 €N) b
V(K3) = {vg,vq, ..., V21-1}:  TYhuwupytup K, qpudbh  Ynntph M, M,, ..., My,
puqumipniuubpp, npunkn

My = {vov1,V2V21-1, V3V21-2, -, ViV141},

M; = {vov,, V3V, V4211, -, Vis1 Vi ),

M31_1 = {VoV21-1, V1V21-2, V2 V213, -, V-1V
Ujuntn M;,¢-h Ynntph puqunipiniup uinugynud £ M;-h Ynntphg htnljw) gnpénnnipjui
Upgngny. jmpwupwignip Ynnpt hhg wikl vh ququph huntpubl, pugh vy ququphg,
gnidwpmd Eup 1 pun dnpniy (21— 1)-h: Zhown k wbkutk), np Ynnkph My, My, ..., My,
puqunipniitbpp qniq we qnuyq shwwnynn Juunwpu) qniquygnidubp tu: Uydd M;-pn
qniquljgdwtt Ynnbkpp ubkpykup i-pn gnyuny (1 < i < 21 — 1): Ujunbtinhg hknbnud £, np Ky
gpudp niuh &hon Ynnuyhtt (21— 1)-ubpynud b, hbnbwpwp, ¥ (Kz) < A(Ky) = 21— 1:
Ujniu Ynnuhg, pwtth np ' (Kz;) = A(K3;) = 21— 1, ntunh ' (Ky) = 21— 1:

Ky

Vl+1 vl

Ul. 8.2.2
Lkpldwt wju tputwljt nith hEnlyuw) Epjpusuhuljut dbjuwputnudp: Nputu Ky,
qrudh ququputp yYhpgubp opowtiwgshtt tbkpgdws Ywuntwynp (21— 1)-wilnit
puquuilpjutt ququpukpp b 0 Yhuwpnup, hull npwbu Ynpbp’ hwdwywunwupwh
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ququplbpp dhugunn hwndusubpp: Unwohti gnyjuny ubkplynn Ynnbpp wqunlbpdus tu
uly. 8.2.2-nud: Snipwpwiyynip hwenpn gnuyuny ukplynn Ynnbtpp Junwgytl, tpk uly. 8.2.2-h
wuwnltpp dudwgnigh ujwph nippnipjudp yunnkup puquutljut 0 YEtwnpnuh onipon
(%)o suthny: Lwth np mpupwbtynip yunynh dudwbwly hbppulut gnyuny tkplyny
Ynnbtph nipnnipynibttpp hnthnpynud Gy, ntunh ny dh §nn Epyne wbqud sh ukpydh b
wupq k twl, np pninp Ynnkpp Jukplgtu 21 - 1 gnyubiph dhongny:

Ujdd nhunnwplkup n-h huwn phy jhubnt nhwpnp: thgnip n = 21+ 1 (I € N): Rwuh np
K11 quudp vnwgynud E Ky, qpudhg Ukl ququpe htpwgubiny, ntunh x'(Kz4q) <
X' (Kz142) = A(K3p42) = 21+ 1: 8nyg wwlp, np x'(Kz41) = 20+ 10 Yhuwplbup Kz
qpwdh &hown Ynnuyht x'(Kzp4q)-tlplnud: Mupg k np

E(K3141) =EqUVE; U UE (g, yUWE,NE;=0,tnpl1 <i+#j < x (Ky41),
npukn E;-u i-pn gnyuny ukpus Ynnbph puqunipniut £ (1 < i < ' (K2541)): Ljuunkp,
np nipupwisinip i-h hwdwp Ei-u gniquignid £ (1 <0 < y'(Kp41)): 2Enbwpup,
guujugus i-h  hwdwp @A <i<y (K1) uwnnyqg Lo |E| < a'(Kyyeq) =1
whwuwuwpnipniup: Uyjuyhuny,
X' (K2141)

)= EWal = > 1Bl < X' (Katn) - @ (Katn) = X (Ko L
i=1

2l+1

l-(21+1)=( ;)

nunh ¥ (Ky4q) 221+ 1: =

Uunnpl dbwbpybp b wyugmgkp 9hqhugh ptnptdp gpudtbph ppndwnply
hunbkpuh dwuht:

©Ehnphd 8.2.3 (4. Thqhhig): Yudwjuljuh 6 gpuph hudwp nknh mih

A(G) < x'(6) <AG) +1
wihwjwuwpnipjniup:

Uwwgnyg: Pusybtu ol kup, gmuljugwus ¢ gpudh hunlwp ntinh muh ¥'(6) = A(G)
wihwwuwpnipniip:

8nuyg mwlip, np 6 qpuidp niith &how Ynnuyght (A(G) + 1)-ubplnud:

Bupunpbip hwljupwlp. goynipynit niukt H gpudlibp, npnlip smuky £hon Ynnquyhl
(ACH) + 1)-ubpynud:  Cnpbp wyn  gpudubphg  wfuqugny pubwlmpjudp  Ynnkp
nilikgnn G = (V, E) qpudp:

dbtpgukp 6 gpuph npk ab Ynn b ghunwpbip 6" =6 —ab gpudp: G gpudh
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puwnpnipniithg hbnbnud £ np 6 qpudp niuh ghon Ynnuyhte (A(G) + 1)-ubpynud, pwth np
A(G") < A(G): Yhgnip wyy ghown Ynnuyhtt (A(G) + 1)-ubkpynid a-u k: Lwtth np ¢’ gpudh
mipupwisinip v ququph hwdwp dg(w) < A(G), ntunh a ubpfdwb phwypnud
mipupwtgnip v ququpnid puguljuynid £ wntijuqt Uk gnyt, npny wyny ququpht Yhg
Ynntpp skt ukpydl;: €Co(w)-nd wywbwlbup wyt gnyubtph pwqunipniup, npnup
puguljuynid ki v ququpnid a ubpuwb nupnud:

Thinwplttp 6 qpudh ab Ynnp: Gph C.(a) N Cy(b) # @, wyw 6 qpudh ab Ynnp
ubpytup yudwywlwh iy € C,(a) N C,(b) gnuuny, npp ¢’ qpudh a ukpyuwt htn Jhwuht
Ynpnoh G qpubh ghowr Ynnuyyht (A(G) + 1)-ubpynud:

Ujdd Lupunptp, C,(a) N C,(b) = @: 8nyg nuwlp, np ¢’ qpudbh a ukpynudlhg Junpkih
Ewlglk) inp B £hown Ynnuyht (A(G) + 1)-ubpldwb, nph nhuypnid Cg(a) N Cg(b) # 0:

TYhgnip S € Cu(b) b t € Cy(a): Ruuth np § € Cy(a), niunh gnnipjnit Yniukw vy
ququp wjuyku, np av, € E(G) b a(av,) = S: Cunpkup vy ququpnid npuk §; € C,(vq)
goyt b wpkp a-ht hwplwt w v, ququpp, nph hwdwp a(av,) =S¢, wjunthtnb
puwnpkup v, ququpnud nplk $; € C,(v;) gnyu b Wwkup a-ht hwphwt wybu vz ququpn,
nnh hwdwp a(avs) = S, b wyji: Cwpnitbwlbng wyju ypngtup, junnwbwip a-ht hwphwb
ququplutph htwuljuw] hwonppuwlwiunipniup’ vq,v,,v3,.. U qoyubkph $4,52,83, ..
hwonpuljwunipniup, npnug hwdwp S; € C,(v;) b a(av;) = S;_; (wjunky Sy =S) (uh.
8.2.3):

!

(S.€C.(v,)) v, (S.€C,(v))
. 8.2.3

Spudwpwinpb htwpwynp ki hbwnlyw) nlypbpp:
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“Thyp w): Unwgl] Eup ququpubph vq, v,, ..., v, hwonpnuljutnmipniunp: S4, S, ..., Sk
gnyukpp dhdjmughg wnwppkp &t b httwpwynp sk ol a-htt hwphwb vg,y ququp, nph
hwdwp a(avy,,) = Sk
Ujn piypnid ¢’ gpudnid juunwpkup hbnbyuwy Jkpuwubpynudp. avy, Ynnp ubkpytup S,
qnijun, avy_q Ynnp ubpltp Sg_q gmjum), avy_; Ynnp® Sy, gnuyjunyd b wyb, av, Ynnp' Sy
gnyuny: Nwpq b np wpyniipnid juunwtwp 6 qpudbh a' ghown Ynnuyht (A(G) + 1)-
ukpynud, nph ntypnd S € €, (@) N €, (b):
Yhyp p): Uwnwgh) Eup ququpltph vy, vy, ..., v, hwonppuljutinipiniup: Sy, S, ..., Sk
gnyjubipp Uhdjwughg nuppbp Lu b S = Sg:
Thunwplykup 6" qpudh a, b b v, ququputpp: Mwpg k np S € C,(b), t € Cyh(a) b
SecC,(v):
Thuwpltup ¢ qpudh G = (V,Eg) Bupwgpudp, npnbn Ese-t 6" gqpudh wyu
Unntph pwuqunmipnitt k, npnup a tbphdwt dwudwbwly ttplhdt) o § jud ¢t gnyubpny:
Puwith np A(Gs,) < 2, hulj dg,(a) = dg,(b) = dg,,(vy) = 1, nunh wuipq E np a,b b vy
ququpltpp dhlbunyt juwwlgws pwnunphshtt skt wuwwjwinud: Ztwpwinp bu
hEwnljuy Eplnt nhwpkpp.
. a b b ququputpp wuuuind tu Gg qpudh wnwppip Juwyulgus
pununphsubphu:
U nlypnid, Jpubkpltng G gpuph @ ququpp yupnibwlnn juyuygjus
pununphsnid § gnyuny ubpldws Ynnbkpp ¢ gnyuny, hulj ¢t-ny ubpdws Ynnbkpp' S
gnyuny, Juunwbwip G qpudh a' &hpn Ynnuyht (A(G) + 1)-ubpynwd, nph
ntwypmd S € € (a) N C, (b):

2. a & b ququpubpp wuwulwiunwd tu Gg qpudh dhlbunyt Juuwulgdus
pununphshl:
U nbypnid v ququipp sh wwnljwlh wyy pununphshte b, Jputbpytng G,
qnudh vy ququpn wwpniwynn juywlgfws pununphynud S gniyung ukpljws
Ynntpp t gnyuny, hul t-ng ukpygws Ynnkpp' § gnyuny, junwbuwip ¢’ qpudh a’
&how Ynnuyhtt (A(G) + 1)-ukpynud, nph nwypnid t € €, (vy): Unwgytg wppku
putwpljfws w) ntwpp:

Thwp q): Uwnwghk] tup ququpubph vy,v,, .., v, ..., v, hwonppujutnipniup b

gnyutph $4,87, ..., S, ..., Sk hwonpnuljwunipniup, npuntn §; = S (i + 1 < k), hul] dhwgus
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pninp gqnuyjubkpp Uhdjuwighg mmwppkp Gu:

TYhuwpltup ¢’ qpudh a,v; b v, ququpttpp: Mupg L, np t € C4(a), S, € C,(v;) L
Sk € Co(vy): Zowpwynp Lt hbwnlywy Epynt nhwptpp.

. a b v; ququpubtpp wwwnluind tu Gg,; qpudh wnwppbp Juuyulgyus

pununphsubph:

U nhwpnud, JEpwiitpling G, gqpudh a ququpp ygupnibwlng juyulgjus
pununphynid Sy gnyyuny ubplpjws Ynnkpp ¢ gnyuny, huly ¢-ny ubplyfus ynntpp’
Sr qnyuny, Junwiwip G qpudbh a' ghon Ynnuyhtt (A(G) + 1)-ubkpynd, nph
ntypnd a’(aviyq) =t b S € € (a) N €y (v;): Unnugytg wpnkt putuplus w)
ntwpp:

2. a U v; ququplbpp wwwnluind tu G, qpudh dhlitinyt Juuyulgus

punwnphshl:

Uy nhwypnud v, ququipp sh wwunfwh wyy pununphsht b Jeputtpyting Gg,.
qrudh v, ququpp wupmbwlnng juygulgluws pununphsnud Sy gniyim]
utipyyws Ynntpp t gnyuny, huly t-ng ubpygwsd Ynnkpp' S gnyuny, junwbwip 6’
qrwdh a’ &hon Ynnuyht (A(G) + 1)-ubpynud, nph nhypnwd t € C,r (vy): Lnphg
unwgykg wpnku putwpldws w) nlwypn:

Lwth np a ququpht hwphwh ququptbph pwtwlp yeipowynp k, ntunh wy) nhwypkp
htwpuwynp stz Ujuyhuny, dkup gnyg wydkghtp, np dhonn httwpwynp £ 6" qpudh «a
ubkpynudhg wiguky B &hown Ynnuyhtt (A(G) + 1)-ubplydwlp, nph nhypmu $ € Cp (a) N
Cg (b): Ujunihkwnl, tkphting G qpudh ab Ynnp S gnijuny, junwbwip ¢ qpudh ghon
Ynnuyhtt (A(G) + 1)-ukpynud, npp hwjwunid k dkp ujqpiuljut Bipunpnipjupn: =

(etinpkd 8.2.2-p gnyg k mmwhu, np plnpbd 8.2.3-h quuhwwnwluuttpp htwpwynp sk
Jwywgtby:

9hqhtugh ptopbtup htwpwynpmipnit £ wwhu popnp qpudubph pwuqunipiniup
wnnpnht) Epynt Bipwpwqunipniutbph:

Uwhdwimid 8.2.4: ¢ qpudp Ynsynwd b wrweplii puup quud, tpk x'(6) = A(G),

hwljwpwly ntwypnid” &plpnpy puiup qpud:
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Ul 8.2.4

Ujdd nhuwplbtp hwdwubn qpudputph ppndwwnhl hugkpu quubnt pjuunghpp:
Ljwunbkup, np 6 hwdwutn gqpudp niuh ghon Ynnuyht A(G)-ubpynid wyt b dhuy wyt

nbwypnud, kpp G-t 1-$uljninphqugynn gpu$h t: Ujuybu, ophliwy, phnphu 8.2.2-hg hkinlmu
E np ippy K2, gpudp 1-puljinnphqugynn t, hulj Kopyq-p* 1-puljinnphqugynn sk: Payuybu
Ut klp, tpt G- JEuwn Eplupnipynit niikgnn wupg ghly) £ wyw 6-b tplypnpn quinhg b
unpuitiwpny gpuiptitph nlwypnud wynwhuh opptiwly £ hwtnhuwbnd Mnkpukh P gpudp
(uly. 8.2.4):

Etnptd 8.2.4: Gph P-u Mtwnkpukh qpud k, myu x'(P) = 4:

Uwugmyg: Lwju Wjwunkip, np Mknbpubh gpudp uptih b wywinftpb; hhug
Epjupnipymtt mubgnn tpyne wwpq ghlykph b wyy ghkph ququpttpp  dhwgung
Yunnwpyuy qmiquljgdwh dhengny: LY. 8.2.4-mu wunljkplus huwunbglus gsbpny uo]ws
wwpq ghyp Juwbfwbbkip wpwnwpht ghly), hul Yenwgstpm] tpjws wwpg ghlyp” ukppht
ghl:

Gupwnpbup hwljunwlp. P-u niuth &hown Ynnuyht 3-ubkplnid: thgnip wyn ukplnudu
a-u k: Pwlih np wpwnwpht b bkpphtt wuipg ghyikpp Yt &b, nunh wyg ghyikph Ynntpp
Ubpytnt hudwp wihpwdbon b bpkp gnyl: Yhunwpbp wpnwphtt ghjth uv Yonp:
Thgnip a(uv) = a: Lwith np unpubwpn gpuputiph &hpn Ynnuyhte 3-ubpljdwb nhwypmd
jnipupubgmp gnyb bbpljw £ ougy gpuph gmujugws ququpnid, nunh @(ux) # a b
a(vy) # a (uly. 8.2.4): Uniu Ynnuhg, pwtth np xy € E(G), ntunh a gnyjup ukpyw k ukppht
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wuwpq ghyih EpYnt nwppkp Ynnkph qpw, npntp Yhg ko x by ququpttpht: Ujuintnhg,
hwpdh wntkny, np wpwnwphtt ghljjh ypw tbplw bu Gpkp nupptp gnyubp, vnnwbnud Gup,
np ubkppht ghlh Epupnipmniip wetduqu Jkg b, htsp hwjuwumpnit E: Ujuwhuny,
x'(P) = 4: Uniu Ynnuhg, hwdwdwyv plinpbd 8.2.3-h ¥'(P) < 4: =

Uuwnpli gnyyg Yuipgh, np Jhun pmbwlnipjudp ququptbp niukgnn pnjnp hwdwukn
qpudbpp Epypnpy nuuhg b

Etnptd 8.2.5 (4. 9hqhug): Gpt G-u r-hwdwubn (r € N) qqud £ b [V(6)]-u YEun L,
wyuw ¥’ (6) =r+1:

Uwugnyg: Thgnip [V(G)| = n b n = 3: 8nyg waiwlp, np x'(6) = r + 1: Thnwuplkup G
qnwdh &hown Ynnuyht ¥’ (6)-ukpynud: Mwpqg £ np

E(G)=E{VUE,U-UE o UE,NE;=0,kpp1<i+j<x'(G),

npuntn E;-u i-pg gnyuny tkpyws Ynnbph puqunipgniui | (1 < i < x'(6)): Ljuwnkup, np
mipwpwisinip i-h hwdwp E;-u qniquljgnid £ (1 < i < x'(6)): Ujunntinhg, hwpgh wntbnd,
np n-p Jkun E, vnwtnud Eup, np guijugws i-h hwdwp (1 <i < ¥'(6)) unnyg k |E;| <
a'(G) < nT_l whwuwuwpnipniup: Ujuyhuny,

'(6)
r-n g , , , n—1
= E@I= ) I <X @) «(@ < X(®) -5
i=1

niunh x'(G) = % =r+ ﬁ > r: Untu §nnuhg, hwdwdwju pnpbd 8.2.3-h, ¥'(6) <r + 1:
n

Uwhdwinwd 8.2.5: G qpudp Ynsynid & g&pygyws, tpk |E(G)| > EJ -A(G):

Ljwwnbkup, np ghpigyws gqpudubpp nibku JEun pwhwlmpyudp ququpubp b
tpypnpy nuuphg bu: QbEpgdws qpudpubph htnn b juuydus 2Ewndhunh b Zhjnnth
hwupwhwjwn hhwynptqp, npp AbwEpyyus L unnpl:

Zhuynptq 8.2.1: Tthgnip G-u n ququp wwpnitbwlny qpud L, nph hwdwp A(G) = g:
Uy niygpnid G-t Epypnpn nuuhg £ wgu b dhuytt wyt nhypnud, Gpp G- nith H ghipigdws
tupwgpuwd, nph hwdwp A(H) = A(G):

Zwjnuh E np wyu hhynptqhg hknbnwd £ Qniju 5-nud pipdus 1-pwljunnphqughuwgh
hhwnptqp (hhwynptq 5.4.1):

Upklp iwlh wmnwtig wmywgnigh, np hwjnuh L hwdwpyw pninp gqpudtbnh ppndwnhly

huntkpuh wpdtpn:
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hnpkd 8.2.6 (M. Epyno, (. dhjunt): Zwdwpjw pninp qpudptbipp wnweht nwuhg ke

Ujdd wunpunuptwip hwpp qpudubph ppndwwnhly hugtpu gunubnt jungpht: Uyn
futnhpp htwwgnudty £ 9hqhugh [44] Ynndhg, npp gnyg £ wfby, np pnpnp hwpe 6
qpudltinp, npnug hwdwp A(G) = 10, wnweht nuuhg b ZEknmwquynid tw nidbnugpkg
wyn wpnniupp b wwywugnigkg, np ponp hwpp 6 gpudbubpp, npniug hwdwp A(G) > 8,
wnwoht nuuhg Lu: Uniu Ynnuhg, hkown E mbutlky, np gnynipinit niukt hwpp 6 gpudtbp,
npnig hwdwp 2 < A(6) < 5 b npnp Lpypnpy nuuhg Gu: bpnp, npu hwdwp puduiub k
nhunwplt] YEun Epjupnipinit niitgnn wupg ghyp b wyt gpudpubtipp, npnup unnwugynid
ki ul. 7.1.6-nud wwwnlkpdws 3-, 4- b 5-hwdwubn hupp qpudutphg &hown Ul Ynnp
wnpnhbny b hwdnqyk), np ponp wyn gpudtbtpp gbipgws Eu: Ujuyhuny, dkup quhu Gup
hwpp qpudubtph ppndwwnhly hugbkpuh dwuhtt dhqhuigh hwbpwhwjn hhynptqh
AlwjEpuydwitp:

Zhuynptq 8.2.2 (4. 4hqhuq): Ept G-u hupp qpud L, nph hudwp 6 < A(G) < 7, myu
x'(6) = A(G):

Uju hhuynptqh A(G) = 7 nhypp hwunwwnyl) k 2000 pduljuithtt dwugh [40] Ynnuhg,
huy A(G) = 6 ntiypp dund £ pug:

Ujdd wyugnigkip hwipp qpudutph ppndwwnhl hunkpuph dwuhtt 9hqhugh
ptnpbkdubtphg vkhp:

Ptnptd 8.2.7 (4. dhqhuq): Gpt G-u hwpp qpwd L, nph hwdwp A(G) = 10, wyw
x'(6) = A(G):

Uwuwgnyg: Gupwnpbtp hwlwnrwlp. gnmipmnit niubt H hwpp qpudbtbp, npnig
hwdwp A(H) 210 U npnup sniukt &hpwn Ynnuyhtt A(H)-ubpynud: Cuwnpbup wyy
gpudutphg tuqugny pwbwnipjudp Ynnkp niubkgnn 6 = (V, E) huppe qpudp:

TYhgnip U ={w:u€V(G) bdg(u) <5} Lwuh np G-u hwpp qpud L niunh,
hwdwduwy htnbwup 7.1.3-h, U # @: Lwth np G[V\U]-p bu hwppe qpud k nruwnp,
hudwdwju htnbwbp 7.1.3-h, 6 gqpudnid gnnipnit nuh a € V\U ququp, nph hwdwp
dg\vi(@) < 5: Ujniu hnndhg, pwth np a € U, niunh G gpudpmu gnynipinit nith wjtiyghuh
b € U, np ab € E(G): Yhnwupytup 6" = 6 — ab qpudp: 6 qpudh punpnipiniithg hbnlbnid
E np G gqpudp nith &hownn Ynnuyht A(G)-ubkpynid, pwuh np A(G") < A(G): YTthgnip wy
&hown Ynnuyhtt A(G)-ubpynidt a-u k: €,(v)-nd wpwbwljtup wyjt qnyubph pwqunipjniup,

npnip puguund ki v ququpnd @ ukpidwt ghypnid: Mwpg k np |Cp(a)| =21 U
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|Ca(b)| = A(G) — 4: Gpl Cy(a) N Cy(b) # @, muyu G qpudbh ab Ynnp ubkplkup juduwyulul
iy € Cu(a) N Cy(b) gnuuny, npp G’ gpudbh a ukpydw htkn dhwuht Ynpnoh 6 qpudbh £hown
Ynnuyht A(G)-ubtpynud:

Ujdd Lupunptip, np C,(a) N Cu(b) = @: Ujunbinhg htnlind L, np @ ququpht Yhg
Eu wotduqu A(G) —4 Ynnkp, npnup ubpliusd th b ququpmid puguluynn gniyubph
dhongny: thgnip wyn Ynnkpp avy, avy,..,ave-u ki, npnbn k> A(G) —4: Lwh np
k>A(G) —4 =6, niunh v,,V,,.., v, ququpltphg weijuq dkljp juywunlwuh U
puqunipjutp: Opnowlhnipjutt hwdwp Gupwnpbtup, np v4 € U: Ythgnip a(av,) =51 U
S1 € Co(b): Puth np A6) =10, [Co(wp)| = AG) =5 U [Co(b)| = AG) —4, nuunh
Co(v1) NCy(b) # @: Yhgnip S € Co(v1) N Cy(b) Lt € Cy(a):

TYhuwpytup 6 gqpudh a, b b vy ququputpp: Mwupq &, np S € C,(b), t € Cy(a),
SeC,(v)) S #t(puthnpCy(a) N Cyu(b) = 0):

Thinwplkip ¢ qpudh Gse = (V,Es) tupugpudp, npunbn Eg-u ' gpudh wjl
Ynntph pwqunipniut k, npnup a thpdwb dwudwbwly ukplhdk Eo § jud ¢ gnyubkpny:
Lwbh np A(Gs) < 2, hul dgg (@) = dgg, (b) = dgg,(v4) = 1, ntunh wwpq k, np a, b b vy
ququpubpp dhltitnyt juyulgus pununphshtt skt yuwnljuwinud: Fhunwplktp Eplno
nhup:

Thuyp 1@ a b b ququpubpp yuunjuind tu Gg; qpudbh nwppbip Juuyulgdus
pununphsubphu:

Uy gliygpoud, Jputbpytng Gg qpudh a ququpp wwpnibwlng juwulgius
pununnhsnid S gnijuny ubpldws Ynntpp ¢t gnyuny, huly £-ny ukpyywsd Ynnkpp® S gnyuny,
Junwbwlp G’ qpudh a’ ghon Ynnuyhtt A(G)-ubpynid, nph niypmd S € €, (a) N C, (b),
hul pu hwljuwund £ ¥'(6) = A(G) + 1 wuydwh:

Yhwyp 2: a b b ququplubpp yuuuind tu Gg gpudh dhtitnyt Juuulgdus
pununphsh:

U nhwypnud vy ququpp sh wuunfwh wyy pununphshte b, Jepubbpitn] G,
qpudh vy ququpp yupnibwlng juywlgyws pununphynid § gnijuny ikpjwsd Ynnkpp
t gnyuny, hulj t-ny tkpyws Ynnkpp' S gnyuny, junwbwip ¢ gpudh a’ £hown Ynnuyhte
A(G)-utpynud, nph phypnid t € € (v1): Ujunthbwnl, ukpytup avy Ynnp ¢t gnyunyg b ab
Ynnp' $1 qoyuny, wpyniupnid junwbwip 6 qpudbh dhon Ynnuyhtt A(G)-ubkpynid, huly

nu hwuunid £ ¥'(6) = A(G) + 1 wuydwih: =
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Uju wupwugpudh yipenid tpkup twly, np hwwnnill hkwppppnipinit k ubpjuyuginud

Unijinhgpudubtinh ppndwnhly hugkpu qunubint jpunghpp, nph dwuhtt jupbkh B dwbtpudwut

dwinpwiwy [34] qppnud:

§ 8.3. Gpwdubkph ninwnw) ukpynidutp

TYhgnip G = (V, E)-t qpud k:

Uwhdwind 8.3.1: G qpudbh winwnuy k-ahphnid Ynsymd | a: V(G) U E(G) - {1, ..., k}
wpunwywwnlbpnudp, huly® 1, ..., k pYtpp Ynsynwd B gnyésp:

Uwhdwinid 8.3.2: ¢ qpudh a wnnwnw) k-ubkpynudp Ynsgynud b dpowr wanwnuy k-
Gkplhnid, Gtpk guuugws wuv € E(G)-h hwdwp uwnnyq b a(w) # a(v) wuydwip,
guujugwus e, e’ € E(G)-h hwplwt Ynnkpp hwdwp unnyq b ale) # ale’) ywuydwup b
guujugus v € V(6)-h b upwt Yhg e € E(G)-h Ynnh hwdwp unnyg bt a() # a(e)
wuwydwip: Ujp Ypy wuws, dhon minnnwy tkpinudt wytyhuh tbpynud E, nph ghypnid
huplwl ququpltpp b ynntpp bpynud B wwppkp gnijitpng b gutjugus ququp b
tpwt Yhg Ynn bu ubplynid B tmwuppbp gniyutpny:

Uwhdwbtmd 8.3.3: ¢ qpudp Ynsymd b wnwuy k-abplhlhip, tph gnnipinit niuh G
gpudh ghownn mnwnwy k-ubpynud: Uju wJuqugnyt k-u, nph ghwypnid G-u ninwnwg k-
ubplytih £ Yynpmd £ 6 qpudh vy ppodunnpl phy: x"'(6)-n bpwiwuljkup 6 gpudh

wnnwnw] ppndwnhly phip:

Ul 8.3.1

TYhunwplkup . 8.3.1-nud wuwwnlkpyws G, H U F qpudubipp: Zkown L mbutky, np wyy
tjupnid pipdws Lt G qpudh ninnwy 4-ubpynud, npp, vwljuyl, ghownn mnunwy 4-ukpynud sk:
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Ujnwu nquhg, hliow & nbkutb] twb, np oY 8.3.1-nud quunlkpjws b H b F gpudlbkph
&how iy 5-ubkpynidlibp: Ugkht, nddup sk hudnguby, np "' (H) = x"'(F) = 5:
Ljunktp, np gwiljugws 6 qpudh hudwp x”(6) = A(G) + 1: Ppnp, puth np G
qpwdh &hpwn nunwy tkpldwb nhypnud gutjugus ququpht Yhg Ynntpp b wyn ququipp
ukpyquws &b qnyg wn qoyg wwpphp qoyubpny, munh wn bkpuwh ghwpnud
oguuqnpdynny gnyubph pwbwlp sh Ywpny thnpp (huty (A(G) + 1)-hg: Umniu Ynnuhg,
guijuguws 6 = (V,E) qpuph hulwp, npnbn V = {vq, vy, ..., vy}, dkbp Yupnn &up
nhuwplty § 1.5-nid vwhdwuus 2V, {{v{} U d¢(vy),{v2} U dg(v,), ..., {v,} U dg(v,)} UE)
hwwnnulubph gpudp: Swp wyy wnnwy gpudh vwhdwbnudp: ¢ gpudh nnnwy T(6)
grudp uwhdwiymd E htnlywy Yepwy. V(T(6)) =V(6) VE(G) L E(T(6)) = E(6) U
E(L(G)) U{ue:u € V(G),e € E(G) hu— ljpgF e — pi}: LY. 83.2-nud wuunlkpqws k G

gpudp b tpw vinnw) T(G) gpudbh ophiwlyp:

T(G) Vi
e, e,
v, V)
€,
Ul 8.3.2

Zkpin E wkulk], np guiugws 6 gqpudh hwdwp nbknh mbh x"(6) = x(T(6))
hwywuwpnipiniip: Ujunbnhg, hwpyh webkng A(T(G)) < 2A(6) wihwywuwpnipiniup, b
hwdwdwju ptnptd 8.1.1-h, unwinud Eup htwnbyup.

x"(6) = x(T(®) < A(T(6)) + 1 < 2A(6) + 1:

Lotkup qpudutph wnwwy ppndwwnhl pldh hwdwp bu dh wwpq dJepht
quwhwnwlu. guijugws ¢ gqpudh hwdwp x'(6) < x(G) + x'(6): Ppnp, ukpyhkup
uliqphg G qpudh ququputpp 1,..,x(6) gnyubpny, wjuyku np hwplwt ququptkpp

utpygtu mwppkp gnyutpny, wyunthtnb tkpykup wyn gpudbh Ynnkpp x(6) + 1, ..., x(6) +
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x'(G) gqnuyutpny, wyuybu np hwplhwb Ynnkpp vbpydkt wwpptp qnyubpnyd: Mwpq k op
wpnyniupnd junnwbtwtp 6 qpudh £hpon ninnwyy tkpynud, nph ntypnd oguwgnpédyny
gqnyubkph pwiwlp Yhuh hwquuup (x(6) + x'(6))-ht: Ujy yYkpht quwhwinwulwip
hwuwtbih b ophwy, |phy pyynnuwih K33 gpubh hwdwp, pwih np x(Ks3) =2 U
x'(K33) =3, huy ¥ (K33) = 5: Nwpqnud k, wykih pinghwinip thwuwn nbnh niih:

fetnpkd 8.3.1 (Fthquy, 2Qupwpwin, Yniykp): Gpk G- niuh wniwuq tplint ququp
b x"(6) = x(6) + x'(6), wyw G-t kpylynnuwih gpud k:

Uwwugnyg: Lwiju tjunkip, np kpl G-u sniuh Ynn, wmyw ¥'(6) =0 b ¥ (G) = x(G) =
1, hull G-t wljthwynwpwp, tphnndwih b Bupwnpkup, np -t nith wetjuqt JkY §nn b
x"(6) = x(6) + x'(6), payg G-t tpyynnuwuh sk: Uy nhygpod wwpg k np x(6) = 3:

Thunwupytup 6 gqpudh ququpubph b Ynptkph pwquUnipnitiubph hbnbjug
wnpnhnidubpp.

V(@) =V, uVu-—UuV,opuV;nV;=0,kppl1 <i+j<x(G)l
E(G)=E{UE;U-~UE g UE;NE, =9, kppl1 <s #t < x'(G),

npnkn Vi-tt wiupe puqumpnit £ (1 <i< x(6)), hul Ej-t" qmqulgnud £ (1 <j <
X'(6)): Upunbnhg htwnlnud k, np (UL V) u (UL E;)-t hulmbuwtbnud £ V(6) U E(6)
puqunipjutt npnhnd wijuje ququpttph b Yantph puqunipniaubph: Luth np x(6) >
3, nunh E; qniquljgdwts jmpupwitiginip Ynnh hwdwp dhown qntgh wyjtyhuh V;, wbljuju
puqunipnil, nph ququpttpp Yhg sk wyn Ynnht: Ujuinbinhg htnbnud £, np wdkjugubing
E4 gqniquljgdwt §nnkpp bpubg hwlwywwnwupiwt V;, wijuju puqunipinitibpht, dkup
Junwbwlp tnp ququpukph U Ynnkph V4, Vs, ..,V puqumpmnitibp, npunkn Vi-h
guquplbkpp qnuyg wn qnuyq hwplwb sk, Ynnkpp qniyg wn qnuyq hwphwb sku, huly
ququputpp b Ynnkpp' Yhg sk (1 < i < x(6)): Ujuyhuny, kb uknbng E; qniquljgnudp
G qqwdh Ynnbtph puqumpjut nipnhnidhg, dkup junwbwbtp wn qpudh &hown ninwnuwg
x(@®) + x¥'(6) — 1)-ukpynud htnlywy Enwbwlyny. Vi-py pwqunipjut ququptbpp b
Unntpp ubplhbtp i-pn qnyuny (1 <i < x(6)), hulj E;-py qniqulgdwt Ynntpp bbplybup
x(6) +j — 1)-py gnyjum] (2 < j < x'(6)): Ujuntinhg htnbinud &, np x"(6) < x(6) + x'(6),
hull nw hwjwunid k£ phinpidh quydwihi: =

Ujdd gnyg nwbp, np guujugws kpyynndwih 6 gpudh hwdwp unnyq £ " (6) <
A(G) + 2 wuhwjwuwpnipnibp:
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Phnnpkd 8.3.2: Gph G-u kpyynnuwh gpud b, muyu ¥ (6) < A(G) + 2:

Uwwgm)g: thgmp V(G) = V4 UV, tplinnuwuith ¢ qpudh ququpibph puqunpjub
huwdwywunwupwt mpnhndt b Zudwdwjt ptnpbd 8.2.1-h, Epyynndwuh ¢ qpudl niuh
Shown Ynnuyhtt A(G)-ubpynid: Yhgnip wyn Ehown Ynnuyhtt A(G)-ubpynudt a-u L
Uwhdwubkup ¢ gpudh nmnunwy B ukipynudp hbnbyuyg Yhpy.

1. guwujugws u € Vi-h hwdwp g(u) = A(G) + 1,
2. guulugus v € V,-h hwdwp g(v) = A(G) + 2,
3. guulwuguws e € E(G)-h hwdwp B(e) = a(e):

Zbow1  wbkulily, np - hwinhuwind £ G gqpudh £hownn mnunwy (A(G) + 2)-ubplnd,
ntunh ¥’ (6G) < A(G) +2: =

Mupqynud E, wnwnwy ppodwnhly pyh d2qppun wpdtpp hwpnuh £ ppd b ppd
tplyynnuwth gpuputph nhypnid:

Btnpkd 8.3.3 (Fthqun, 2wpupuwiny, Yniybkp): Swuljugws n € N-h hwdwp wnbknh
nih

" _ n+1,kpkn— pqnyqgk,
X(K")_{n, Epk n— p [ktan E,

hwjwuwpnipiniup:

Uwywgnyg:  buyywbu  uplp  Gup, whknpp muh }"(K,) 2AK,)+1=n
withwjwuwpnipjniup:

Lwju nhunnwpltup n-h YEun phy jhubnt gbwypp: Zwdwdwyi phnpbd 8.2.2-h, K,
qpudt nith Lhownn Ynnuyht n-tkpynud: thgnip wyn &hpwnn Ynnuyhtt n-ubkpynudu a-u b
Ljwwnklup, np a ubkpjdwt pbuypnid gwujugws ququpmd puguunud £ 1,2,..,n
gnijutinhg dhow dkyp, pun npnud nnupplp ququptbtpnud puguljuynn gnyukpp qniygq wn
qnug wwppkp G Ukplkup K, qpudh jnipwpwbsinip ququpe wjt gnyuny, npp
pugulunid £ wyn ququpnd a ubkpidwt ghypnud: Zkpwn b wbutb], np wyp ghon
ququpuyhtt n-ukpynudp a ukpldwt htn dhwuht Yopnoh K, qpudh £hownn tinnnw) n-
utipynud: Ujuwhuny, x" (K,) < n b, htmbwpwp, "' (K,) = n:

Ujdd nhuinwplyip n-h qnijq ph (hubnt nbwpp: Mwpg £ np [V(KR)| + [E(K,)| = n +

(1) -t

Lwth np K, qpudh guwiugws &Ehon wnwnwy tkphdwb phuypnid
nipupwtginip gnijuny fupnn k ubpygws jhul) wdkbwpownp Uk ququp, ntunh dhliinyu

gnyuny tbplidwséd ququpubph b Ynnbph pwbwlp sh qhpuquignid g—]}: Ujuntnhg b
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n(n+1)

V(K| + |E(Kp)| =

bhwjwuwpnipnithg  hbwubond E, np  ¥"(K,) =2n+1:
Thinwupyttp Kpeq gpudp: Lwlh np K, gpupp unwgynud £ Kpyq gpudhg Ukl ququp
htnpwgubkny, ntunh y"(K,) < x"(Kp+1) = n+ 1: Zknbwpup ¥ (K,) =n+1: =

tnptd 8.3.4 (FEhquun, Qupunpuin, Yniybkp): Swiujugus m,n € N-h hwdwp nknh
niuh

max {m,n} + 1, kpk m # n,
n+2, kpk m =n,

X" (Kinn) = {
hwjwuwpnipniup:

Uwugnyg: Puswybu ok tup, wiknh nith ¥ (Kpma) = A(Kma) + 1 = max {m,n} + 1
wihwjwuwpnipniup:

Lwu nhinwupltup m # n nwypp: Unwtg punhwipmipnitp jpwpuntint jupnn Gup
Eupwunpt], np m <n: “thgnip V(Km’n) ={uq,uy, ..., Uy, V1,03, ..., 0} U E(Km‘n) =
{fuvj:1<i<m1<j<n}

Uwhdwukup K, ,, qpudh hnnuyhtt @ ubkpynidp hbnbyw) hpy.

_ (i+j—1)modn kpki+j+n+1,
a(uw,) _{ n, Epkit+j=n+1,

npnkn1<i<m,1<j<n:

“Ydqun sk huinqyby, np a-tt hwunhuwinud £ Ko, ,, gpudbh dhown Ynnuyhtt n-ubkplnud:
C,(v)-ny wywuwltup wyu gnyutiph puqunipniup, npnup puguljund ki v ququpnid a
ubpyuwi nhypnid: Luth np m < n, ntunh jnpupwisinin j-h hwdwp gnynipnit nrubuw
wjuyhuh ¢; gnyb, np ¢; € C“(v]-) (1 <j <n): Uydd uvwhdwikip K,,, qpudh nnwnwy g
ubpynudp htnbju Yhpy.

1. guwulugws i-h hwdwp f(u;)) =n+ 1, npntn1 <i<m,
2. gwljugwsd j-h hwudwp B(vj) =c¢j,npnbnl1<j<mn,
3. guulwugws e € E(G)-h hwdwp B(e) = a(e):

Zbow £ wmbkull), np B-u hwighuwiund £ 6 qpudbh £honn minnnwy (n + 1)-ubkplnud,
niunh Y (Kmn) < n+ 1: Zknbwpup, " (Kpn) =n+ 1:

Ujdd phunwplhkip m =n nbhypp: Mwpq Lk np |V(Kn,n)| + |E(Kn,n)| =2n+n? =
n(n + 2): zkiown L wmbulk), np K;,, qpudh guujugws ghown nnwnw tkpjuwut nhuypnid
dhlinyt gnyuny ubpydws ququpbbtph b Ynnbkph pwbwlp sh gqhpwquugnid n-p:
Ujuntnhg b |[V(Knn)| + |[E(Kpa)| = n(n+2) hwjwuwpnipjniuthg htnbnd E  np
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x"(Kpn) =n+2: Uniu Ynnuhg, hwdwduyh ptnptd 8.3.2-h, x”(K,,) < n+ 2, nunh

)(”(Kn'n) =n+2: =

Uly. 8.3.3
U. 8.3.3-nud wuwlbkpjws k phnpbd 8.3.4-h wwwgnygmd phpjws Ks4 qpudph B

&how nnwnwyy 5-ukpynudp:

Puywbu by tup, gubljugws ¢ gpudh nnnwy ppodwinhly phip pujupupnud &
x"'(6) < 2A(6) +1 withwjwuwpnipjuup: Ujpnu Ynnquhg, dbp popnp wyugnigus
ptnpbdubpnud wynp phyp skp ghipuqugnid gpubh wrwdbjugnyt wunhdwt gnidwpus
tplyniu, wjbiht, wjnwhuh gpuph opptwl, nph wnwnwy ppondwnhly phdp UES E bpw
wnwybjugnyt wunhdwt gnudwpws tpyniuhg, dhigh wydd hwynuh sk Zwodh wntbng
wjn thuwunp, Bkhqunp b 9Thghtgp 1965 pluwlwuupl dhwltpuybtghtt tpwtg hwbpwhugn
hhunphqp:

Zhunphq 8.3.1 (Rthqun, 9hqhtg): Ywdwjulw 6 gpudh hwdwp nknh niih

AG)+1 < x"(6) <A(G) +2
withwjwuwpnipjniup:

Zuynth £ np wyu hhynpbqp, pug duwn] pughwimp ghupnud, ghpn £ uh wpp
qpudtitiph nuubkph hundwp: ‘Upklp nputighg uh puthup:

Etnptd 8.35 (fknqkudln, dhdwjunhwyw): Gpt 6 qpudh hwdwp wnbnh nith
A(G) < 3 wuydwlp, wmyu " (6) < 5:

Phnpkd 8.3.6 (Unuwingljw): Gpt ¢ gpudh hwdwp nbtnh nituh A(G) < 4 wuydwip,
wyu ¥ (G) < 6:

Etnptd 8.3.7 (Unuwnngju): Gpt 6 qpudh hwdwp nbknh niuh A(G) £ 5 wuydwbp,
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wyu y''(6) < 7:

tnptd 8.3.8 (Buth, dwmlg, dwlq): Gpln ququp niutkgny 6 qpubh hwdwp nknh
nith A(G) = n — 5 yuydwip, wyu "' (6) < A(G) + 2:

Etoptd 8.3.9 (Zhjuint, Zhuy): Bphn ququp niukgnn 6 gpudh hwdwp nknh niuh
A(6) 2 2 wuplwtp, wywm x”(6) < A(G) + 2:

Zwjinth &b twb wyn hhynptqh wuwugnygh nupnipundp npnp wpynipubp, npntp
wjugntd Eu wnwnwy ppadwinhly pih YEphtt quwhwinwluiiibpp: Loklp gpwitighg
tpYyniup:

Ehnpkd 8.3.10 (YUnuwnngjw): Gpt 6 qpudh hwdwp mbnh niuh A(G) = 4 wuydwp,
wyuw ¥''(G) < BA(G)J:

Etnpkd 8.3.11 (Unpny, [thy): Yudwjuljut 6 gpubh hwdwp nknh niuh

x"(6) <A(G) +10%¢
wihwJwuwpnipniup:

Uju wupugpuph  depgnid winpuguetutp  twb hwpp  gpudlkph  wnnwnuy
ppntunnhl pyh quitikint jutippht: Zwyinth £ np tpk 6 hwpe gpudh hudwp nknh nith
A(G) = 8 yuydwlp, wmyu ¥ (6) < A(G) + 2: 1999 pyulwiht Uwbnkpuh b dwngh [33]
Ynnuhg wuywugnigytg htnlywy phnpbup:

Etnptd 8.3.12 (Uwiuntpu, dwn): Gpt ¢ hwppe gpubh hwdwp wnknh nith A(G) =7
wuydwlp, wmyu " (6) < 9:

Uniu Ynnuhg, phnpbd 8.3.7-hg htwnlnud E, np Epl 6 hupp gpudnid A(G) < 5, myu
X" (G) < 7: Ujuyhuny, hupp qpubtph niypnid hhwynptq 8.3.1-p pug k dunud dhuyt wyl
G huipp qpudutiph hwdwp, npnugnid A(G) = 6:

Gpudubpnh nnunwy tkpynudubphtt upkh E wdbkh dwbpudwub swinpubug [39]

gppnid:
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